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PREFACE 


The history of the writing of this book is not altogether usual. How- 
ever, if all authors shared with their readers the history of the origins of 
their books, then in all probability we would have to deny this statement. 

In the spring of 1959 we decided to revise our paper [1] on the theory 
of defect numbers, root numbers and indices of linear operators, attempting 
mainly to include in it various results from the theory of perturbations 
of selfadjoint operators. In particular, we had decided to complete it with 
the theory of perturbation determinants. 

At this point it was discovered that the method of perturbation 
determinants also made it possible to obtain new results for nonself- 
adjoint operators. We decided to discuss these results, in connection with 
which we began to think about what to do in this area, which was new 
to us. Thus step by step we changed our original plan.... In roughly 
a year we sent to the editors of the journal “Uspehi Matematiceskih 
Nauk” a review paper (in it, however, no space was found for pertur- 
bation determinants), in which we attempted to give something of a 
“bird’s eye view” of the current state of investigation in the theory of 
nonselfadjoint operators. The editors of the journal “voted down” the 
paper, for which we wish to express our deep and sincere gratitude. 

The fact is that the size of the original paper (twelve printer’s sheets) 
exceeded by three times the norm established for review papers, and 
the editors thought it advisable to recommend the publication of the 
paper aS a separate monograph in the series “Modern problems of 
mathematics”. 

Naturally, this suggestion induced us to extend the paper somewhat 
and, in particular, to restore to its rights the theory of perturbation 
determinants. We thought that all of this would require not more than 
two or three months. In actuality the work dragged out for three years. 
It should be said that even while we were working on the paper we had 
already established close scientific contact with Soviet mathematicians 
active in this field. Our colleagues gave us help and information con- 
cerning their results (before publication), and thus guarded us against 
the illusion of completeness. If to this one adds our desire to reflect in 
this book the investigations into which we ourselves were drawn by this 
work, one can understand our naïve delusion with respect to dates. 
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We hope that we are properly understood: we bear no grudge towards 
those who have given us copies of their papers before publication, who 
have communicated new, improved versions of proofs and have furnished 
us with all sorts of oral and written information. On the contrary, we 
are deeply grateful to all those with whose help we have been able, we 
hope, to achieve a certain degree of harmony in discussing the wide range 
of investigations which have come before our eyes, concerned with a large 
new domain of functional analysis—the theory of linear nonselfadjoint 
operators. Among all our colleagues who have helped us we wish particu- 
larly to mention M. S. Brodskii, S. G. Krein, B. Ja. Levin, V. B. Lidskii, 
Ju. I. Ljubic, A. S. Markus, V. I. Macaev, and L. A. Sahnovic. 

However, we have still not completed our account of how this book 
came to be written. We hope to continue this account in our monograph 
on the theory of abstract triangular representations of linear operators 
and its applications to the theory of canonical differential equations. 

The editor of this book, F. V. Sirokov, time and again ‘“intruded”’ 
with his criticism in depth of the presentation of one topic or another. 
It often turned out that following such an intrusion we began to better 
understand even our own researches, and as a result the presentation of 
them gained in simplicity and clarity. 

We wish to express our deep gratitude to F. V. Sirokov for his con- 
siderable efforts and bold ‘‘excesses’’of editorial authority. 


Odessa, Arcadia I. C. GOHBERG 
September 1, 1964 M. G. KREIN 
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INTRODUCTION 


The theory of nonselfadjoint operators in Hilbert space is a young 
branch of functional analysis. In recent times it has attracted the ever 
increasing attention of mathematicians and physicists, and sometimes of 
engineers also. The aim of this book is to present a number of achievements 
in this field, most of them related to the theory of completely continuous 
operators. 

For a long period the investigations of D. Hilbert and F. Riesz, gener- 
alizing Fredholm’s theory of integral equations, remained the most essential 
part of this theory. 

In contrast with the theory of selfadjoint operators, no spectral de- 
composition nor even any theorems on the completeness of the system of 
root vectors had been obtained until recently in the abstract theory of 
nonselfadjoint operators. 

At the same time, important progress was made in the theory of non- 
selfadjoint boundary value problems for ordinary differential equations 
by Birkhoff (in 1908) and J. D. Tamarkin (in 1911). These authors started 
from the methods of Cauchy and Poincaré, based on the study of the 
analytic properties of the resolvent of the problem. 

But as for boundary value problems for partial differential equations, 
in view of the difficulty in constructing the resolvent, there was for a long 
time no similar progress. 

This situation changed only in 1951, thanks to progress in the abstract 
theory of nonselfadjoint operators. In this year the work of M. V. Keldys 
appeared, in which he established theorems on the completeness of the 
eigenvectors and associated vectors and theorems concerning the asymp- 
totic properties of the eigenvalues for a wide class of polynomial bundles 
of nonselfadjoint operators. These theorems made it possible to obtain 
important results in boundary value problems for partial differential 
equations; they also led to strong new results for ordinary differential 
equations. 

At the same time, the asymptotic theorems of M. V. Keldys for abstract 
operators made it possible to generalize the original investigations of T. 
Carleman on the asymptotic behavior of the eigenvalues for boundary 
value problems for second order elliptic differential operators. 
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In the same period (1951 1956) M. S. Livšic and a group of his co- 
workers began the development of a new and profound technique in the 
theory of nonselfadjoint operators. 

The guiding light of these investigations was the idea of generalizing 
to abstract operators the algebraic result of I. Schur on the reduction of 
a matrix to triangular form by a unitary transformation. These investiga- 
tions led M. S. Livšic to the creation of a theory of characteristic matrix- 
functions and triangular models of a nonselfadjoint operator. The realiza- 
tion of this idea in the abstract theory of operators in infinite-dimensional 
space entailed many difficulties. An essential role in overcoming these 
difficulties was played by the deep work of V. P. Potapov in the theory of 
analytic matrix-functions, which in turn was stimulated by investigations 
on nonselfadjoint operators. 

New progress in the theory of the triangular representation of an operator 
has taken place in recent years (1958— 1962). 

Already in 1954 N. Aronszajn and K. Smith established the existence 
of anontrivial invariant subspace for every completely continuous operator 
in a Banach space. Later, in 1958, L. A. Sahnovie first deduced from this 
geometric fact the existence of triangular models for a wider class of 
operators, and with the help of these models obtained new analytic results 
in the theory of nonselfadjoint operators. 

At approximately the same period, there appeared in papers of M. S. 
Brodskii an integral giving an abstract triangular representation of a 
nonselfadjoint operator. The naturalness and transparency of this repre- 
sentation attracted to it the attention of a new group of mathematicians. 
In a short time the theory of the new integral and its applications was 
substantially developed (M. S. Brodskii, I. C. Gohberg and M. G. Krein, 
V. I. Macaev). This integral led in a natural way to the singling out of 
remarkable classes of Banach spaces, formed from completely continuous 
operators and representing ideals of the ring of bounded operators. Certain 
of these spaces were introduced earlier by J. von Neumann and R. Schatten, 
and many arose precisely in connection with the theory of the integral 
giving a triangular representation of operators. 

Let us mention, finally, that the “abstract triangular integral” made 
it possible to solve, for a wide class of operators, the problem of their 
“factorization” (Gohberg and Krein). 

Although geometric and algebraic ideas lie at the foundation of the 
theory of the abstract triangular integral, the solution of a number of 
fundamental questions of this theory was achieved only thanks to the 
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application of various (and sometimes new) tools from the theory of 
analytic functions. 

It should be generally emphasized that the development of the theory 
of linear operators has drawn more and more widely on the theory of 
functions and, in particular, analytic functions (the theory of the growth 
and the distribution of the zeros and poles of entire and meromorphic 
functions, various generalizations and refinements of the Phragmén- 
Lindelöf theorem (for example the theorem of Levinson-Sjeberg), the 
(heory of subharmonic functions, Tauberian theorems and others). 

The basic channel for the use of the methods of the theory of functions 
is the natural and by now classical tradition of studying the spectral 
properties of a linear operator by studying its resolvent as an analytic 
operator-function. Fairly recently another channel appeared for the 
use of these methods; it is connected with the perturbation determinants 
of linear operators (M. G. Krein, B. Ja. Levin, V. I. Macaev). 

On the basis of the study of the resolvent, it has been possible in recent 
years to obtain strong tests for the existence of a “‘sufficiently complete” 
set of invariant subspaces of a (not necessarily bounded) operator 
(J. Wermer, F. Wolf, E. Bishop, V. I. Macaev and Ju. I. Ljubič). This, 
in turn, made it possible to develop the theory of abstract triangular 
representations, extending it to a wide class of bounded and even un- 
bounded operators (L. A. Sahnovič, M. S. Brodskii, Gohberg and Krein). 

The study of the resolvent has also made it possible to establish 
theorems concerning the formation of bases from the root vectors of a 
nonselfadjoint operator and theorems on the summation of expansions 
in root vectors (M. A. Naimark, V. B. Lidskii, A. S. Markus). Moreover, 
a justification has been obtained for the Fourier method for equations 
of evolution with a nonselfadjoint operator of one class or another 
(Lidskii). 

Let us mention that the technique for obtaining bounds for the 
resolvent of a nonselfadjoint operator, developed by T. Carleman, 
E. Hille and J. D. Tamarkin, M. V. Keldys, V. B. Lidskii and others, 
has been substantially improved in recent papers of V. I. Macaev. 

In this brief review, as in the book itself, we have not touched upon 
the interesting direction in the spectral theory of nonselfadjoint operators 
developed by N. Dunford [1] and a group of his students and followers. 

The theory of the abstract triangular representation of operators and 
the problem of the factorization of abstract operators, and also their 
applications, will be discussed in another monograph by the authors. 
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In the present book these problems are left almost untouched, although 
in various places we allude to isolated facts from the theory of the tri- 
angular representation. The fact is that complete results are sometimes 
attained only by the interaction of three types of methods: methods 
based on the study of the growth of the resolvent, methods of the theory 
of perturbation determinants and, lastly, methods of the theory of the 
triangular representation of an operator. 

In recent times appreciable development has taken place in the theory 
of special operators which become selfadjoint or unitary upon the intro- 
duction of a certain indefinite metric in the Hilbert space. The investiga- 
tions in this theory deserve discussion in a separate monograph; in the 
present book we have not touched upon them, except for a few cases 
related to them (Chapter V, §12). 

Going on to a brief indication of the contents of the individual chapters, 
we mention, first of all, that a substantial part of the material is discussed 
here, with adequate proofs, for the first time. The material as a whole 
is systematized for the first time in this monograph. 

In the first chapter, well-known results of the general theory of bounded 
nonselfadjoint operators are recalled. As a rule, these results are not 
specific for Hilbert spaces; they could have been formulated for operators 
in a Banach space. 

In the third chapter we discuss the theory of symmetrically-normed 
ideals of the ring of bounded operators in a Hilbert space. This chapter 
includes the basic content of the elegant book of R. Schatten [2], 
devoted to the von Neumann-Schatten theory of “norm ideals” and 
‘‘cross-norms’. Together with the “veteran ideals’ (the ideals of the 
nuclear operators, Hilbert-Schmidt operators and others), we single 
out and study new ideals which play important roles in various questions 
of the theory of nonselfadjoint operators. We are able to develop a 
treatment of the theory of symmetrically-normed ideals, starting from 
higher principles, thanks to the systematic use of the theory of the 
s-numbers of completely continuous operators worked out by H. Weyl, 
Ky Fan, A. Horn and others. The theory of s-numbers forms the basic 
content of the second chapter. General theorems on s-numbers of linear 
operators are also used systematically in the following two chapters. 

The fourth chapter is devoted to the theory of perturbation deter- 
minants and some of its applications. The use of the extensive apparatus 
of the modern theory of analytic functions distinguishes this chapter 
from the others. This apparatus is regarded as auxiliary, and in most 
cases results of the theory of functions are presented without proof. 
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In the fifth chapter we discuss various theorems on the completeness 
of the system of root (elgen- and associated) vectors of a completely 
continuous operator (operator bundle). In the selection of the material 
the authors have attempted, on the one hand, to present sufficiently 
original and strong results and, on the other, to present as fully as 
possible the various existing methods. 

Here we also discuss various results on the growth of the resolvent 
and theorems on the asymptotic properties of the spectrum (of operators 
of various classes). 

In this chapter, apparently, the fundamental results of M. V. Keldys 
ure for the first time treated in a sufficiently detailed form. 

Considerable attention has also been devoted to theorems on the 
completeness of the system of root vectors of a dissipative operator. 

The last section is devoted to the study of the spectral properties 
of a selfadjoint quadratic bundle. Here we use the results of almost all 
the other sections of this chapter. However, as recent investigations 
have shown (M. G. Krein and H. Langer), for the construction of a 
complete theory of quadratic selfadjoint bundles it is natural to use 
various theorems of the theory of operators in spaces with an indefinite 
metric. In view of this, certain results are presented here without proof. 

As a supplement to the theorems on completeness, the authors have 
thought it appropriate to discuss in Chapter VI the simplest tests for 
the existence of a basis (of one kind or another) made up of the root 
vectors of a given linear operator (results of B. R. Mukminov, I. M. 
Glazman and A. S. Markus). The theory of bases in a Hilbert space 
is not discussed in texts on functional analysis; for this reason it too 
is presented in this chapter. 

The presentation in this book is carried out in the spirit of the abstract 
theory of operators: it is illustrated by various applications to the theory 
of integral equations. 

The reader who has some experience in the theory of boundary value 
problems for differential equations, or an acquaintance with the theory 
of linear vibrating systems with a finite or infinite number of degrees 
of freedom, will easily discover how many of the results discussed here 
find immediate application in each of these fields. A clearer presentation 
of the possibilities and prospects existing here can be obtained from the 
interesting survey article by M. V. Keldys and V. B. Lidskii [1] (ef. 
also the survey by C. L. Dolph [1] and the report by M. G. Krein and 
H. Langer [2]). 
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GENERAL THEOREMS ON BOUNDED NONSELFADJOINT OPERATORS 


Many of the results in this chapter on nonselfadjoint operators are 
by no means characteristic of the theory of operators in Hilbert space. 
‘These results could be reformulated and proved without essential 
changes for bounded (and sometimes even for closed unbounded) 
operators acting in an arbitrary Banach space. 

Although the material presented here became available to specialists 
some time ago, nevertheless this fact has not been reflected in texts 
either on the theory of operators in Hilbert space, or on the theory of 
operators in general Banach spaces. 

The material of this chapter, presented in the broader context indicated 
above, can be found in the authors’ paper [1]. 


§1. Notation and some known results 


In this section we introduce basic notation and recall some well-known 
concepts and results from the theory of operators in Hilbert space. 

Henceforth denotes a separable Hilbert space. 

The domain of a linear operator A, acting in , will be denoted by 
D(A), and the set of its values by ® (A). 

Throughout this chapter we shall be concerned with bounded linear 
operators. For such operators A it will always be assumed that D(A) = ©. 

We shall denote the set of all bounded linear operators, acting in §, 
by R=R(H). The uniform norm of an operator A CX is the number 


|A| = sup |A@|. 
løj =1 


With this definition of a norm, becomes a complete normed ring. 

1. Invariant subspaces of an operator. A subspace £ C is called an 
invariant subspace of the operator A (ER) if for any f from £ the vector 
Af also belongs to £. 

Let P (ER) be an arbitrary projector (P? = P). 

Obviously the projection subspace P will be invariant with respect 
to the operator A (€ R) if and only if 
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(1.1) PAP = AP. 


If, moreover, the subspace QO(Q@=J/— P) is invariant for the 
operator A, then and only then 


(1.2) PA = AP. 


If the operator A is selfadjoint and P is an orthoprojector (orthogonal 
projector: P = P*), then the conditions (1.1) and (1.2) are equivalent. 

The following result will be used frequently in the sequel. 

1. If the subspace © is an invariant subspace of the bounded linear operator 
A, then its orthogonal complement £+ = © £ is an invariant subspace 
of the operator A*. 

In fact, let P be the orthoprojector which projects onto £, and 
let Q = I — P. Then the condition (1.1) can be written in the form 


QAP = 0. 
Going over to the adjoint operators, we obtain 
PA*Q@ = 0, 
and the assertion follows. 
2. Let £ be an invariant subspace of the operator ACR, and let P be 


the orthoprojector which projects onto &. 
If two of the operators 


(1.3) A, PAP+Q, P+QAQ, 


where Q = I — P, are invertible, then the third is also, and their inverses 
are related by 


(1.4) (PAP +Q) = PAP +Q, 
(1.5) (QAQ + P) = QAQ + P. 


In fact, since QAP = 0, the operator A = (P+ Q)A(P + Q) is repre- 
sentable in the form 


PAP + PAQ + QAQ. 
It follows that 
(1.6) A = (QAQ + P) (O + PAQ) (Q + PAP). 
The square of the operator PAQ equals zero. Thus the operator 
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I+ PAQ is invertible and 
(i+ PAQ) `= I— PAQ. 


It follows at once from (1.6) that if two of the operators from (1.3) 
are invertible, then the third is invertible. 
If all three of the operators (1.3) are invertible, then 


A`' = (Q+ PAP) "(I — PAQ) (QAQ + P)™. 
Hence we easily conclude that 
(1.7) PA P = P(Q + PAP) P and QA7~'Q=Q(QAQ+ P) YQ. 
Since 
P(Q + PAP) `P = (Q+ PAP) `- Q 
and 
Q(QAQ + P) `'R = (QAQ + P) `>- P, 


(1.4) and (1.5) follow from (1.7). 

2. The resolvent and spectrum of an operator. A point à of the complex 
plane is called a regular point of the operator A (E€ R), if the operator 
A — XI is invertible, i.e., if there exists a bounded operator R(à) = R(A, A) 
= (A —)I)7 (called the resolvent) such that 


R()(A — AL) = (A — ALN RQ) = I. 


The set p(A) of all regular points of the operator A, called the resolvent 
set of A, is always open.” In fact, if \)»€ (A), then it follows from the 
representation 


A—dA\ITL=A— dl + (y— ADT = (A — Aol) (T+ Oo — A) Rd) 
that the resolvent exists in the disk 
[> — Ao] < IRA] ~ 
and can be obtained from the formula 


1.8) ROA) =(= A — OR) RO) = 2 A — rg) *RAT O). 
=0 


At the same time, we see that the resolvent R(A) is a holomorphic 


D For A ER, the point at infinity à = œ is always added on to p(A). 
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operator-function” in the region p(A). 
For any two points A,u E p(A), one immediately verifies the Hilbert 
identity 


R(X) — Rtv) = A — a) RO) R(n). 


For à and yw close to each other this identity also follows from (1.8). 

The following assertion holds. 

3. Let A be any operator from R, and let F be any closed set of points 
of the complex plane. 

If FC p(A), then one can find 6>0 such that FC p(A+ B) for all 
operators BE R satisfying the condition |B| < ô. 

This property can be understood as the “continuous dependence” of 
the resolvent set p(A) upon the operator A. Let us prove the assertion: 
since the operator-function R(A) = R(A,A) is holomorphic in p(A) and 
F is closed, it follows that 


1 
max|R(\)| =- >0 
EF ô 


(even if the set F is unbounded). 
For any operator BC ® with norm |B| <ô and any à EF we have 


|BR(A)| <1, 
and consequently the operator A + B — XI is invertible: 


(A +B- = RQ) F (— BRO)* 
k=0 


Thus FC p(A + B). 

The complement of the set p(A) with respect to the entire complex 
plane is called the spectrum o(A) of the operator A. Thus the spectrum 
of an operator is always a closed set. 

We note that the spectra o(A) and o(A*) are mirror images of each 
other with respect to the real axis. 


2 An operator-function A(A) (AGG) is called a holomorphic operator-function in 
the region G, if A (à) E R for every A E G and if in a neighborhood of each point Ay» E G 
the function A(A) can be expanded in a series 


wm 


AA) =A) + © (A— Ao) C, where GER (J = 1,2, ---), 
j=l 


which converges in the uniform norm. 
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The spectrum o(A) contains all eigenvalues of the operator A, i.e., all 
numbers à for which the equation (A —A/l)¢@=0 has at least one 
nonzero solution ¢ € © (an eigenvector). 

A nonzero vector ¢€ © is called a root vector of the operator AE R, 
corresponding to the eigenvalue ào, if (A — ào)” = 0 for some positive 
integer n. 

The set of all root vectors of the operator A, corresponding to one 
and the same eigenvalue ào, together with the vector ¢=0, forms a 
lineal” °,,, which is called the root lineal. The dimension »,, = »,)(A) 
of the lineal *’,, is called the algebraic multiplicity of the eigenvalue ào. 
If vo < ©, then the lineal £, turns out, naturally, to be closed; in this 
case we shall speak of the root subspace. 

Obviously, the eigenspace 3,, (i.e., the set consisting of the null- 
vector and all eigenvectors of the operator A corresponding to the value 
do) is a part of £a (SoC fio). The dimension a(àọ) of the subspace 
3, is called the proper multiplicity of the value ào. Thus, the proper 
multiplicity of any eigenvalue does not exceed its algebraic multiplicity. 

3. The integral of F. Riesz. Let T be a simple or composite rectifiable 
contour, which encloses some region Gr and lies entirely within the 
resolvent set p(A)(ICp(A)) of the operator ACR. Then R()) 
= (A — AI) ' is an analytic operator-function on F. Assuming that 
the contour T has positive orientation with respect to the region Gr, 
we form the integral 


P= 5 f RO dx. 
2ml Jr 


One has the following results of F. Riesz (cf. Riesz and Sz.-Nagy {1]). 
4. The operator P, is a projector which commutes with A, and hence 
in the decomposition 


O = Yt MM, where ie P Ê, Y= (I — P) 9, 


both terms £, and Ñ, are invariant subspaces of the operator A. Moreover, 

a) the spectrum of the restriction of A to the subspace £, is contained 
in the region Gr; 

b) the spectrum of the restriction of A to the subspace Ñ, lies outside 
the closure of G,. 

5. If T, and T, are two different contours having the properties indicated 


3 That is, a linear manifold which, generally speaking, is not closed. 
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above, and the regions G,, and (G, have no points in common, then the 
projectors corresponding to them are mutually orthogonal, i.e., 
Pi Py = PyPy, = 0. 


It follows from the results 4 and 5 that if only a finite number of 


points ài, A», ---,A, of the spectrum of the operator A lie in the region 
G,, then 
(1.9) Pee DP iy P, Py, = 0 (GJ =k), 
j=l 
where the P,, (J= 1,2,---,n) are projectors which project ) onto 


subspaces P,,, invariant with respect to A, in each of which the 
entire spectrum of A consists of the single point Aj. 

In fact, let y; be nonintersecting circles which lie entirely in G, and 
have centers \,; then 


n 1 n 
Py sf RO) dd = SP. 


Since the projectors P,, do not change as the radii of the circles y, 
are decreased, the P,; are completely determined by the points àj 
(P, = P,;) and have the properties indicated above. 

4. Polar representation of a bounded operator. For A ER we denote 
by 3(A) the subspace of zeros of the operator A, i.e., the subspace 
of all solutions @ of the equation Ag = 0. It is well known that 


© =R(A) © 3(A*) = R(A*) @ B(A), 


where the bar denotes the closure of the corresponding lineal. 

An operator UC R is said to be partially isometric if it maps the 
subspace 9 ©) 3(U) isometrically onto R (U). For a partially isometric 
operator U the lineal (U) is a closed subspace. 

It is easily seen that if U is a partially isometric operator, so is the 
operator U*. The operator U defines an isometric mapping of the sub- 
space #(U*) onto R(U), and the operator U* defines the inverse 
mapping of R(U) onto R(U*), so that 


U*U = P, and UU*= Py, 
where P,, P, are the orthoprojectors which project © onto the subspaces 
R(U*) and R(U), respectively. 


Let A be any operator from K. Then, as is well known, there exists 
a unique nonnegative operator H such that H? = A*A (H = (A*A)?”). 
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For this operator we have 
|Af|* = (Af, Af) = (A* Aff) = (Hf, Hf) = | Af? (FED). 


The operator U, which associates with the vector Hf the vector Af, 
maps R(H) isometrically onto R (A). Extending the operator U to all of 
R(H) by continuity and setting U¢ = 0 for ¢ € 3(H), we obtain a 
partially isometric operator. 

It is easily seen that 


R(H) = R(H”) = R(A*A) = R(A*). 


Thus every bounded linear operator A admits a representation in 
the form 


(1.10) A = UH, 


where H = (A*A)'”, and U is a partially isometric operator which 
maps the subspace (A*) isometrically onto (A). 

The representation (1.10) is called the polar representation of the 
operator A. 

One can easily prove the following properties of the operators which 
appear in the polar representation of the operator A: 

1) U*A = H; 

2) H, = UHU*, H = U*H,U, where H, = (AA*)’”; 

3) A= H,U, H, = AU"*. 

5. The dimension of an operator. Finite-dimensional operators. By the 
dimension of the operator A is meant the number r(A)(S œ), equal to 
the dimension of the subspace (A). 

It is easily seen that 


r(A) = r((A*A)™) = r((AA*)"”) = r(A*). 


An operator AC ® is said to be finite-dimensional if r(A) < œ. 
Obviously, every operator K defined by 


(1.11) Kf = 2. (f e) Wj (E9), 
J=1 
where {¢;{{ and {y,}} are arbitrary systems of vectors from 9, isa 
finite-dimensional operator, and r(K) <n. It is easy to show that 
r(K) = min (dim *’,, dim £), 


where l, and Ì, are the linear hulls of the systems {¢,}{ and {ẹ;}i, 
respectively. 
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Every finite-dimensional operator K can be represented in the form 
(1.11) with n = r(K). In fact, let {y,}{ (where n = r(K)) be any basis 
of the subspace R(K). Then for every vector fEO, 


(1.12) Kf = 2 ¢¥j, 
j=l 


where the c;, J = 1,---,m, are complex numbers depending upon f. Let 
Ix |i be any system of vectors which is biorthogonal to the system 
fy, fi, Le., 

(Y, Xk) = dj (j,k = 1,2,---,n). 
Then 

cj = (Kf, x), 

or 
(1.13) c; = (f, 4) (7 = 1,2,---,n), 


where ¢,= K*x;. Substituting (1.13) into (1.12), we obtain (1.11). 
Henceforth, the operator K, defined by (1.11), will be written in 
the form 


K = 2 (+1 6)) Yj. 
j=l 


§2. Normal points of a bounded operator 


1. We shall call an eigenvalue \) of an operator A (€ R) a normal 
eigenvalue” of A if 


1) the algebraic multiplicity of > is finite, and 
2) the space breaks up into the direct sum of subspaces 


(2.1) Se) zs Paot Nos 


where £, is the root subspace of the operator A corresponding to Xo, 
and N, is an invariant subspace of A in which the operator A — djl 
is invertible. 


The decomposition (2.1) of the space is unique. Indeed, if v is the 
algebraié multiplicity of Ap (i.e., v = dim &,,), then 


(A — Aod)’ Rag = 0. 


Since the operator A — MI is invertible in Yt,,, we obtain 


4) i i ; ; F , 
In the authors’ paper [I], instead of the term “normal eigenvalue” the expression 
“number corresponding to a normally splitting finite-dimensional root subspace” was used. 
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(A Al)’ = (A MDY 
Thus R, = (A — Aol)’. 


| (A — MRa = N 


AQ) 


‘THEOREM 2.1. In order that a point ^ of the spectrum of an operator 
A ER be a normal eigenvalue, it ts necessary and sufficient that it be an 
isolated point of the spectrum of A and that the projector corresponding to ti 


(2.2) P : f RO)dA 
|A- Ag] = 


À SA oe 
o Qn 


be finite-dimensional. 
If ^ ts a normal eigenvalue, then P,, projects © onto the root subspace *,,. 


PROOF. Let us assume that A, is a normal eigenvalue of the operator 
A. We denote by A, and A, the restrictions of A to the subspaces °',, 
and ÑR, respectively. As was just mentioned, the operator A, — Ayl/ 
is nilpotent: (A, — àJ)” = 0. 

Let us denote by n the smallest positive integer such that (A, — Aol)” 
= 0. Then, setting B, = A, — Aol, we have 

— (A — Ag) I = BY — (A — Xo) I 

= (A; — AI) [(A — Ao)” IH (A — do)" 7 Bi + «++ + BE]. 


Hence 


n—l 
— (A,— AI) '= (A— Ao) TL + 3 (A — o) Bi. 


j=l 
On the other hand, the operator A, — df is invertible in the subspace 


Rao Hence for all à from the disk |à — Al <1/|(Ag—AoZ) '| the 
resolvent 


(A, — AI) `= Rot (A— A) RÈ --- + (A— AQ)" ROT + ee: 


exists, where Ry = (A, — Aol) '. It follows that all points à satisfying 
the inequality 0 <|A—A»| <| Ro]! are regular points of A, and for 
these points the resolvent A(\) is given by the formula 


R(A) = (A — Al) ! 
(2,3) ZTA) BET oe + = do) *Br + (A = Ag) “NP 


+ 27 (A — Ao) *Ro “UI P), 
k-0 
where P is the projector which projects the space © onto the subspace 


ur along Mery (PD =F Oe = 0). 
Integrating both sides of (2.3) over a sufficiently small circle with 
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center at the point àp, we find that 


1 
Pady == af, " RA) dÀ. 

Thus the necessity of the hypotheses of the theorem is proved. Let 
us prove their sufficiency. 

Let \y be an isolated point of the spectrum of A, and let the projector 
(2.2) be finite-dimensional. Then the space can be broken up into the 
direct sum of the subspaces M, = Py, and Nt, = (I — Py) ©, which 
are invariant with respect to A. The restriction of A to the subspace 
Wt, has a unique spectral point àA = dA». Hence 


(2.4) (A = Aol)’ M,, = 0 (v = dim M,,). 


The point Ay is a regular point of the restriction of A to the subspace 
Yi, It follows from (2.4) that WM, is the root subspace of the operator 
A corresponding to the number ào. Since M,o +N. = H, it follows 
that Ay is a normal eigenvalue. The theorem is proved. 

For completeness we shall state without proof another result con- 
cerning normal eigenvalues of an operator, which will not be used 
further on (cf. Gohberg and Krein |1]). 

In order that ^, be a normal eigenvalue of an operator AC, it is neces- 
sary and sufficient that: a) d» be an isolated point of the spectrum of A, 
b) the algebraic multiplicity of ^ be finite, and c) the range (A — XI) 
of the operator A — dol be closed. 

2. We note three results which follow from Theorem 2.1. 

1. If Mo is a normal eigenvalue of the operator A of arbitrary algebraic 
multiplicity, then ^ will be a normal eigenvalue of the operator A* of the 
same algebraic multiplicity. 

In fact, the spectra ¢(A) and o(A*) are mirror images of each other 
with respect to the real axis, and thus the point à is an isolated point 
of «{A*). 

On the other hand, if A) and Xo are isolated points of the respective 
spectra o(A) and o(A*), then always 


(2.5) P;,(A*) = [P (4) ]*. 


2. Let dX) be a normal eigenvalue of the operator A (ŒR) and let the 
decomposition corresponding to it be 


H = w+ R 


then to the normal eigenvalue ^, of the operator A* there corresponds the 
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decomposition 
Da VN +N 


Ag? 
where 
=Ni and Ni = Lz. 


This result is a simple consequence of (2.5). 
3. If Mo is a normal eigenvalue of the operator A, then the equations 


(A —rl)¢=0 and (A*— Xr 1)y=0 


have the same number of linearly independent solutions. 

In fact, the number of linearly independent solutions of the equation 
(A* — \,I) y = 0 equals the dimension of the subspace GO R(A — Aol). 
Since the restriction of the operator A — I to the subspace No 
= (J — P,,.) © is invertible, we have 


dim( © R(A — Aol)) = dim(2,,0 (A — rol) &,,) 
= dim (Ll O #(Ai — Aol), 


where Lio = P,, and A, and J, are the restrictions of the operators 
A and I to l,o 

The subspace {',, is finite-dimensional and consequently the dimension 
of the subspace of solutions of the equation (A, — Ao/,;) ¢ = 0 coincides 
with the dimension of the subspace £ „© #(A; — Ao/;). Finally, the 
equations 


(A, — Aol) @=0 and (A —rA\pl) @=0 


have the same solutions. The result is proved. 

3. We shall call a point A, of the complex plane a normal point of the 
operator A, if it is either a regular point of A or a normal eigenvalue 
of A. Since p(A) is an open set and every normal eigenvalue of the 
operator A is an isolated point of the spectrum of A, the set p(A) 
(> p(A)) of all normal points of A is always open. 


THEOREM 2.2. Let T be a rectifiable contour which encloses some region 
G, and consists of regular points of the operator A (€ R). The region Gr 
consists of normal points of A tf and only if the projector 


PS -fa — AI) idà 
2rl Jr 


is finite-dimensional. 
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When this condition ts fulfilled, either (i does not contain points of the 
spectrum of A, or the spectrum of A in G, consists of a finite number of 
normal eigenvalues. In the latter case the subspace P,.S will be the direct 
sum of all the root subspaces of the operator A corresponding to the eigen- 
values from (i. 


PROOF. Suppose that the portion of the spectrum of the operator 
A which is contained in G, consists of a finite number of normal points 
Ai, Ax, ttt, An. Then, by virtue of the relation (1.9), 


(2.6) Pr= P+ Putt Po (Py, Py =O for j æ k), 


where the projector P,; (J = 1,2,---,n) projects the space © onto the 
finite-dimensional root subspace *',; of the operator A corresponding 
to the eigenvalue àj. Hence the projector P, is finite-dimensional and 


(=P O=PEP,O=8 48,4 ---4 8, 
j=l 


Conversely, suppose that the projector P, is finite-dimensional. 

Then § can be broken up into the direct sum of the subspaces £, and 
R, = (1 — P,) ©, which are invariant with respect to the operator A. 

Let us denote by A, and A, the restrictions of A to the subspaces 
vi and R,, respectively. The subspace l, is finite-dimensional; thus 
the spectrum of the operator A, consists of a finite number of eigenvalues 
A, (J = 1,2,---,n; A,EG,). By a well-known result in the theory of 
finite matrices, the subspace £, can be broken up into the direct sum 
of subspaces \’,, invariant with respect to A, and such that the operator 
A, - àd is nilpotent in the corresponding subspace {,. Obviously, 
A, - 2,/ will be invertible on all subspaces £, with k +/. 

‘The operator A, — AJ is invertible for all AE G,; hence the portion 
of the spectrum of A which lies in the region G, coincides with the 
spectrum of A,. Thus A has a finite number of eigenvalues), (J = 1, 2, ---,n) 
inside G,, to which there correspond the finite-dimensional! root sub- 
spaces \,. The points A; are normal points, since the space O can be 
broken up into the direct sum of subspaces which are invariant with 
respect to A: 


P= 4 R, (7 =1,2,---,n), 
and the operator A -- A, I is invertible in the subspace 


Ie N, H > (7 = 1,2,---,7). 


kej 
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The theorem is proved. 
§3. Stability of the root multiplicities of an operator 


Let AER and let r be a rectifiable contour which encloses a region 
G, and which has the following properties: 

a) that part of the spectrum of the operator A which lies in G, consists 
of a finite number of normal points \,,\.,--+,A, of A; 

b) the contour T consists of regular points of A. 

By the root multiplicity” of A corresponding to the contour Tr we shall 
mean the sum of the algebraic multiplicities of all the eigenvalues 
A; (J = 1,2,---,n) of A which lie in the region Gr, i.e., the number 


vr(A) = È n(A). 


According to (2.6), 


vr(A) = dim P,, 
where 


P; = -5 fa — AI) ‘dy. 
Qxrt Jr 


We shall precede Theorem 3.1, which concerns the stability of the 
root multiplicities of an operator under perturbation by a small term, 
by a lemma. 


LEMMA 3.1 (B. Sz.-Nacy [1,2]). Let P and Q be projectors. If |P— Q| 
<1, then the subspaces PH and Q have the same dimension: 


(3.1) dim P® = dim Q. 
Proor. If |P— Q| <1, then the operator I — (P — Q) is invertible: 


(I- P+ Q=1+ 2 P-A, 


and thus (J ~-P+4)9© =. Hence 
and since P? = P, we have 


PQS=PH or PR(Q)=R(P). 


5 In the authors’ paper [1] instead of the term “root multiplicity” the term “root 
number” was used. 
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Thus P’ maps the subspace QD onto all of the subspace PH. Moreover, 
for any fC QS 


[Pfl=|f+(P-Qfl 2 a—|P- RDI, 


from which it follows that P maps Q onto PẸ in a one-to-one and bi- 
continuous manner. This implies (3.1). The lemma is proved. 


THEOREM 3.1. Let r be a rectifiable closed curve which encloses some 
region G, and has the properties a) and b) with respect to the operator 
A ER. Then there exists p > 0 such that for all operators BER satisfying 
the condition |B — A| < p, the contour T also has the properties a), b) with 
respect to the operator B, and v,(A) = v;(B). 


Proor. Denoting as before the resolvent of the operator A by R()), 
we put 
p= 1 
max|R(A) | ` 
ser 
Then 
l 
Qa 


where l is the length of the contour T, will be the number whose existence 
is asserted in the theorem. 

Indeed, let B be any operator from KR satisfying the inequality 
(3.2) |A — B| <p. 


All the points à € T are regular points of B, since for \ €T there exists 


(3.3) (B—A\AI) = RA) (1+ > [(4— B)RO) |’) 
J=1 
The convergence of the series on the right is guaranteed by the in- 
equality 
\(B—A)ROA)| $|B-—A[|[RO| <1 (ACT), 


which follows from (3.2). 
We now introduce the projector 


Set 


P, = -5 |8 -a ldy. 
2rl rT 


It follows from (3.2) and (3.3) that 
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Heeps ; | R(x) © |(A — B) RO) |'dà 
x l = 
-L |4~ BIRO 
— 2r rey L— |A — B| | R(A)| l 


Using the inequalities 
|A — B| <p = 2r’ (l + 275)7', |R(A)| <8 |? (ACY), 
we obtain 
\P,— P| <1. 
Hence, according to Lemma 3.1, 
(3.4) dim P, © = dim P,.§, 


and thus the projector P. is finite-dimensional along with Pr. 

But then, by Theorem 2.2, the contour I will have the properties 
a), b) with respect to the operator B also. Moreover, the equality (3.4) 
shows that 


vy(A) = v, (B). 
§ 4. Some spectral properties of completely continuous operators 


We shall denote the set of all linear completely continuous operators, 
acting in ©, by GS... As is well-known, ©. is a two-sided ideal in the ring 
R, and moreover is selfadjoint (or symmetric) and closed. This means that it 
has the following properties: 

1) S., is a linear set, and if XER and Y E ©., then XY E ©. 
and YX E ©.. 

2) If XE ©., then X* E ©.. 

3) GS. is closed in R( G, = S.). 

For reasons which will be clarified later, the uniform norm |X| for 
X € ©. will sometimes be denoted by |X|.. 

1. Root subspaces of a completely continuous operator. By a well-known 
theorem of Hilbert (cf. Riesz and Sz.-Nagy [1]), every nonzero point 
of the spectrum of a completely continuous operator A is a normal 
peint of A. Hence such an operator has at most a countable number of 
spectral points, which can have as a limit point only the point A = 0. 
The latter always (for dim = œ) belongs to the spectrum of A (€ ©.). 

We shall denote the sum of the algebraic multiplicities of all the 
nonzero eigenvalues of the operator A (€ ©.) by »(A) (£ œ). 
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‘The dimension r(A) of an operator A (€ ©.) is related to »(A) by 
the inequality 


(4.1) v(A) Sr(A). 


If r(A) = œ, the inequality (4.1) is trivial. In the case where r(A) 
< œ, the proof of this inequality reduces to the proof for an operator 
acting in a finite-dimensional space. 

If the operator A is completely continuous, then (by assertion 1 of 
§2) we have v(A) = v(A%*). 

Henceforth we shall denote by {),(A) };“” the sequence consisting 
of all the nonzero eigenvalues of A, arbitrarily enumerated in order 
of decreasing modulus, and where in this enumeration every eigenvalue 
is counted as many times as its algebraic multiplicity.® 

, An operator A is called a Volterra operator if it is completely continuous 
Hand has no nonzero eigenvalues (»(A) = 0). 

From the equality »(A) = »(A*) for completely continuous operators 
it follows that if A is a Volterra operator so is A”. 

Let us denote by ©, the closed linear hull of all the root subspaces 
Ly (Aj = ;(A)) of the completely continuous operator A. Obviously, 
the subspace ©, is invariant with respect to A, and »(A) = dim&,. 


LEMMA 4.1 (ScHUR’s LEMMA). Let A be the operator induced in ©, by 
the completely continuous operator A. Then there exists an orthonormal 
basis | w;}i of ©, for which the matrix of the operator A has triangular 
form, so that 


(4.2) Aw; = Aj1w) + Ajowe + Aoi + a;jw; (J = l, 2, -++,v(A)), 
where 
(4.3) aj = (Aw; wj) = (A) (J=1,2,---,»(A)). 


Proor. If we choose a Jordan basis in every root subspace £, (= Ljw) 
(J= 1,2, ---,v(A)) and enumerate the vectors of these bases in succession, 
we obtain a sequence {¢;}{® for each vector of which one of the two 
equalities Ag; = A;¢;, Adj = Apit ja (A; = A(CA)) is fulfilled. 

It is easily seen that the orthonormal basis {w;}{'*’ of the subspace 
©, (the Schur system of the operator A), obtained from the system 
{¢,{ by successive orthogonalization, will have the properties (4.2) 
and (4.3). 


ê In general, the notation j = 1,2,---,»(A) will denote the enumeration over all 
eigenvalues, Mambe a in the order of decreasing modulus. The same remark holds con- 
cerning the sum >-}“4) and the product ghee 


Sec. 4] SOME SPECTRAL PROPERTIES 17 


REMARK 4.1. Lemma 4.1 can be given a substantially more general form. 

Let ACN, let {d,(A)} be some set of its normal eigenvalues, and let 
© be the closed linear hull of all the root vectors corresponding to these 
eigenvalues. 

Then one can always choose an orthonormal basis {w;} of ©, for which 
the relations (4.2) and (4.3) are fulfilled. 


LEMMA 4.2. Let A be a completely continuous operator for which ©, 
* ©, and let Q, be the orthoprojector which projects © onto Ei. Then 
4 AQ, is a Volterra operator. 


Proor. Let us denote by 
RF (= R; (A*)) (7 = 1,2,---,»(A)) 


the subspaces complementary to the root lineals %j(A*) of the operator 
A*, and by W the intersection of all the subspaces N*. By assertion 2 
of §2, a vector f (€ ©) belongs to the subspace W if and only if it is 
orthogonal to all of the lineals £; (j= 1,2,---,»(A)). Consequently, 
the subspaces M and ©, are orthogonal and 


M © C€,= ©. 


It follows from assertion 1 of §1 that the subspace Wt is invariant 
with respect to A* and that the operator A*, induced in M by the 
operator A*, is a Volterra operator. Therefore the operator Q, A*Q, 
and its adjoint Q,AQ, will be Volterra operators. 

REMARK 4.2. As with Lemma 4.1, Lemma 4.2 can be given a more 
general form. 

Let AE R, let £ = {y;(A)} be some set of normal eigenvalues of A, 
and let Q be the orthoprojector which projects © onto the orthogonal comple- 
ment of the linear hull of all the root vectors of A, corresponding to these 
eigenvalues. 

Then the spectrum of the operator QAQ consists of zero, all points 
AEC (o(A) \ &) and, possibly, some points \C(&\&) (we., limit 
points of £). 

In particular, if the set &={),;(A)} consists of the entire nonzero 
spectrum of the operator A, then the spectrum of QAQ consists only of zero. 

2. The limit of a sequence of completely continuous operators. We start 
with the following simple result. 


THEOREM 4.1. The limit in the uniform norm of a sequence of Volterra 
operators is a Volterra operator. 
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PrRoor. Let A, (n -: 1,2,---) be a sequence of Volterra operators 
and let A be its limit in the uniform norm (since ©. is closed, the operator 
A automatically belongs to G..). Let us assume that the operator A has at 
least one eigenvalue åo ~ 0. Then by Theorem 3.1 every operator A, for n 
sufficiently large has at least one eigenvalue in the disk |A — Ag] < | Ao] /2. 
This contradicts the fact that the A, (n = 1,2,---) are Volterra opera- 
tors. The theorem is proved. 

The following more general theorem is somewhat more difficult to 
prove. 


THEOREM 4.2. Suppose that a sequence of operators A, (n = 1,2,---) 
from ©,, tends in the uniform norm to an operator A (E€ ©.). 
If v(A) = ~, then 
lim »(A,) = œ 
and for an appropriate enumeration of the eigenvalues of the operators A, 
we will have 


limA;(A,) =A;(A) (J = 1,2,---). 


If v(A) < œ, then for every sufficiently small « > 0 there exists a positive 
integer n, such that for n > n, there exist outside the disk |\| S« exactly 
y(A) eigenvalues of the operator A,, for which, by an appropriate enumera- 
tion, we will have 

lim \;(A,) =A;(A) (J = 1,2, ---,¥(A)). 

Proor. Let {y;} be a sequence of nonintersecting disks with centers 
at all the distinct eigenvalues of the operator A. If v(A) < œ, then we 
also construct a disk yo with center at the point à = 0 and of sufficiently 
small radius. 

By Theorem 3.1 there exists a positive integer N, such that for all 
n > N, there lie in the disk y, exactly as many eigenvalues of the operator 
A, (taking their algebraic multiplicities into account) as the (algebraic) 
multiplicity xı of the first eigenvalue of the operator A, which is the 
center of the disk y,. We label these eigenvalues of the operator A, with 
the integers 1, ---,x;. 

By the same theorem, 


lim Aj(A,) = AA) (7 = 1,2, +++, 41). 


Let us continue this process. We find a number N, 2 N, such that 
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forall n > N, there lie in the disk y, exactly «, eigenvalues of the operator 
A,,, where x, is the multiplicity of that eigenvalue of the operator A which 
in the center of the disk y». To these eigenvalues of the operator A, we 
nssign the integers from x, + 1 to «x+ «2 Again, we have 


lim Aj(A,) pace A; (A) (J =x + 1, paces aa K2). 


To complete the proof of the theorem for the case v(A) = œ it remains 
(o continue this process indefinitely and to assign, to those eigenvalues 
of any operator A, which remain unlabelled, any “free? numbers. 

For the case v(A) < œ, in addition to what has been said, it follows 
from Theorem 3.1 and the result 3 of §1 that for sufficiently large n all 
the eigenvalues of the operator A,, except for the first »(A), lie in the 
disk yo. 

The theorem is proved. 


§ 5. A theorem on holomorphic operator-functions and its corollaries. 


We shall begin with a result which clarifies the structure of the spectrum 
of a holomorphic operator-function, all of whose values are completely 
continuous operators. 


LEMMA 5.1. Let A(A) be an operator-function, holomorphic in a neigh- 
borhood U, of the point dr», and suppose that all the values of A(A) are 
completely continuous operators. 

Then there exists « > 0 such that for ali values from the punctured disk 


0<|rA— A] <e 
the equation 
(5.1) (I—A(Qa))¢=0 


has the same number of linearly independent solutions. 

PROOF. Let us denote by @;,é€,++*°,€, an orthonormal basis of the 
space of all solutions of the equation (J — A(d)))¢=0, and by 4g, 
#2, °+*,8, an orthonormal basis of the subspace | R(I — A(Ao)) |+. We 
form the operator B(A), putting 


BQ) =I-AQ)+ 2) (-,e)8 AE Un). 
j=l 
It is easily seen that the operator B(\,)) does not annihilate any non- 


zero vector, and that its range coincides with the entire space 9. Hence 
the operator B(A) is invertible for \ =A». But then there exists a suf- 
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ficiently small positive number p such that the operator B(A) is invertible 
for all points A from the disk |à — Ay] <p: 


B (A) = (BQ) + (BO) — BQo))) | 
= B "(r) (I + (BO) — BQXo)) Boo)! 


= B00) (14+ [BEd — BO) B700 F) 
k-1 
The equation (J — A(A)) ¢ = 0 is obviously equivalent to the equation 
B(d) = > (¢,e,) 8j 
j=l 


or to the system of equations 


(5.2) = D&B (Ng; (A — ol <p) 
j=l 


(9.3) Ek = (¢, €r) (k = 1, 2; Sey n). 


Inserting in (5.3) the expression for ¢ from (5.2), we obtain for the 
determination of the numbers é; (J = 1,2,---,n) a homogeneous system 
of n linear algebraic equations: 


J 


(5.4) [dj — (B *(A) gj, e |& = 0 (k= 1,2,---,n). 
=1 


For |A — A o| <p the number of linearly independent solutions of 
the equation (5.1) coincides with the number of linearly independent 
solutions of the system (5.4). 

All the elements of the determinant A(A) of the system (5.4) are 
analytic functions of the parameter à in the disk |à — Ay] <p. If all of 
them are identically equal to zero, then the system (5.4) has, for all 
à from the disk |à — ào| <p, exactly n linearly independent solutions. 
In this case the lemma is proved. 

Suppose that at least one element of the determinant A(A) is different 
from zero at some point of the disk |à — Ayo] <p. We denote by A (à) 
any minor of highest order among those minors of the determinant A(A) 
which are different from zero at one point at least of the disk |A = Ay| < 9; 
the index p indicates the order of this minor. By virtue of the analyticity 
of â (à), we will have A,(A) = 0 for all à of the disk under consideration 
with the possible exception of certain isolated points. At all points A 
for which the determinant A,(A) does not vanish the system (5.4) will 
have n — p linearly independent solutions. 
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There is a largest disk |A  dA»p| <e, at all of whose points, except 
possibly A = Ay, one has A,(A) ~ 0. For all A satisfying the inequality 
O0. |A — àd <e, the system (5.4) will have exactly n —p linearly in- 
dependent solutions. 

‘The lemma is proved. 


‘THEOREM 5.1 (I. C. GOHBERG [1]). Suppose that A(A) is an operator- 
Junction, holomorphic in an open connected set G, with values from ©.. 
Then for all points AE G, with the possible exception of certain isolated 
points, the number a(d) of linearly independent solutions of the equation 


@— A(r)g=0 
ts constant: 
a(A) = n; 
al the isolated points mentioned, 
a(A) >n. 


In particular, if a(\) = 0 for at least one point, then for all XC G, with 
the possible exception of certain isolated points, the operator I — A(X) has 
a bounded inverse. 


PRooF. Suppose that n = mina (à) (ACG) and that this minimum is 
attained at the point A = Ag, i.e., a (ào) =n. 

We denote by i, any point from G, for which a(d,) >n. We shall 
show that à; is an isolated point, i.e., we can find ¢«, > 0 such that for 
all A in the punctured disk 0 < |à — A,| <€, we will have a(A) = n. To 
this end, we connect the points ào and à; by a curve FT lying entirely in G. 
Applying Lemma 5.1 to the operator A(A), we find that to every point 
à of the curve F there corresponds a number «, > 0 such that, for all 
à satisfying the inequality 0<|\ — A| <e, the function a(A) has a 
fixed value. Constructing such a neighborhood U, for every point AET, 
we obtain a covering of r. Let us select from this covering a finite sub- 
covering U,, Uz, -+-, Un AoE U A, € Uy). 

Noting that adjacent neighborhoods of this covering intersect, we 
conclude that at all points of the neighborhoods U; (j = 1,2,---,N), 
with the possible exception of their centers, the function a(A) has one 
fixed value. But since, in the neighborhood U, which contains the point 
Ay, we have a(A) = n, it follows that also a(A) = n over the entire neigh- 
borhood Uy of the point \,, except at the point A, itself. 

This proves the first assertion of the theorem. The second assertion 
follows at once from the first, if we take into consideration that at all 
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points A of the region G for which «(A) = 0, the operator / — A(X) has 
a bounded inverse. 
We need yet another lemma. 


LEMMA 5.2. Let AE R, and let G be any connected component of the 
set p(A) of all normal points of the operator A. 

If BE ©. and if the operator A+B has at least one regular point 
in G, then G is a connected component of p(A + B). 

In particular, for any AC R and BE ©., the unbounded components 
of p(A) and p(A+ B) coincide. 


Proor. For any \€p(A) MG 
A+B—-—,d\Il=(14+ B(A —-Al)")(A— A). 


The operator-function B(A — AI)! is holomorphic in the region 
p(A) ()G and assumes values from ©.. Since the operator A + B— XI 
is invertible at some point of G, then at this point the operator I 
+ B(A — rI)7' is invertible. Hence by Theorem 5.1 the operator I 
+ B(A — AI) ~! is invertible everywhere in p(A) Q G, with the possible 
exception of a finite or countable set of isolated points. Since moreover 
the spectrum of A in G consists of isolated points, the spectrum of A + B 
in G likewise consists of isolated points. 

Let us denote by T an arbitrary rectifiable simple closed contour, 
consisting of regular points of the operators A and A + B and enclosing 
some region entirely contained in G. 

We have 


(A+ B-)AI)"'=(A—-AlI)'- (A+ B—-Al) B(A -AD | AED), 


and consequently 
= yy fA +B -aD a= -5 fa — AI)! dA 
2ml Jr 2rl Jr 


(5.5) t fa +B-—AIĪ) B(A — AI) ‘dd. 


The first term on the right side of this equality is, by Theorem 2.2, a 
finite-dimensional projector, and the second term is a completely continu- 
ous operator, since BE ©.. 

It follows that the projector represented by the left side of (5.5) is 
completely continuous. This is possible only when it is finite-dimensional. 
But then, by Theorem 2.2, all the points of the spectrum of the operator 
A + B which are encircled by the contour F are normal eigenvalues of 
this operator. 
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To complete the proof of the lemma, it remains to note that the roles 
of the operators A and A + B can be interchanged and that the inter- 
section of 6(A) and p(A-+ B) always contains the unbounded region 
|à] > max(|A|,|A + BÍ). 

As a simple corollary of the lemma just proved, we obtain the following 
result. 


THEOREM 5.2. Let H be a selfadjoint operator from R , and B, any operator 
from ©.. Then the set of normal points of the operators H and H+ B 
coincide. Consequently, every nonreal à is either a regular point or a normal 
eigenvalue for H + B.” 


ProoF. As is well known, the region (H) contains all nonreal points 
and all real points à for which |A| > ||, and thus is connected. There- 
fore Theorem 5.2 follows from Lemma 5.2. 

By the same means, one can prove a theorem on perturbations of a 
unitary operator. 


THEOREM 5.3. Let A= U + B, where U is a unitary operator and 
BE ©.. Then, if the operator A has at least one regular point in the disk 
|à] <1, the sets of normal points of the operators A and U coincide. 

Hence in this case any point with || #1 is either a regular point or 
a normal eigenvalue of the operator A. 


From Theorem 5.2 there follows an important result. 


THEOREM 5.4. Suppose that the spectrum of the operator A © R consists 
of the single point \ = 0. 
If one of the Hermitian components of the operator A, 


Ag=(A+A*)/2 or Ag=(A—A*)/2i 


is completely continuous, then the second is completely continuous, and, 
consequenily, A is a Volterra operator. 


PRooF. For definiteness, we assume that A ,€ ©.. 
By Theorem 5.2, all nonzero points of the spectrum of the operator 


are normal points of it. Since the operator A. is, moreover, selfadjoint, 


it is completely continuous (cf. N. I. Ahiezer and I. M. Glazman [1]). 
The theorem is proved. 


” Theorem 5.2 admits of generalization to the case where H and B are unbounded 
operators (cf. Lemma V.10.1). 


CHAPTER II 


s-NUMBERS OF COMPLETELY CONTINUOUS OPERATORS 


s-numbers were apparently first introduced by E. Schmidt in the study 
of integral equations with nonsymmetric (non-hermitean) kernels. But 
more than three decades passed before the important properties of the 
s-numbers of matrices and completely continuous operators, expressed 
in the form of various inequalities, were established. Still later it was 
found that these properties of s-numbers play an important role in the 
construction of a general theory of symmetrically normed ideals of 
completely continuous operators (cf. Chapter III), and also for the 
study of the asymptotic properties of spectra and in other questions. 

This chapter contains a rather complete account of the basic prop- 
erties of s-numbers of operators. A number of results concerning s- 
numbers are perhaps presented here for the first time. 


§1. Minimax properties of the eigenvalues 
of selfadjoint completely continuous operators 


In studying the s-numbers of completely continuous operators, 
repeated use is made of the well-known minimax properties of the 
eigenvalues of completely continuous operators. 

For the convenience of the reader we shall in this section cite without 
proof a theorem describing these properties, and indicate various con- 
sequences of it. 

Let A be any linear selfadjoint completely continuous operator. 
Then, as is well known, all of its eigenvalues are real, and every root 
vector of the operator A is an eigenvector of A. The operator A admits 
a uniformly convergent representation 

v(A) 
(1.1) A = > a(A)(-, 6/9), 


j=l 


where ¢; (J = 1,2,---,v(A)) is an orthonormal system of eigenvectors 
of A, complete in R (A), such that 


Ag; =dj(A)d; (J = 1,2, +++, v(A)). 


We shall say that a bounded linear operator A is nonnegative and 
write A = 0, if 
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(Af,f) 20 


for every fE . As is well known, every nonnegative operator is self- 
adjoint. 

A selfadjoint completely continuous operator will be nonnegative if 
and only if all of its eigenvalues are nonnegative. 

One has the following result (cf. Riesz and Sz.-Nagy [1] §95). 


' THEOREM (ON THE MINIMAX PROPERTIES OF EIGENVALUES).” Let A (#0) 
be a nonnegative completely continuous operator and let ¢; (J = 1,2,---) 
be an orthonormal system of its eigenvectors which is complete in (A), 
so that 


A $; = dj (A) 4; (J= 1,2,---), 
where (A) 2 (A) = ---. Then its eigenvalues have the following minimax 


properties. 
1) 
(Ag, ¢) 
1.2 \,(A) = max ———,, 
(1.2) (A) Ge) 


where the maximum in (1.2) ts attained only for those eigenvectors of the 
operator A which correspond to (A). 
2) 

. (Ag, ¢) 

(1.3) \;4,(4) = min max ———— 
iA) gen; eert (¢,¢) 

where R; (1 Sj <v(A)) ts the set of all j-dimensional lineals of the space 
©, and the minimum in (1.3) is attained when £ coincides with the linear 
hull £; of the eigenvectors ¢ı, p2, ---,¢;, so that 


(j= 1,2, e+), 


| Z (A¢, ¢) 
(1.4) Aj+1(4) me aa : 


We remark that even in the case where àj}, < Aj, the minimum in (1.3) 
can be attained for £ =< &; (cf. M. D. Dol’berg [2]). 

From the assertion 1) it easily follows that the maximum in (1.4) is 
attained only at the eigenvectors of the operator A corresponding to 
the eigenvalue A,,,(A). 

With the help of the relations (1.2)—(1.4), one can easily prove the 
following lemma. 


V As is well known, this result can be extended to the positive eigenvalues hi (A) 
> AJ (A) 2 --- of any completely continuous selfadjoint operator. 
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LEMMA 1.1. Let A,BE ©. and OS A < B;” then 
\;(A) = A, (B) (J = 1, 2, Po -). 


In order that equality hold simultaneously in all of these relations, it is 
necessary and sufficient that A = B. 


It follows in an obvious way from Lemma 1.1 that »(A) s »(B) if 
O<ASB. 

Let A be a completely continuous selfadjoint operator with spectral 
decomposition (1.1). We form the nonnegative operators 


A, = > (A) (-, 6) 6); A- -= — È NA) (C, 6) 4). 
A, >0 Aj <0 
Obviously A= A} — A.. 


LEMMA 1.2. Suppose that the selfadjoint operator A C G., can be repre- 
sented as the difference 


A=H-—H, 
of nonnegative operators H,,H,C ©.. Then 
(1.5) A(Ay) SA(H) and (A) <A (HM) (7 =1,2)--). 
ProoF. In fact, we have 


(iff) = (ALP) + et f) 2 (ALA) (FED) 


and 
(Hf, = —(Afhf) (fE®). 


The relations (1.5) immediately follow from this, on the basis of the 
minimax properties of eigenvalues (cf. the footnote to the theorem on 
the minimax properties of eigenvalues). 


§2. s-numbers of completely continuous operators 
and their simplest properties 


1. s-numbers of a completely continuous operator. Let A € ©.; then 
H = (A*A)'?E€ ©.. As the first definition of s-numbers we take the 
following: 

The eigenvalues of the operator H are called the s-numbers of the 
operator A. 

We shall enumerate the nonzero s-numbers in decreasing order, 


2 The inequality A < B signifies that the operator B — A is nonnegative. 
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taking account of their multiplicities, so that 
s(A) =; (H) (j =1,2,--:,r(A)).” 
If r(H) < © we shall put 
s;(A) = 0 a J=r(H)4+1,---. 
We note that es 
s(A) =|A|. 
If the operator A € ©. is selfadjoint or at least normal (i.e. if A 
nnd A* commute), then 
s(A) = |X (A)| (j= 1,2, +--+). 
It is also obvious that for any scalar c 
s;(cA) =|e|s(A) (j= 1,2,---). 
The following two important properties of the s-numbers of a com- 


pletely continuous operator are somewhat less trivial. 


I) 


(2.1) s(A) =s(A*) (7 =1,2,-->). 
II) For any bounded operator B, 

(2.2) s;(BA) < |B|s;(A) (J = 1,2,---), 

(2.3) s;(A B) < | B| s;(A) (J=1,2,.--.). 


The first property will be obtained in §2.2. Let us prove the second. 
By definition 
s?'(BA) = \;(A*B*BA), s?(A) = (A*A) VG =1,2,---). 
On the other hand, 
(A*B*BAf, f) =| BAf|* <|Bl*|Af|* =| B|*(A*Af, f) (fE $), 


so that A*B*BA s|B|*A*A, from which, on the basis of Lemma 1.1, 
we obtain the relations (2.2). 

Since, by virtue of (2.1), s;(A B) = s;(B*A*), and according to what 
was just proved s,(B*A*) <|B*|s;(A*) =|B|s;(A), the relations (2.3) 
are also established. 

Using Lemma 1.1, it is not hard to show that equality holds in (2.2) 


d We recall that r(H) = dim®(H). 


28 S-NUMBERS OF COMPLETELY CONTINUOUS OPERATORS — [CHAP. II 


(in (2.3)) simultaneously for all jJ = 1,2,--- if and only if the operator 
B/| B| (B*/|B*|) is isometric on the set R(A) (R(A*)). 

2. The Schmidt expansion of a completely continuous operator. Let A 
be a completely continuous operator and let A = UH be its polar repre- 
sentation. 

We denote by ¢; (J = 1,2,---,r(H)) an orthonormal system of eigen- 
vectors of the operator H which is dense in R (H). Then 

r(H) 


(2.4) H = >, 8;(A) (-, 6) 6), 

j=l 
where the series on the right side converges in the uniform operator 
norm. Applying the operator U to both sides of (2.4), we obtain 


r(A) 
A= > S;(A) (-, 6;) U@;. 
j=l 
Since ¢;C R(H), the system Ug; (J = 1,2,---,r(A)) is orthonormal. 
Thus every linear completely continuous operator A admits a Schmidt 
expansion 


r(A) 
(2.5) A = 97 8;(A)(-, 6), 
j=1 


where {¢;} and {yj} are certain orthonormal systems, and the series 
in (2.5), just as does the series in (2.4), converges in the uniform norm. 
It follows from (2.5) that 


r(A) 


(2.6) A*= 2 8;(A) (+, 4) bj. 


From (2.5) and (2.6) we obtain 
A*Aġ; = s?(A)¢; and AA*y; = s}(A)y; (J 


1,2,---,r(A)). 
Hence we conclude that 
S;(A) z $;(A*) (J = 1,2, iii +), 


i.e. the relations (2.1) hold. 

3. An approximation property of s-numbers, and resulting inequalities. 
Henceforth we shall denote by &, (n = 0,1,2,---) the set of all finite- 
dimensional operators of dimension <n. 


THEOREM 2.1 (Dz. È. ALLAHVERDIEV [2]). Let A be a linear completely 
continuous operator; then for any n = 0,1,2,--- 
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(2.7) $2, (A) = min JA — K]. 


Ki fp 


PRooF. Let K be a linear n-dimensional operator. Obviously the sub- 
pace 9 © 3 (K) is n-dimensional; consequently, by virtue of the 
minimax properties of eigenvalues, 


$n4i(A) s max ——_. 
#23 (K) |¢| 
Since for all ¢ E 3 (K) 
|A| =|(A — Kel S$|A— K| lel, 
it follows that 
Sn4(A) = | A ra K|. 
To complete the proof, it remains to note that 
| A — K,| = Sn4i(A), 


where 


(2.8) Ky, = >, 8(A) (+, o) vj 


j=1 


is the nth partial sum of the Schmidt expansion (2.5) of the operator A. 

The formula (2.7) shows that s,,,(A) is the distance from the operator 
A to the set &,. This result can be taken as a new, equivalent definition 
of the s-numbers. For many questions this definition turns out to be more 
convenient than the original one. 


COROLLARY 2.1. Let AC ©, and let T be any r-dimensional operator. 
Then 


(2.9) SniX(A) S Sa(A + T) S Sq_-(A). 

In fact, let K, be the operator defined by (2.8); then by Theorem 2.1, 
(2.10) Sm 1(4) = | (4 + T) — (T+ K,)| = Snyril + T) 

(n = 0,1,---). 

Interchanging the roles of the operators A and A + T, we obtain 
(2.11) Snil A + T) 2 Snyril A) (n = 0,1,---). 
From (2.10) and (2.11) follows (2.9). 

CoroLLARY 2.2 (K. Fan [3]). If A, BE ©., then 
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(2.12) Smin WA + B) S8,(A) + 8,(B) (m,n = 1,2,---) 
and 
(2.13) Smin- AB) S s,(A)s,(B) (m,n =1,2,---). 

In fact, let the (m — 1)-dimensional operator K, and the (n — 1)- 
dimensional operator K, be such that 

Smn(A) =|A —K,| and s,(B) =|B- Kl. 
Then 
Smin (4 + B) S|A+B-— (K,4+ K,)| 
< |A — K| + |B — K,| Ss,(A) +5,(B). 

Moreover, since the dimension of the operator AK: + K,(B — K.) does 
not exceed m + n — 2, and (A — K) (B— K) = AB—AK,— K (B-— K), 


we have 
Smin- (AB) £ |A — K,| |B = Kol, 


from which (2.13) follows. Special cases of the relations (2.12) and (2.13) 
are the well-known inequalities of H. Weyl for nonnegative completely 
continuous operators H, and Hs: 


Anim, = H3) = An (H) + Am(Ho). 


These inequalities can be generalized to the case of any selfadjoint 
operators from G., (cf. Riesz and Sz.-Nagy [|1] §95). 


COROLLARY 2.3. For any operators A, BE ©., 
|S (4) — S,(B)| < |A — B| (n = 1,2,---). 
In fact, 
Sn;ı(4) = min |A — K| = min |B-K+A-—B| 
KER n 


KERpn 


IIA 


min |B — K| +|A — Bj = sn,ı(B) + |4 — B|. 


KEfn 
Interchanging the roles of the operators A and B, we obtain 
Sn41(B) = Sn41(A) + | A = B| , 


from which follows the relation to be established. 
4. Geometric interpretation of s-numbers. Closely related to the approxi- 
mation theorem (Theorem 2.1) is a theorem which gives a geometric 
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approximation interpretation of the s-numbers of an operator AE ©.. 
In this interpretation use is made of the concept of the nth width of a 
wet, which A. N. Kolmogorov [1] (cf. also V. M. Tihomirov [1]) has 
defined for any set $$ belonging to an arbitrary linear metric space M. 
Wo shall present a definition of this concept for the case of interest to 
us, in which the space M is a Hilbert space , and & is some centrally- 
nymmetric set (“= — & i.e., if xC &, then — xE $). 

Let us denote by $%, the collection of all n-dimensional orthoprojectors 
I’, acting in 9. Then the nth width (n = 1,2,---) of the set & is the 
number d,(%)(S œ) defined by 

d,(<) = inf sup |x — Px|. 
PEBn cE 

Every orthoprojector P € $ „is completely defined by the n-dimensional 
lineal £ „on which it projects H; the quantity |x — Px| gives the distance 
from the point x to &%,, and 

5(S&, £a) = sup |x — Px| 
EE 
gives the deviation of & from £{„. Thus the width d,(%) is the infimum 
of the deviation of the set & from the n-dimensional lineals in H. In 
those cases where this infimum is attained, there will exist an n-dimensional 
lineal £ ® which deviates: least from %, and the number d,(%) will be 
the deviation of & from l®. 


THEOREM 2.2. Let A be a completely continuous operator. Then s,, (A) 
(n = 1,2, ---) coincides with the nth width of the set & = AY, onto which 
the operator A maps the unit ball Y (|x| < 1) in ©. 

This theorem enables us to give a third definition of the s-numbers 
which is equivalent to the first two. 


Proor. If PE $, then PAC §,. Thus for any PE &, and K = PA 
we have 


sup |x — Px| = sup |Ay— PAy| = |A — K| 2 5,4,(A), 
xE“ iyi <i 


from which d, (£) 2 s,,,(A). 
Since, on the other hand, for 


Ps > (+, Wk) Yr, 
k=1 


where the y, (k = 1,2,---,n) are taken from the Schmidt expansion 
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(2.5) of the operator A, the operator K = PA has the form (2.8), and 
|A -- K| =s,,,(A), we have d,() = 8,4,(A). 

The theorem is proved. 

We have at the same time proved that the lineal %,, spanned by the 
vectors Vi, Y2, ***,Yn (n = 1,2,---), is an n-dimensional lineal having 
minimum deviation from the set “= A S- 

5. An asymptotic theorem concerning s-numbers. 


‘THEOREM 2.3 (K. FAN [3]). Suppose A, BC G., and that for some r > 0 


(2.14) linn’s,(A) =a and limn’s,(B) = 0. 
Then 
(2.15) lim n’s,(A + B) =a. 


n— œ 


PrRrooF. From (2.12) it follows that 
Sk] Dm: j(A + B) < Sem; (4) + Sm+1(B) (m = L2 we J = 0, 1, ie -,k). 


Since any integer n admits the representation n = (k+ 1)m +J, it 
follows that 
limn's,(A + B) < ((k + 1)/k)’a 
and therefore, since k is arbitrary, 
(2.16) lim n’s,(A + B) Sa. 
On the other hand, A = (A+ B) — B and consequently 
S(e41)m4j(A) S Sam4j(A + B) + 8m4i(B), 
or 
Sim4j(A + B) 2 Syml A) — $m4i1(B). 
Setting n = km + J and letting n go to infinity, we obtain 
lim n’s,(A + B) = (k/(k + 1))’a, 
or, since k is arbitrary, 
(2.17) lim n’s,(A + B) 2 a. 


From (2.16) and (2.17) follows (2.15). 

The theorem is proved. 

This theorem can be immediately generalized to the case where the 
function n” in (2.14) and (2.15) is replaced by the function ¢,(n) = n'L(n), 
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where L(v) is an arbitrary positive function with the property: 
lim L(v2)/L(») = 1, 


for yj œ, n— æ and v/v, 6, for every choice of b (0<b< œ). 
This remark will be needed further on. 


§3. Inequalities relating the s-numbers, eigenvalues 
and diagonal elements of completely continuous operators 


l. In this subsection we shall present, with certain changes in their 
proofs, the results of H. Weyl from his concise original communica- 
tion [2]. 


LEMMA 3.1 (H. WEYL [2], A. Horn [1]). Let A be a linear completely 
continuous operator and s;= s;(A) (J =1,2,---). Then 
(3.1) det || (A¢;, Apr) |i < sisz --- shdet|| (¢j, da) | 7 
for any system of vectors i, bo, ***, On: 


ProoFr. Let us denote by e; (j= 1,2,---) a complete orthonormal 
system of eigenvectors of the operator A*A. Then 


co 


(Adg;, Apk) = (A*A ġ;, oy) = 2. Si (¢;; €) (€i, dy). 


i=] 


Therefore the square matrix .~Y = |(A¢;, A) ||] can be represented 
in the form % = @@*, where @ is a rectangular matrix: 


B ss | S,(ġj, e,) | j=1,2,+++,n° 
r=1,2,--- 
By the Binet-Cauchy theorem from the theory of determinants, 


(3.9) ee > a(i?--n) “oe | 


sry <ra<--+<r_z<o@ Mylo*** ly, 12---n 


@ ( 12... ) 
Pilores Pp, 
denotes the minor of the matrix @, consisting of the intersections of 


rows 1,2,---,m with columns ri, Fa, ---,Tn- 
Let us denote by & the matrix 


| ($j, e,) | j=1,2, n° 


r=1,2,- on 


where 


Obviously 
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12.---n ae 12---n 
B = SriSro D a Sr, -É 
rire eee Fn riro eee ry 


and consequently by (3.2) 
det of < s2s2---s? > rg bane Fas Wa 


hil Or olny rile Fn 1 2 n 
Since 
12..-.n RUCA an 
2e a i 
A Viger Tp, 12---n 


= det || F (%;, e.) (€n bs) |2 = det] (6; oa) | % 
r=] 


we see that (3.1) is valid. 


LEMMA 3.2. Let A be any linear completely continuous operator, and 
¢, (J = 1,2,-+-,r(A)) some orthonormal system. If the equalities 


(3.3) | (Ag, o) | = s;(A) (j = 1,2,---,r(A)), 
are fulfilled, then the operator A is normal, and the ¢; (J = 1,2,---,r(A)) 
form a complete system of its eigenvectors in R (A). 


ProoF. In fact, since 


si(A) = | (Aq, op) |? £ | Ag]? = (A*A ġġ 
and 
s?(A) = max (A*Ag, $), 


lel =1 
it follows that 
si(A) = (A*Aģġı, %1). 

By the minimax properties of the eigenvalues, the last equality 

shows that 
A*AÁġ = silA)ġı- 
From the relations 
s3(A) = | (Ado, 2) |? S | Age]? = (A *A do, 2) 
and 
s3(A)= max (A*A¢,¢) 


|| =1, (6,91) =0 
we obtain 
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A*A¢, = 83(A) do. 
Continuing the argument in the same way, we obtain 
A*Ag;=s}(A)o; (Jj = 1,2, ---,r(A)); 


consequently the ¢; (J= 1,2,---,r(A)) form a complete system of 
eigenvectors of the operator A*A, corresponding to its nonzero eigen- 
values. It follows that the operator A*A, and along with it the operator 
A, vanishes on the subspace £ orthogonal to all of the vectors 4; 
(j = 1,2,---,r(A)). 

By the same reasoning one establishes that the operator A* likewise 
vanishes on the subspace £. It follows that any vector fE St (A) can 
be represented in the form 


r(A) 


in particular, 


(3.4) Adj = È (Ady x) Pr 
Consequently, 

(3.5) (Ag;, Ad;) = 2 | (Adj, be) |? 
Since 


| (Adj, ġ;) |7 = s7(A) = (Ag;, Ag), 
it follows from (3.5) that 
(Adio) =0 (J #R). 
Thus, by (3.4), 
A ¢; = (Adj, j) bj (J= 1,2,---,r(A)), 


and so the operator A can be represented in the form 


r(A) 


A = >) (Ag, 4)) (-, 0) Gy. 


j=l 
The stated properties of the operator A follow at once. 


LEMMA 3.3 (H. WEYL [2]). Let A be any linear completely continuous 
operator. Then 
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(3.6) |A,(A)A,(A) <- Anl A)| S 8,(A)52(A) -+ 8,(A) 

(n = 1,2, - - -,»(A)). 
If v(A) = r(A)(S œ), then equality will hold simultaneously in all the 
relations (3.6) if and only if the operator A is normal. 


ProoF. In accordance with Lemma I.4.1, we choose an orthonormal 
Schur system fw; }® such that 


Aw; = ajw + ajw + +++ + Aya; (j= 1,2, ---,»(A)), 


where 


(3.7) aj = (Aw, w) = A;(A) (J= 1,2,---,v(A)). 
By Lemma 3.1, 

(3.8) det || (Aw;, Aw,) ||? < s7(A)s83(A) ---s2(A) (n S »(A)). 
Since 


min(j,k) see eet 
(Aw,;, Awp) za > (Aw,;, wg) (Awr, wg) ’ 


=i 

it follows that l 

det|| (Aw;, Aw,) |? = det| (Aw;, wx) || detl (Aw, wx) ||? 

= |det || (Aw;, ws) 71°. 
Taking into account that 
det || (Aw;, w) |È = (A) `(A) ---A,(A), 

we obtain 
(3.9) det || (Aw;, Aws) |i = |A1(A) [7] A2(A) |? > + © | An(A) 17. 


Comparing (3.8) and (3.9), we arrive at the relations (3.6). Let us now 
consider the case in which »(A) = r(A) and equality obtains in all the 
relations (3.6). Then 


|A;(A) | = s;(A) (J= 1,2,--+,r(A)). 
From (3.7) it follows that 
| (Aw;, w;) | = §;(A) (J= 1,2,---,r(A)), 


and hence by Lemma 3.2 the operator A is normal. 
The lemma is proved. 
REMARK 3.1. It is obvious that for any finite-dimensional operator 
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A equality holds for the last of the relations (3.6), i.e., for n = v(A). 

A. Horn |2] showed that the relations (3.6), under the hypothesis that 
in the last one of them the inequality is replaced by equality, precisely 
characterize the interdependence between the s-numbers and eigen- 
values of a finite-dimensional operator. This means that for any complex 
numbers Ài, Àz, ***,Àn and any nonnegative numbers 5, S:, ---, Sp, Satis- 
(ying the conditions 


[Ai] 2 [Ae] 2 -ee SIAL; S1 Z S22 °° Z Sy 


|AyAg*** An| = 81S *** Sn 
one can find an operator A, acting in n-dimensional space, such that 
A; (A) =; and S(A) =s; (7 = 1,2,---,n). 


2. LemMa 3.4 (WeyL [2]; Harpy, LitrLEwoop AND Pouya [1]). Let 
D(x) (— © S$x<o@) be a convex function, vanishing for x= — œ 
(b(— œ) = lim,- &(— x) = 0), and let {a;}? and {bj}? (w < œ) be non- 
Increasing sequences of real numbers such that 


k k 
Ža ;S}ob; (k = 1,2, ---, w). 
= = 
Then 
k k 
(3.10) >, &(a;) <} è(b;) (k = 1,2,---,). 
j=l j=l 


(In particular, if w= œ then } 7 (a;) <}; 0(0,).) 
If in addition the function (x) is strictly convex, then the equality 


(3.11) oa) = 40) (<) 


will hold if and only if 
a; = b; (J = 1,2, --+,w). 


Proor. Let us denote by (x) (— ~ <x < œ) the left derivative 
of the convex function (x), which, as is well known, exists everywhere 
and is a nonnegative nondecreasing function. We shall prove that the 
function #(x) admits the representation 


(3.12) (x) -f (x — u), de’(u), 
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where y, = max(y, 0). 
In fact, 


fie — u), d&’ (u) -f (x — u) dg’ (u) 
-N --N 


(3.13) x 
= [ew du — (x+N)e(-N) (20) 


where N is any positive number. From the positivity of the left side « 
(3.13) it follows that 


x 


(x + N)’(— N) sf we wa 
(3:14) = (x) — 6(— N) < ẹ(x) (x> —WN), 
and hence 
(3.15) lim Ne’(— N) <œ, lim #’(— N) =0. 
— o No 


Since by hypothesis (x) 0 as x— — œ, we conclude from (3.14) ar. 
(3.15) that 


lim (x + N)&’(— N) = lim N®’(— N) = 0. 
N= oœ 


N-+ © 


To obtain the representation (3.12) of the function (x), it remains 
to pass to the limit N— œ in (3.18). 
From the representation (3.12) follows 


k oo 

(3.16) >, £(a;) -Í A,(x)d®’ (x), 
j=1 ne 

where 


k 
Aa) = Ð (aj — 2) 4. 


Similarly, 

k wm 
(3.16’) 2, (b) =f Bue de’ (x), 
where 


k 
B(x) = X. (b, — »),. 


The functions A,(x) and B,(x) are connected by the relations 
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(3.17) Alx) < B,(x) (-- w <x< œ;k=1,2,...). 
Indeed, for all x satisfying one of the inequalities 
x < min(a, b), x2, 
the relation (3.17) is obvious. Now let 
Q.4,;,5x<a, and 6,,5x<4, (p.q sk); 


then for p 2 q 
q q 
Alx) = Dia; — gx S Èb; — qx + (bizi — x) + -+ + (bp — x) = B,(x), 
j=l j=l 
and for p <q 


A,(z) = qsa- 4x = pgs — 2) = 2 Oya) 


b; — px = B,(x). 


The validity of the inequalities (3.10) follows at once from the in- 
equalities (3.17) and the representations (3.16) and (3.16’). 

To clarify when equality holds in (3.11), we shall for definiteness 
consider the more difficult case w= œ. In this case it follows from 
(3.17) that 


oO 


A(x) = Di (@j-—x),S B(x) =D bj- x), (—œ<x< œ). 
j=l j=l 
It follows from (3.10) that whenever the series > ;®(b;) converges, 
the series 2 j;®(a;) also converges; moreover, by virtue of (3.16) and 
(3.167) 


> b(a) -f A (u) d&’ (u) sf B(u)de’(u) = > ti). 


Equality will hold in the last relation if and only if A(x) = B(x) 
(— © <x < œ), which in turn is possible only if a;= b; (J = 1,2,---). 
3. The above results enable us to establish a number of important 
results concerning the s-numbers of completely continuous operators. 


THEOREM 3.1 (WEYL’S MAJORANT THEOREM; CF. WEYL |[2]). Let A 
be a completely continuous operator, and let f(x) (QS x< œ; f(0) = 0) 
be a function which becomes convex following the substitution x = e’ 
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(— æ <t< œ). Then 
k k 
(3.18) DAAD < Ès) (k = 1,2, «+,» (A)), 
j=l jr 


where 
dj = A;(A), s; = $;(A) (J = 1,2, ---,v(A)). 
In particular, if v(A) = œ, 


(3.19) SAA) DAs). 
j=l j=l 
If the function (t) = f(e') is strictly convex, then the equality 
v(A) œw 
(3.20) > fA) =} fs) (< œ),” 
j=1 J=1 


under the hypothesis that the right side is finite, holds if and only if the 
operator A is normal. 


Proor. This theorem is a simple combination of the functional- 
analytic Lemma 3.3 and the purely function-theoretic Lemma 3.4. In 
fact, by virtue of Lemma 3.3, Lemma 3.4 is applicable to the numbers 


aj=In|d;|, b;=Ins; (J =1,2,-+-,r(A)) 


and the function 4(t) = f(e). From this one obtains the relations 
(3.18) and (3.19). 

Let us now consider the case in which the function #(t) is strictly 
convex and (3.20) is fulfilled. If »(A) is finite, then, setting k = (A) in 
(3.18) and comparing with (3.20), we obtain 


v(A) 


v(A) 
> FA) =È f(s); s;(A) = 0 for j> (A). 
j=l j=l 


Here we have taken into account that f(x) > 0 for x> 0. Thus r(A) 
= y(A) for the case being considered, and moreover, by Lemma 3.4, 


(3.21) |A;(A)| = s;(A) (J= 1,2,---,r(A)). 


” We recall that even for a finite-dimensional operator A the s-numbers form an 
infinite sequence (see §2.1). We also recall that the eigenvalues A; are numbered according 
to decreasing modulus, taking into account their algebraic multiplicity, and therefore 
the upper limit »(A) in the sum iA indicates that every number A; enters into this 
sum as many times as its multiplicity. 
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By the same Lemma 3.4 for (A) = œ, the equality (3.21) will follow 
for all J = 1,2,--- from the equality (3.20). 

Recalling Lemma 3.3, we conclude that in each of the two cases 
(¥(A) < o;»(A) = œ) the equality (3.21) implies the normality of 
the operator A. 

Since, conversely, for normal operators A we have v(A) = r(A), and 
the equalities (3.21), along with the equality (3.20), are valid, the 
theorem is proved. 


COROLLARY 3.1. For any A E ©, one has the relations 
(3.22) ZIMA s EA) (p > 0;n = 1,2,---,»(A)), 
J= j=1 
and also the relations 
(3.23) IIG riy) < [IG + r(A) (n = 1,2,---,v(A)), 
j= a= 
where r is any positive number. 


In fact, (3.22) and (3.23) are the special cases of the relations (3.18) 
obtained, respectively, for f(x) = x? and f(x) = In(1+ rx). It is easily 
verified that these functions become convex following the substitution 
x =e’, 

COROLLARY 3.2. Let ACG, and suppose that for some p> 0 
(3.24) s,(A) = O(n °’) (n— œ) 
or 


(3.25) s,(A) = o(n~'”) (n— œ). 


Then if the operator A has an infinite number of eigenvalues, one has 
in the case of (3.24) 


(3.26) An (A) = O(n’) (n— œ), 
and in the case of (3.25) 
(3.27) , (A) =0(n °) (n— œ). 


In fact, let us first assume that p < 1; then the entire function 


[=e] 


f,(z) = II (1 + S,(A)2z2), 


n=] 
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according to well-known theorems of the theory of functions (cf. B. 
Ja. Levin |1]), will be an entire function of order p and moreover of 
normal type in the case of (3.24): 


ln f(r) = O(r’) (r f? œ) 
and of minimal type in the case of (3.25): 
in f(r) =o(r°) (r J œ). 
But then the same assertions are valid for the function 
AD = I0 +,,(A)2), 
J=1 
since, by (3.23), 


max | fA | < flr). 


Therefore, according to the inverse theorems of the theory of entire func- 
tions concerning the connection between the order of their growth and the 
order of growth of their zeros, we will have, respectively, (3.26) and (3.27). 

Let us now consider the case in which p > 1. 

Choosing an integer » >p, we form the numbers à (A) and s;(A), 
for which we shall again have 


< [1d + s*(A)]z2}). 


j=l 


[Ia + a;(A)z) 
j=l 


Hence we can again conclude that the numbers \°(A) will have the 
same order of decrease as the numbers s;(A). The assertion is proved. 

REMARK 3.2. Corollary 3.2 remains valid if, in its statement, n~?” is 
replaced by n™'’L(n), where L(r) (0<r< œ) is a slowly varying 
function (see, concerning such functions, Chapter III, §14.4). Here, 
instead of theorems on entire functions of order p, it will be necessary to 
use theorems of the theory of functions concerning the proximate order 
of growth (cf. B. Ja. Levin [1], Chapter I, §13). 


4. In Theorem 3.1 the question is one of inequalities of the form 
&(]A;|, | Azl, ane |An| ) s (S$), S2, Kae -,Sn), 


where the function ẹ has an additive structure, namely: 


(3.28) (ti, tz, ---,t,) = >> b(t). 
j=l 
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As A. Ostrowski |1| showed (for the case of finite-dimensional opera- 
tors), the results of Weyl admit generalization to the case of a wider 
class of functions #, not subject to the restriction (3.28). 


LEMMA 3.5.” Let the function (t,,t,,---,t,) be defined in the region D,, 


== ye <i, 54-18 coe Sh St < Oy, 
and have there continuous partial derivatives, satisfying the conditions 
(3.29) @/dt, > 6/dt, > --» > 0b/dt,>0 for ty>t>--- >t. 


Then for any two nonincreasing sequences of real numbers {a;\i and {b;}} 
satisfying the conditions 


k k 
(3.30) a; <} b; (k = 1,2,---,n), 
j=l j=l 
the inequality 
(3.31) (a), Q2,°° an) = (bi, b2, n.t, bn) 


holds; the equal sign holds only for a;= 6; (j= 1,2,---,n). 
ProoFr. Let us consider the transformation 
(3.32) = 7 (k = 1,2,---,n), 
j=1 
which maps the region D, into the region Q, of all points (S1, S2,*-*,Sn) 
for which 
Sk — Sk-1 Z Shai — Sh (k = 1,2,---,n — 1; S = 0). 
Under this transformation the function ¢ goes over into some function Y: 
Y (Sis S2% °°, Sn) = lt, te, +00, En), 
defined in 2, and satisfying there the conditions 
OW /ds, = O6/dt, — ð/ðt > 0  (k=1,2,- n — 1), 
OV /0S, = 06/dt, > 0. 


(3.33) 


Under the mapping (3.32) the segment 
te = (1 — A)a,+ rb, (0 <à 51; k=1,2,---,n) 
° This lemma represents a simple modification of a result of A. Ostrowski [1]. Lemma 


3.5, Remark 3.3 and the possibility of deriving Theorem 3.2 from this lemma were brought 
to our attention by Ju. A. Palant. 
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goes over into the segment S: 
S, = (1 — A) ag + ABE (O<A S1;k=1,2,---,n), 
where by hypothesis 


k k 
ar = >a; S Bk= 9); (k = 1,2, ---,n). 
j=l j=l 


If the segment S does not degenerate to a point, i.e. if a, < 6, for at 
least one k (= 1,2,---,n), then the function WV is an increasing function 
of the argument A on S since, according to (3.33), 

vw Saw 


ei | eee ee) 
On j=t 0S; (8; a 


Hence 
WV] x21 za (bi, bo, yi -,5,) > Yf- = (a), Ay, aad -,Q,), 


as was to be proved. 

REMARK 3.3. It is easily seen that inequality (3.31) will also be ful- 
filled in the case where the conditions (3.29) are replaced by the weakened 
conditions 


(3.34) Ss 2a Stes Sh. 


On the other hand, if the convex function @(t) (— œ St< œ) is 
continuously differentiable, then the function (é,,t,,---,¢,) of the 
form (3.28) will satisfy the conditions (3.34), and also the conditions 
(3.29) if (t) is strictly convex. 

Thus, for continuously differentiable functions #(¢), Lemma 3.4 for 
finite sequences {a,}{ and {b,}{ is a corollary of Lemma 3.5. 

As a corollary of Lemmas 3.3 and 3.5, we obtain a theorem which is 
due basically to A. Ostrowski [1]. 


THEOREM 3.2. Let A be a completely continuous operator, and let 
P(x), X2, ia -, Xn) (0 < Xn = Xn-1 Set X<; n = y(A)) be a function 
which has continuous partial derivatives, satisfying the conditions: 


I) OF /ax,>0 (k=1,2,---,n); 

II) Xey 0F /0X_4,< %,0F/0x, for x4.) < Xr (k= 1,2,---,n—1). 
Then 
3.35) F(A, |Acl, - ++, Anl) S P(si, S2, +++, Sa), 
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where >, = A, (A), 8,= 8 (A) (J - 1,2,---,n), and equality holds if and 
only if |d;] =s, (J = 1,2, ---,n). 


Proor. In fact, if the function F satisfies the assumptions of the 
theorem, then the function 


$ (t, t2, -++,t,) as F(e", e”, --+,e”) (— œ Llr Stt S SAnS st < o ) 


satisfies the assumptions of Lemma 3.5. 

On the other hand, by Lemma 3.3, the numbers a; = in|à;|, 6; = Ins; 
(Jj = 1,2,---,n) satisfy the conditions (3.30), and therefore (3.31) holds 
for them, which by the indicated choice of the function @ yields the rela- 
tion (3.35). 

The theorem is proved. 

It is not hard to see that the conditions I) and II) of Theorem 3.2 
are satisfied for the elementary symmetric functions 


E, (xı, Xay tee; Xn) = >» Xj Xjo H Xin 
l Sji <j2 <+ <j Sk 


and thus one has 

COROLLARY 3.3. For any completely continuous operator A 
(3.36) En({Ail, LA, ee., | Aal) S 2,,(S1, 82, +> +, Sh) (lsnskSp(A)), 
where A; = A,;(A), s;= 8, (A) (J = 1,2, ---,&). 

REMARK 3.4. For n = k the inequality (3.36) says the same thing as 
does the inequality (3.6). H. Weyl obtained the latter inequality by an 
argument different from that presented here; Weyl’s argument is inter- 
esting in that it leads to many new inequalities, not included within the 
scheme of Ostrowski’s theorem (Theorem 3.2). 


We present Weyl’s argument. To do this we form, given a positive 
integer k, all possible products of the form 


A®(A) = A (A)Aj(A) = ++ A (A) (Ji<Jo<-+- <Ja) 


and arbitrarily enumerate them in order of decreasing modulus. Denote 


the numbers thus obtained by A®, A$, ---. Obviously 
At” = A (A)A(A) +++ A,(A). 


Proceeding similarly with the numbers s;(A), we construct a sequence 
of numbers S (j = 1,2,---); in particular, 


SË = s,(A)s,(A) ---s,(A). 
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Just as in the matrix case (H. Weyl, by the way, carried out his 
argument for matrices), the numbers 


AP (j= 1,2,---,N; N= Ca) and Sa (J= 1,2,---) 


are, respectively, the eigenvalues and s-numbers of a certain operator 
% = A™ called the kth associated operator with respect to A, and acting 
in some new Hilbert space 9“) (see F. R. Gantmaher and M. G. Krein 
[1}). 

If Ad, = \,(A)¢,, then 


ee a ee ie ee 
Thus the inequality |\,(A)| £ s,(A) is established at once. On the other 
hand, applying this inequality to the operator A = A® yields | A{”| 
< S{", which is equivalent to (3.6). 

It is interesting to note that Theorem 3.1, which was obtained on the 
basis of the last inequality, upon application to the operator % enables 
one to assert that for every function f(x), satisfying the hypothesis of 
Theorem 3.1, one has for any positive integer k (< v(A)) 


DFUAP |) s DAS) («= 1,2,- ++). 
j=l J=1 
In particular, for f(x) = x we obtain 


(3.37) Darley sr GH 1,2). 
j=l j=l 


Let us emphasize that the inequalities (3.37), generally speaking, 
are of a different character than the inequalities (3.36), although in 
certain cases for various values of n < k the inequality (3.37) can assert 
the same thing as inequality (3.36) with the same k and with x equal to 
Cy, the number of combinations of k objects taken n at a time. 

The relations (3.37) in turn enable one to assert on the basis of Theo- 
rem 3.2 that inequalities of the type (3.36) hold for the numbers A!" 
and S® (j= 1,2,---). 


§4. Inequalities for the s-numbers of sums 
and products of completely continuous operators 


In this section we discuss, with a number of additions, results of K. Fan 
{3] and A. Horn [1] which are closely related to Weyl’s investigations. 
1. The following simple lemma is extremely useful. 
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LEMMA 4.1 (K. Fan |3|). Let AG S.. Then for any positive integer n 


> (UA¢;, p) = >= s,{A), 
j=l 


j=1 


(4.1) max 


where the maximum is taken over all unitary operators U and orthonormal 
systems {¢ġ;}i. In particular, 


n 


(4.2) >, |(4¢;¢;)| S 2, 8)(A). 


Proor. Let us denote by P the orthoprojector onto the subspace 
with basis ¢; (J = 1,2,---,n). Then 


j=1 j=l 


where A, = PUAP. By a well-known result of linear algebra 
sp A, = >, (Aig;, o)) = DA(AD. 
j=l j=l 


By virtue of Corollary 3.1 


D AA)! $ 2 s;(4). 


j=1 
On the other hand, according to the bounds (2.2) and (2.3) 
s;(A) = s(PUAP) < s;(A) (J= 1,2,---,n). 


Therefore 


j=l 


s X s;(A). 


We shall show that the equality is attained here. To do this we repre- 
sent the operator A in polar form A = VH and denote by e; (J = 1,2, ---) 
a complete orthonormal system of eigenvectors of the operator H. 

Obviously there exists a unitary operator U such that 


UAe; = V*Ae; (= He;) (j= 1,2,---,n). 
For this operator we have 


$ (UAe;,e;) = >> (He;, e;) = > s;(A). 
j=l j=l j=1 


Thus the relation (4.1) is established. The relation (4.2) follows at once; 
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indeed, if U, is any unitary operator such that 
Uso, = edj, 6; = arg(A@,, $j) (J = 1, 2; To Ry n), 
then 
> |(44;;)| =} (UA ¢; ġ,) S $} s;(4). 
j=l j=l j=l 


Lemma 4.1 is proved. 
The following lemma is now easily established. 


LEMMA 4.2. (A. Horn [1], K. Fan [3]). For any operators A, BES, 
one has the relations 


(4.3) TI s;(AB) = ĮI s,(A) I] s;(B) (n = 1, 2; wS -), 
j=l j=1 j=1 


(4.4) D8 (A+B) s Ž s;(A) + 2 s;(B)  (n=1,2,.--). 
j=l j=l j=l 


Proor. For any complete orthonormal system of vectors e; (J = 1, 2, +-+.) 
it follows from Lemma 3.1 that 


det || (A Be;, A Be,) ||? < IT s?(A) - det|| (Be;, Be,) |? 


j=l 


< [J s?(A) [I s?(B). 


(4.5) 


Choosing for the e, a complete system of eigenvectors of the operator 
B*A*AB, we will have 


det || (A Be;, A Be,) || ï aJi s?(AB); 
j=l 
then (4.3) follows from (4.5). 
By Lemma 4.1 we can choose an orthonormal system of vectors 
o; (J = 1,2,---,n) and a unitary operator U such that 


(4.6) > (UA + Bd, s| SR (AR). 
jel 


j=l 


Hence, on the basis of the same Lemma 4.1, we obtain 


DA + B)S E (UA$;, 6) | +F (UB; 4) 


j=l j=l = 


sD s(A) + Lsi(B) 
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Lemma 4.2 is proved. 

The inequality (4.3) was pointed out by A. Horn [1], and the in- 
equality (4.4) by K. Fan [3]. 

2. With the help of the lemmas just proved, we can immediately 
establish the following results. 


THEOREM 4.1 (K. FAN |3]). Let A and B be completely continuous 
linear operators, and f(x) (0S x< œ) a nondecreasing convex function 
which vanishes for x = 0. Then 


(4.7) D/A + B)) £ E54) + s;(B)) (k = 1,2,-->), 
= je 
and consequently 
(4.8) L(A + B)) s E164) + 5(B)). 
fe Ş 
ProoF. Indeed, the relations (4.7) and (4.8) follow directly from 
Lemmas 4.2 and 3.4, if we put in Lemma 3.4 


a;=s(A-+ B), 


O< co 
b,;=s(A)+s(B) and &(x) = (0<x< oœ) 


(—wo<x<Q). 


THEOREM 4.2 (A. Horn [1]). If the function f(x) (0 <x < œ; f(0) = 0) 
becomes convex following the substitution x = e' (— œ St< œ), then for 
any linear completely continuous operators A and B 


k k 
j=l j=1 
and consequently 


(4.10) E fls(AB)) < X f(s(A)5,(B)). 
j=1 j=1 


ProoF. In fact, by virtue of Lemmas 4.2 and 3.4 the relations (4.9) 
and (4.10) follow at once from the relations (3.10) and (3.11), if in the 
latter we put 


a;=Ins(AB) and 6; = Injs;(A)s,(B)]. 


CoROLLARY 4.1. For any linear completely continuous operators A and B, 


k k 
(4.11) S` s(AB) <>s(A)s(B) (k= 1,2,---). 
j=1 j=1 
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In fact, the relations (4.11) are obtained from (4.9) for f(t) = t. 
The inequalities (4.7)—(4.11) can naturally be generalized to the 
case of n operators A,, A», -+-, An. 


COROLLARY 4.2. For any linear completely continuous operator A and 
any numbers n = 1,2,---;p >0 one has the relations 


k n 
(4.12) 2 sP”(A") sÈ s7(A) (k = 1,2,---). 


J= j=1 


— 


The relations (4.12) follow from (4.9), written for n operators A; 
= A (j= 1,2,---,n) and for the function f(t) = t?”. 
3. If AG ©., and {¢;}7 (w S œ) is some orthonormal system, then 
according to (4.2) 
k 


k 
>, |(g; ġ;)| < ĵ,s;(4) (k = 1,2, ---,w). 
J=1 


j=ì 


On the basis of Lemma 3.4 one can assert, for any nondecreasing convex 
function f(x) (0 <x< œ; f(0) = 0), that 


k k 
(4.13) > f(t) < > f(s) (k= L2; ...,w), 
j=l joel 


where 
t; = | (Adj, 4) |, s; = s;(A) (J= 1,2,---+,). 


In particular, if w = œ, 


j=l j=l 
We shall show that if the function f(x) is strictly convex and the right 
side of the relation (4.14) is finite, then equality will hold if and only if 


(4.15) A = 2 (Adj, 4)) (-, 6) 6. 

j=1 
Without loss of generality we can assume that ¢;> 0 for all j and that 
t2 t2 ---; otherwise we could renumber the system TAN after first 
discarding from it those ¢; for which (A¢;,¢;) = 0. Accepting this, we 
can assert on the basis of Lemma 3.4 that equality will hold in (4.14) 
if and only if 


| (4 ¢;, ;) | = s;(A) (j aa 1,2, is -,w). 


On the basis of Lemma 3.2 we conclude that the operator A is normal, 
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and that {¢,{? is a system of its eigenvectors, complete in R(A), which 
is equivalent to (4.15). 


§5. Some generalizations of the preceding inequalities 


The relations (4.13) and (4.14) admit a number of generalizations. 
Before formulating them, we shall make some remarks. 

Let { P,}? (w < ©) be some system of mutually orthogonal ortho- 
projectors, so that 


P;P,=0 (jk; j,k=1,2,+++,0). 


Then with every AER one can associate the “diagonal-cell” operator 


j=l 
which again belongs to R. Only the case w= œ requires clarification. 
In this case the equality (5.1) is to be understood in the sense of the 
strong convergence of operators, i.e. in the sense that for any fE É 


Af = >. P;AP;f. 
j=l 
The convergence, for any fE É, of the series at the right follows 
from the fact that the elements g, = P,AP,f form an orthogonal system 
and 
lgl S|A| |Pifl, 
so that 


n 


Dg= E lgs IARE |P; 
j=m j=m 


J=m 


If A is a completely continuous operator, then Å will be one also, 
and when w = œ the series (5.1) will then converge in the sense of con- 
vergence in the uniform norm. 

In fact, if in this case we introduce the lineals 


Lla = R (Pit -+ Ph) (n = 1,2,---), 
then for any « > 0 there exists (by Theorem III.6.3) N = N, such that 
|Af| Se|f| for fE ty; 


therefore 
|P,AP,f| s«|Pif| for R>N. 
Hence for m,n > N 
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n n 172 n 1/2 
Eravt|=(Siet) (Eie) san 
Jmm j=m 


j=m 


which proves the uniform convergence of the series (5.1) and, at the 


~ 


same time, the complete continuity of the operator A. 
Let us note that for the dimensions r(A) and r(A) of the operators 
A and A, all of the following three cases are possible: 


1) r(A) =r(A) (£ œ), 2) r(A) <r(A) (S œ), 
3) r(A) <r(A) (£ œ). 


It is easy, for example, to construct operators for which r(A) = 1 and 
r(A) = œ. 


THEOREM 5.1. Let A be an operator from ©., {Pz}? (w < œ) a system 


a 


of mutually orthogonal orthoprojectors, and A the operator defined by 
(5.1). Then 


(5.2) ¥5(A) < 254) (n = 1,2,---). 
= j= 
In order that 
(5.3) sj(A) = s;(A) (j = 1,2, +++), 
it is necessary and sufficient that A = A. 
ProoF. Let us put 
Ar = PAP, rey = r(Ag) (k = 1,2,---+,w). 


By Lemma 4.1, for every k = 1,2,---,w and positive integer n, <r, 
we can find a unitary operator U,, acting in the subspace R (P,) 
(k = 1,2,---,w), and a system of unit vectors ¢{” (j= 1,2,---,m,) 
such that 


nk nk 
> (UA, ¢}”) = >, sA}. 
jai 


j=l 


Let U be the unitary operator defined on the entire space © by 
Uf = >) U,Pif + Of (FED), 
k=] 


where Q = I — > ¢-, P}. Then, as is easily seen, 
(U, Aid}, ¢}”) = (UA, o”) (J = l, 2, oe, k z 1,2, aa w), 
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and consequently 


m nk m nå 


>». >, s;(A,) = > 2, (UA¢”, p”) (m m 1,2, As -). 


k=l j=l k=1 j=l 
Hence we conclude from Lemma 4.1 that 


N 


m nk 
(5.4) >> >, sj(A,) s s;(A). 
k=1 j=l j=l 


Let us emphasize that in this relation m is any positive integer < w, 
n, is an arbitrary positive integer < r, (k = 1,2,---,m), and N = 0" ,nj. 
Noting that the sequence {s;(A) }{‘’ is just the collection of numbers 


$;(A,) (J= 1,2,---,r,3 k = 1,2,--+,o), 


enumerated in decreasing order, we see that the inequalities (5.2) follow 
from the inequalities (5.4) (and conversely). 

We shall now show that Â = A follows from the equalities (5.3). We 
first consider the case in which A is positive. 

In this case A is positive, and we can obviously find an orthonormal 


~ 


system ¢1,¢2,:-- of eigenvectors of A, 
A 4; = s(A)¢; (j= 1,2,---), 


which is complete in (A) and such that each ¢; lies in the range of 
some P,. We have 
s,(A) = (Ad, ġı) = 2 (P,A Pid, p) = (Apio. 
k= 

Since by hypothesis s,(A) = s,(A), it follows from the theorem on the 
minimax properties of eigenvalues that ¢, is an eigenvector of A corre- 
sponding to the eigenvalue s,(A). Applying the same argument to the 
operators 


A,=A — &(A)(-,¢) ¢1, A, =A — 8,(A)(-,¢i) ¢1, 
A, = >) PAP, 
k=1 
and continuing this process, we find that ¢),¢2,--:- are eigenvectors 
of the operator A corresponding to the eigenvalues s,(A),S82(A),--- 
from which it follows at once that A = A. 
To prove the same result for an arbitrary A, we put 


C=A*A, C=>P,CP,. 


k=) 


b4 S-NUMHERS OF COMPLETELY CONTINUOUS OPERATORS — [CHAP. II 


Since 
(5.5) P,A*P,AP, < P,A*AP, (k = 1,2,---+,o), 
it follows that 
(5.6) A*A = >, P,A*P,AP, < >. P,A*AP, = C, 
k=1 k=1 


and consequently that 
s}(A) = \;(A*A) < (Ô (J = 1,2, +--+). 
On the other hand, applying the already proved inequalities (5.2) 
to C and Ĉ yields 
>D A; (Ô) 2 D A;(C) TE >, s?(A) (n = 12; er +), 
j=l j=l j=l 


and since by (5.3) and (5.6) 
s}(A) = s7(A) < (Ô) (j= 1,2,---), 
we conclude that 
\(A *A) = 5?(A) = A (Ô = X(C) (7 = 1,2,---). 


Since C is a positive operator, it follows from what was proved earlier 
that C=C. Recalling Lemma 1.1, we also see that A*A = C. 
Therefore, according to (5.5) and (5.6), 


P,A*P,AP, = P,A*AP, (k = 1,2, ---,w), 
or, what is the same, 
P,A*(I — P,)AP,=0 (k = 1,2, ---,w). 
Since I — P, = (I — P,)*, the last relation is equivalent to 
(I — P) AP, =0 (k = 1,2, ---,w). 
Multiplying this relation by P; (jJ #k) or Q= I — }ł ¢-1 P} yields 
QAP,=0, P;AP,=0  (j,k=1,2,---,w; j XR). 

Taking into account also that C= C and ĈQ = 0, we find that QCQ 

= (AQ)*AQ=0 and consequently AQ = 0. Thus 


A= (P+ a) A (LP i+ Q) = È P;AP;= À, 
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laba | 


and the theorem is proved. 


‘THEOREM 5.2. Suppose that the hypotheses of Theorem 5.1 are fulfilled, 
and let f(x) (0 < x < œ; f(0) = 0) be a nondecreasing convex function. Then 


(6.7) > f(s(A)) < Df (s(A)) (n = 1,2, e+), 
j=l j=l 
and consequently 
(5.8) >> f(s;(A)) < >> f(s;(A)). 
j=l j=1 


If the function f(x) is strictly convex, the equal sign in this relation (under 
the assumption that the right side is finite) will hold if and only if A = A. 


Proof. By Lemma 3.4, the inequalities (5.7) are consequences of 
the inequalities (5.2). 

By the hypothesis of the final assertion of the theorem, the equal 
sign in (5.8) will hold, again on the basis of Lemma 3.4, only when the 
equalities (5.3) are fulfilled, and then, as we already know, A = A. The 
theorem is proved. 

REMARK 5.1. It is obvious that in the notation of Theorem 5.1 the 
inequality (5.8) can be written as 


w rk r(A) 

2, 2 f(s;(A})) = > f(s;(A)). 

k=1 j=l j=l 

REMARK 5.2. If concerning the function f(x) (0x < œ; f(0) = 0) 

one knows only that it is a strictly increasing convex function (but not 
necessarily strictly convex), one can still assert that the equal sign in 
(5.8) (under the assumption that the right side is finite) is possible only 
if the conditions 


rÂ) zr), AQ=0(Q-1- > Py) 
k=1 


are fulfilled. 
The necessity of the first condition is obvious. To obtain the second 
condition, we put 


(5.9) B=A—AQ=AU — Q). 
Since 


B=) P,BP,= >, P,AP,= A, 


k=1 k=1 
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the inequality (5.8), applied to the operator B, yields the relation 


(5.10) X AÂ) < SA6(B)). 
On the other hand, according to (2.3), 
(5.11) s;(B) = s,(A) (J a 1, 2, 2 -), 
and thus 
r(B) r(A) 
(5.12) 2 f(s(B)) s > f(s;(A)). 
J> j=l 


Therefore, if under the assumptions made with respect to f(x) the 
equal sign holds in (5.8), then the equal sign holds in (5.10) and (5.12) 
and consequently also in all the relations (5.11). This means that 
B*B = A*A. Taking (5.9) into account, we obtain 


QA*AQ — A*AQ — QA*A = 0. 


Multiplying this equality from left and right by Q, we obtain AQ*AQ = 0; 
hence AQ = 0. 

REMARK 5.3. Let {¢;}f (w S œ) be some orthonormal system of vectors, 
and P, (j = 1,2,---,w) the operator of orthogonal projection in the 
direction of the unit vector ¢; (J = 1,2, ---,w). It is easily seen that in 
this case the operator A; = P;AP;(j = 1,2, ---,w) is either one-dimensional 
or equals zero, according as (A@;,¢;) #0 or = 0, and that 


5,(A,;) = |(Ad@,, o,) | (J = A ay “,w). 


In this case the equality A = A indicates that (4.15) holds. 
Thus all the assertions of §4.3 are special cases of Theorem 5.2. 


§6. Inequalities for the eigenvalues of linear operators 
with completely continuous imaginary component 


Let AER be an operator with imaginary component A> ES.. 
According to Theorem 1.5.2 the entire nonreal spectrum of A consists of 
not more than a countable number of spectral points, which are normal 
eigenvalues. 

We shall denote by v 7(A) (< œ) the sum of the algebraic multiplicities 
of all the nonreal eigenvalues of the operator A. In this section we shall 
denote by \;=A,(A) (J = 1,2,---,»7(A)) the system of all nonreal 
eigenvalues of the operator A (A z@G.), arbitrarily enumerated in 
order of decreasing modulus of their imaginary parts, taking into con- 
sideration algebraic multiplicity. 
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LEMMA 6.1. Let A be a bounded linear operator with completely con- 
tinuous imaginary component A s. Then 
Dd |Imaj| $dos(Av) (n= 1,2,---). 
j=l jel 
The equalities 
(6.1) | Im A,| = $A >) (j= 1, 2, -++,v 9(A)) 


will hold if and only if either 1) v (A) 2 r(A z) and A is a normal opera- 
tor, or 2) vy g(A) <r(A z) (and hence v7(A)< ~)and A has the following 
properties: 

a) A induces a normal operator in the closed linear hull © > of all the 
root subspaces corresponding to its nonreal eigenvalues; 

b) the subspace © © © > is invariant with respect to A, and A induces 
in it an operator A with real spectrum, for which 


s(A z) = S, g(A)+1(A sz). 


ProoF. Consider an orthonormal Schur system w; (J = 1,2, ---,»(A)) 
of the operator A in the subspace © >. We have 


(6.2) Aw; = Gjywy + Gjowe + ++ + Aj; 1w- + Aw (J = 1,2,- -,v a(A)). 

Since 

Aj = (Aaj, wj) = (A ge;, wj) + (A zwjw;), 

it follows that 
(6.3) Im à; = (A pwj, wj) (J= 1,2, ::+,va(A)). 

We denote by U a unitary operator such that 

Uys Ueki eA 
where «;= sign(Im);) (J= 1,2, ---+,vg(4A)). Then 
|Imà;| = (U*A wj, wj) (J= 1,2,-+-,vy(A)). 


According to Lemma 4.1 we will have 
D>, (U*A zwj,wj) S 2 sA) 
j=1 j=l 

or 


2 |Imdj| £S È si(A»). 
j=l j=l 
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Thus the first assertion of the lemma is proved. 

Let us clarify when the relations (6.1) hold. It is obvious that if the 
operator A is normal or has the properties a), b), then the equalities 
(6.1) hold. 

If (6.1) holds, then by (6.3) 


(6.4) | (A_gw;,w;)| = sA z) (7 = 1,2, +--+,» 9(A)). 


According to the arguments of the proof of Lemma 3.2, the latter 
signifies that the subspace © > is invariant with respect to the operator 
A s, and the system of vectors {wj} is a complete orthonormal system 
of eigenvectors of the operator Ay» in € >z. 

Bearing in mind that 


(Aw;, w) = (A *wr w) = 0 (J <k) 
we find that for the numbers a; in (6.2) we have 
a, = (Aw,, w) = (Aw,, wp) = (A “wj, wp) = 21(A_gw;, w) = 0) (J >k). 


Thus it follows from (6.4) that A induces a normal operator in © v. 

The subspace © > is obviously invariant with respect to the operator 
A. (= A — iA z); consequently the subspace £ = 6 O& > is invariant 
with respect to the operators Ay, Ag and A. 

It is easily verified that the operator A, induced by A in £, has the 
properties a) and b). 

If vg(A) 2r(Az), then by Lemma 3.2 it follows from (6.4) that 
the operator Ay annihilates the subspace £. Thus in this case the 
operator A generates a selfadjoint operator in £. The lemma is proved. 

From this lemma and from Lemma 3.4 we obtain 


THEOREM 6.1. If f(x) (0S x < œ; f(0) = 0) is a nondecreasing convex 
function, then for any bounded operator A with Ay € ©. 


> f({Im,,]) <> f(s(Az)) (n = 1,2, ---,v a (Á)). 
j=1 j=1 
In particular, if vø(A) = œ, then 
LlImal) s DAs(As)). 
j=l j=l 


For a strictly convex function f(x) the equality 


v F(A) a 
>» f({ima,|) = D f(s(A+)) (< œ) 
j=1 j=l 
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holds if and only if the operator A is normal. 
Setting f(x) = x? (1S p< œ) in this theorem, we obtain 


n 


E |Imal?s do |(A)| (n=1,2,:--,vz(A)), 
J=1 


j=l 
since s(A_+) = | AA y) | è 
§7. s-numbers of bounded operators 


1. To define the s-numbers of an arbitrary bounded linear operator 
A, we shall again put 


(7.1) $;(A) ne \;(H) (J _ 1, 2, aie ), 


where H = (A*A)'”. To give this definition meaning, however, it is 
necessary first to define the numbers \,(H) (J = 1,2,---) for any non- 
negative operator HE XR. 

A point à of the spectrum of a selfadjoint operator HE R is called 
a point of the condensed spectrum, if it is either an accumulation point 
of the spectrum of H or an eigenvalue of H of infinite multiplicity. 

Let A be any nonnegative operator from KR and let u be the supremum 
of the spectrum of H. If the point „u belongs to the condensed spectrum 
of H, we put 


M(H) =p (f= 1,2, +»). 


If the point » does not belong to the condensed spectrum of H, then it 
is an eigenvalue of finite multiplicity. In this case we put 


\(H) = u (7 = 1,2,---,p), 


where p is the multiplicity of the eigenvalue uz. 
In the latter case the remaining numbers \j(H) (J =p+1,---) are 
defined by 


àp (H) F A (Hp (J = 12; can +), 
where the operator H, is given by 
H,=H — uP, 


and P is the orthoprojector onto the eigenspace of the operator H corre- 
sponding to the eigenvalue n. 


The minimax properties” remain valid for the numbers \,;(H), so that 


ô With min and max replaced, in the appropriate relations, by inf and sup. 


60 8$-NUMBERS OF COMPLETELY CONTINUOUS OPERATORS — |CHAP. II 


(He, ¢) 
M(H) = sup 4-22 
CZ) sce (64) 
and 
Aj+1 = inf su l do) (J T 1,2, bee ), 


een; ocet (4,4) 


where N; (J = 1,2,---) is the set of all j-dimensional subspaces of 
the space ©. 

From this one deduces at once that if 0 < H, < H; (H, H:-€ R), then 

(H) s A; (Ho) (J _ 1, 2, a -). 

The sequence {),(H)};" is nonincreasing and thus has a limit. This 
limit `. (H) is obviously the supremum of the condensed spectrum of 
the operator H. 

If we make use of the spectral function E(\) (= E(A —0)) of the 
operator H, then a different, equivalent description can be given of 
the numbers ),(/7/). 

Let à. (H) be the supremum of the condensed spectrum of H. The 
subspace ©, = (J — E(A.(H) + 0))® is an invariant subspace of the 
operator H, and H induces in it an operator whose spectrum, with the 
possible exception of the point à. (H), coincides with that part of the 
spectrum of H which lies in the interval A. (H) <A < œ. Let us consider 
the operator AH, defined by 


Ale +y) = He + (H)y (ED; yE). 


The operator H — A. (H)I is completely continuous. It is easily 
seen that 
(H) = (A — (H) I) + às (H) (7 =1,2,-->). 


We note further that H can be represented in the form 
(7.2) H = X NH) (-,6)) 0) + .(H) Pu, 
J 


where {¢;} is an orthonormal basis of the subspace ,, consisting of 
eigenvectors of H, and Py is the orthoprojector which projects the 
space onto the subspace ©;; the series (7.2) converges strongly. 

2. According to the definition (7.1), the sequence of s-numbers {s;(A) ir 
of an arbitrary bounded operator A is nonincreasing and 


lim s,(A) = s. (A), 
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where s (A) denotes the number \..(H) (H = (A*A)””). 
From the definition of the s-numbers it follows at once that 


s,(A) = $(A*) (AER; j= 1,2,---) 
and for any scalar c 
si(cA) = |e] s;(A) (AG RK; 7=1,2,-+>). 


From the minimax properties of the numbers \,;(/) one easily deduces 
the relations 


s;(BA) < | B|s;(A); s (AB) <s | B|s;(A) (A,BER;7=1,2,---). 


Let A = UH be the polar representation of some operator AE R; 
let us replace the operator H by the operator H, defined by (7.2), and 
put A = UA. Obviously the operator A has the same s-numbers as A. 
We represent the operator A in the form 


(7.3) A = 27 8;(A)(-, 6) ¥j + 80(A) UP x, 
j 


where {¢;} is the orthonormal system from (7.2), and ¥;= U¢,;. We 
shall call the series (7.3) the Schmidt series of the operator A, and the 
operator 
K,= 2, 8A) (-, 6) ¥; 
j=l 

the nth partial Schmidt series of the operator A. 

Wenote further that the operator A — s. (A) U is completely continuous. 

3. Theorem 2.1 on an approximation property of the s-numbers of 
completely continuous operators and its corollaries can be extended to 
the s-numbers of bounded operators. 


THEOREM 7.1. Let A be any operator from R ; then for any n = 0,1,2,--- 
(7.4) Sn4i(A) = min |A — K}. 
KERn 
This theorem shows the naturalness of the introduction of s-numbers 
for an arbitrary bounded operator. Just as for completely continuous 
operators, the equality (7.4) can be taken as a new equivalent definition 


of the s-numbers. 
ProoF. Just as in the proof of Theorem 2.1 we can show that 


(7.5) Sn4,(A) S | A = Kj (KE §,). 


If the number s,(A), and consequently all the preceding ones, are 
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eigenvalues of the operator H = (A*A)'”’, then it is easily seen that 
|A — Kal = Sn41(4), 


where K, is the nth partial Schmidt series of the operator A. Thus 
for this case the theorem is proved. 

Let us consider the case in which the spectral point \ = s,(A) of the 
operator H is not an eigenvalue of H. We denote by p (0 <p sn) the 
smallest number for which s,(A) is an eigenvalue of the operator H. 
Then obviously 


s,(A) = s.(A) (7=p+1,p+2,-->). 
If p #0 then, as was proved, 
Sp,(A) = |A — K,|, 
and consequently 
(7.6) Sn4(A) = |A — K,| (K E R C Rh). 
Comparing (7.5) and (7.6), we obtain (7.4). 
Finally, if p = 0, then 
(7.7) s(A) =s,(A) =|A| (7 =1,2,--+). 
By virtue of (7.5) the last equality holds if and only if 
min |A — K| = |A| (n = 1,2,---). 
KER 


The theorem is proved. 

Corollaries 2.1 and 2.2 of Theorem 2.1 extend word for word to an 
arbitrary bounded operator. Let us note yet another corollary of Theo- 
rem 7.1. 


COROLLARY 7.1. If AER, then 


min |A — T| = s (A). 
TEGo 


Indeed, using Theorem 7.1 and the fact that any operator from ©. 
can be approximated arbitrarily closely in the uniform norm by finite- 
dimensional operators, we have 


inf |A — T| = lim min |A — K| = lims,(A) = s. (A). 


TE-Ga h- œ KERn 
Moreover, it is obvious that for T = A — s. (A) U 
|A — T| =s.(A). 
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Thus the number s„(4) is the distance from the operator A to ©., 
the subspace of all completely continuous operators. 

Without going into details, we mention that Lemma 4.1 carries over 
word for word to bounded operators, with the sole difference that in the 
relation (4.1) max is replaced by sup. From this lemma one easily deduces 
that for any bounded operators A,BE R 


(7.8) $ sA + B) S >> 8(A) + >> s;(B) (n E 1.2, aa -). 
j=l j=1 j=1 
For any bounded operators A, B the relation 
(7.9) >> s;(AB) <s ` s;(A)s;(B) (n = 1,2,---) 
j=1 j=1 


also remains valid. 

We prove the last assertion. Let the polar representation of the 
operator AB have the form AB = UH. We denote by p (< œ) the 
smallest number for which s,,,(AB) = sa (AB), and by ¢; (J = 1,2, --+,p) 
an orthonormal system of eigenvectors of the operator H, corresponding 
to its eigenvalues s;(AB) (J = 1,2,---,p). With every positive number 
¢ and positive integer n we associate the subspace t.., = E(s (AB) +0) 
© E(s.(AB) —«/n)9, where E(X) is the spectral function of the 
operator H. 

With any n <p we associate the operator 


(7.10) H, = 2. 8(AB) (-, 6) 9j- 


If p < œ, the subspace KR,» is infinite dimensional. In this case we 
define the operator H, for n>p by 


(711) Hy = 328(AB)(-,6)4;+ 5 8.(AB)(-,0))6), 


j=1 j=p+l1 


where ¢; (J=p+1,p+2,---) is an arbitrary orthonormal system 
of vectors of the subspace %t,.,. Finally, we denote by P, the ortho- 
projector which projects the entire space 9 onto the subspace t.., with 
basis { 9; {7. 

It follows at once from the definition of the operator H, that for 
n> p and for all vectors f E M..n 


| Hf — H,f| S| f|/n. 
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It follows from (7.10) and (7.11) that for any positive integer n one 
has the relation 


(7.12) | P HP, — H,| s|(H — H,)P,| S/n. 


Since s, (AB) =s;(H,) (J= 1,2,---,m), according to the relations 
(7.8) and (7.12) 


>, s;(AB) == 2 s (H,) = >, s(P,HP,) t $ s;(P,HP, = H,) 
j=l j=l j=l j=l 


(7.13) : 
< >) s;(P,HP,) +e. 


j=l 
Now P, HP, = A,B, where A, = P,U*A and B, = BP,. The operators 
A, and B, are finite-dimensional, and thus, according to (4.9), 


(7.14) >, (A,B) = >, $;(A;) 8;(B)). 
jai ja 


Bearing in mind that s,(A,) <s;(A) and s,(B,) < s;(B), we obtain 
from (7.13) and (7.14) the relation 


>, (AB) < >. s;(A)s;(B) +e. 
j=1 j=1 
Since e is arbitrary, (7.9) follows. 

In this section we have considered only those properties of the s- 
numbers of bounded operators which we will need later. However, many 
other results concerning the s-numbers of completely continuous opera- 
tors can be extended to the s-numbers of bounded operators. 


CHAPTER III 


SYMMETRICALLY-NORMED IDEALS OF THE RING 
OF BOUNDED LINEAR OPERATORS 


A fundamental role will be played in the sequel by various classes 
of completely continuous operators. As examples of such classes we can 
name the class ©, of nuclear operators, the class ©. of Hilbert-Schmidt 
operators and their natural generalization— the classes ©, (p > 0). These 
classes are ‘‘veterans”’ at the present time, which have been adequately 
studied and are encountered in many investigations. 

However, recent investigations in the problem of reducing a non- 
selfadjoint operator to triangular form have made clear the necessity 
of introducing certain new classes of completely continuous operators. 

The analysis of these classes has revealed that all of them can be 
included in the framework of the theory of “cross-spaces,’’ developed 
by J. von Neumann and R. Schatten (see R. Schatten [1]). 

This theory, applied to operators acting in a Hilbert space, is discussed 
in a separate monograph by R. Schatten [2] under the name of the theory 
of ‘‘norm-ideals.”’ 

The present chapter includes the basic content of this monograph. 
In this chapter we also discuss a number of essential complements to 
the theory of von Neumann-Schatten. Complements to the general 
theory are contained in §§5 and 6. New classes of concrete norm-ideals 
are studied in §§14 and 15. Some of these are the first examples of non- 
separable norm-ideals, consisting of completely continuous operators 
in a separable Hilbert space. The interpolation theorems on wandering 
operator-functions (§§13 and 16) are new. Also new are the methods 
for obtaining the general results of the theory. In distinction to the 
methods of von Neumann and Schatten, they are based on the repeated 
use of the properties of the s-numbers of completely continuous operators. 

In this book, “norm-ideals” are named symmetrically-normed ideals, 
abbreviated s.n.ideals. At the same time it must be emphasized that 
in writing this chapter, essential use has been made of R. Schatten’s 
monograph [2]. We particularly mention that, in view of the importance 
of the class of nuclear operators, we give in a special section (§10) analytic 
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criteria for the nuclearity of integral operators and a rule for calculating 
the trace of such operators. 


§1. Two-sided ideals of the ring of bounded linear operators 


l. According to the general definition from the theory of rings, a 
set M CR is called an (algebraic) two-sided ideal of the ring R, if it 
has the following properties: 

a) for any operators A,BE M we have A’'+ BEM; 

b) for any AG I and any BE KR we have AB, BAC M; 

c) M {0} and MR. 

Since IE R and R is a linear set, every ideal M is a linear set. 

Obviously the set & of all finite-dimensional operators from KR is a 
two-sided ideal of the ring R. 

The set ©. of all completely continuous operators is also a two- 
sided ideal of the ring R. It turns out that & is the minimal and ©. the 
maximal two-sided ideal of the ring R. We have the following theorem. 


THEOREM 1.1 (J. CALKIN [1]). Any two-sided ideal M of the ring R is 
contained in ©., and contains §: 


R CMTS.. 


Proor. We assume that the ideal M contains at least one operator 
A which is not completely continuous, and we shall prove that M will 
then contain an invertible operator. Let the polar representation of the 
operator A have the form A = UH. Then the operator H = U*A belongs 
to the ideal M and does not belong to ©.. Let us denote by E(\) the 
spectral function of the operator H. 

Since H € ©., one can find «e > 0 for which the orthoprojector 


P= E(~) — E(e) 


is infinite-dimensional. The subspace P is invariant with respect to 
H, and H induces in it an invertible operator A. 

We denote by V some operator which maps the space 9 isometrically 
onto the subspace PH. The operator V* maps the subspace PH iso- 
metrically onto all of 9, and 


VV e VV* =P. 
Then V*HV = V*HVEM and is invertible: (V*HV) ~= V*Ĥ`'V. 
Consequently, the unit operator I appears in the ideal M, and with 
it the entire ring R. This is not possible. Therefore M C ©.. 
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To prove the inclusion  C W, it is obviously sufficient to show that 
every one-dimensional operator is contained in W. 

Let K = (-,¢)y be any one-dimensional operator, and let A be any 
nonzero operator from WM. It is easily seen that one can find operators 
B,CE R such that 


BACy = y. 
Now BACE M&, and, moreover, 
BACK = K. 


Thus K € WM. The theorem is proved. 


COROLLARY 1.1. The ideal G. is the only closed two-sided ideal of 
the ring R. 


2. We cite two further properties of ideals of the ring R. 

1. If the operator A belongs to a two-sided ideal IN of the ring R, then 
the operator A* also belongs to this ideal; in other words, every two-sided 
ideal is selfadjoint. 

Let the polar representation of the operator A have the form A 
= UH (H = (A*A)'”). Then, as was already noted, H = U*AE M 
and consequently the operator A* = HU* belongs to the ideal WM. 

IfA ENR and à`! is a regular point of A, then the operator A (A) (E€ R), 
defined by 


I+ AA) = UJ — dA)“, 
is called the Fredholm resolvent of the operator A. 


It is obvious that for |A| <|A|~' the Fredholm resolvent A(A) admits 
the expansion 


AQ) = EAH, 
j=0 
which is convergent in the uniform norm. From the equality 
(I+ AA(A)) — AA) = (I — AA) (T+ AAA) = I 
follows 
A(A) = A+ dAAA(A) = A+ AA(A)A, 


which at once implies the result 
2. If the operator A belongs to some two-sided ideal I of the ring R, 
then its Fredholm resolvent also belongs to WM. 
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§ 2. Symmetrically-normed ideals 


1. To define symmetrically-normed ideals of the ring R, we need 
the concept of a symmetric norm. A functional |X|., defined on some 
two-sided ideal © of the ring R, is called a symmetric norm if it has 
the usual properties of a norm: 

1) |X|,>0 (XE G; X #0); 

2) [AX]; = |A| |X|. (X € ©), where à is any complex number; 

3) |X+Y|,S|X,+1¥), (X, Y€ ©); 
and if, moreover, 

4) |AXB|:<s |A| |X| |B| (4, BER; XEO); 

5) for any one-dimensional operator X ” 


|X|,= |X| =s,(X). 


Obviously the ordinary operator norm on any ideal © is a sym- 
metric norm. 

If, in the definition of a symmetric norm, the condition 4) is replaced 
by the condition 

4’) | UX|,= |XU|,= |X|, (XE ©), 
where U is any unitary operator, then we obtain the definition of an 
invariant norm. 

Every symmetric norm is invariant.” In fact, according to the property 
4) we will have, for any unitary operators U, V, 


|UXV|,s|X|, (XES. 
On the other hand, since X = U`'UX VV’, we have 
|X|. s | UXV].. 
Thus 
|UXV|, = |X|.. 
A symmetric norm has a number of important properties. 


1. Let © be some two-sided ideal of the ring R and let a symmetric norm 
be defined on ©. Then for any operator X € © 


[X] = |X* | = (XX P] = | (X*X)"”|,. 
In fact, let X = UH be the polar representation of the operator X. Then 


® lt is easily seen that condition 4) implies |X]s=a|X]| for any one-dimensional 
X; here a is a positive constant not depending upon X. Thus condition 5) is a “normali- 
zation” condition for a norm having the property 4). 


2 In the following sections it will be shown that this result admits a converse if the 
ideal © is separable. 
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[X| s |H]. 
Since U*X = H, 
|H|.<|X|.. 
Consequently |X|, = | H|.. 
Starting from the equalities X* = HU* and X*U = H, we obtain 
in the same way |X*|,=|A|,. 
For an ideal © satisfying the hypotheses of the result 1, result 2 is 


also valid: 
2. Let X E ©; then every operator Y (CG.) for which 


(2.1) sj(Y) < cs;(X) (J= 1,2,-->), 
where c ıs a positive constant, belongs to ©, and 
(2.2) |Y|.<c¢|X|,. 


In fact, if H, = (X*X)'”? and H, = (Y*Y)'”, then by virtue of (2.1) 
one can find a unitary operator V and a nonnegative operator AC R 
with |A| < 1 such that 
(2.3) H, = cAVH,V™. 

For the operator V we choose an operator which maps some ortho- 
normal basis of eigenvectors of the operator H, into an appropriate 
orthonormal basis of eigenvectors of H,. It follows fiom (2.3) that 
H,€ © and |H,|,<c|H,|,. Hence it follows at once that Y € © and 
that the relation (2.2) is fulfilled. 

3. For any symmetric norm |X|, defined on some ideal © we have 

s,(X) = |X|. 
and if dim X < œ, then also 


|X|. s È s;(X). 
J 
In fact, let Y = s,(X)(-,¢)¢, where ¢ is an arbitrary unit vector of 


H. Then the relations (2.1) are fulfilled for the operators Y and X with 
c= 1, and so 


(2.4) s(x) = |X| =|Y| =|Yļ|; s|Xj.. 
Let 
X =X 8;(X)(-, 4) A; 
J 


be the Schmidt expansion of the operator X. From it, on the basis of 
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properties 3) and 5), we obtain 
|X|, s >5s,(X). 
j 


2. We shall call a two-sided ideal © of the ring R a symmetrically- 
normed ideal of the ring R, if there is defined on it a symmetric norm 
|X|ewhich makes © a Banach space. For brevity we shall call a sym- 


metrically-normed ideal an s.n. ideal.” 
We shall say that two ideals ©; and Gy coincide elementwise, if ©, and 


© consist of the same elements. 


THEOREM 2.1. If the s.n.ideals ©; and Gy coincide elementwise, then 
their norms are topologically equivalent. 


ProorF. Let us denote by © the set of elements of the s.n. ideal ©; or, 
what is the same, of the s.n.ideal Sn. We consider the functional || X | 
(X € ©) defined by 


| X|| = max{ |X|: |X ar}, 


where |X|;=|X|o, and |X|y=|X|o,. This functional has all the 
properties of a norm. 
From the inequalities 


|X| S|X|; and |X| s|X|u (XEO) 


it follows that if a sequence of operators converges in each of the norms 
| X |; and |X |n, then in each of these norms it has the same limit. It follows 
at once that © is complete in the new norm | X||. Let us consider the 
identity mapping / as an operator, acting from the space © with norm 
|| X || into each of the spaces ©, and Su. It follows from the definition 
of the norm || X|| that J is a bounded operator with norm < 1. But then, 
by a well-known theorem of S. Banach [1], the operator J is a bicon- 
tinuous mapping from each of the spaces ©; and ©, onto the space 
© with norm || X||. Hence each of the norms |X|, |X| is topologically 
equivalent to the norm |X||, and so the norms |X|; and |X| are 
topologically equivalent to each other. 

3. It follows at once from result 2 that every symmetric norm |X], 
depends only on the s-numbers of the operator X. (In other words, if 
the s-numtbers of the operators X, and X, coincide, then their norms 
|X,{, and | X,]|, coincide.) 


3 A new approach to the study of s.n.ideals, based on the theory of categories, is 
indicated in a paper of B. S. Mitjagin and A. S. Svare [1]. 
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Thus for every symmetric norm we have 
(2.5) | X|.= &(s,(X), so(X), ---), 


where #(£,,f,---) is a function of the nonnegative variables ¿; which 
has determinable properties. 

An important case is that in which © coincides with the ideal & of 
finite-dimensional operators; in this case the domain of the function 
(2.5) consists of all nonincreasing sequences {¢;} of nonnegative numbers, 
of which only finitely many are different from zero. 

The following section is devoted to the study of functions (€,, £2, ---) 
which define a symmetric norm on the ideal & (these functions will be 
called symmetric norming functions). 


§3. Symmetric norming functions 


1. Let ĉo be the space of all sequences ¢ = {j} of real numbers 
which tend to zero. We denote by é the lineal of cọ consisting of all 
sequences with a finite number of nonzero terms. 

A real function (£) = ®(&,,&,---), defined on the lineal é, is called 
a norming function if it has the following properties: 


I) (i) >0 (Eê, #0); 
II) for any real a 
blag) =|ale(é) (E8); 
II) (E+) < PE) + O(n) (tn E ê); 
IV) ẹ(1,0,0,.--) = 1. 
A norming function ¢(¢) is said to be symmetric if it has the property 


V) (£1, £0, --+,£,,0, 0, a) = (|l BAF oa |é;,], 0, 0, ---), 


where ¢ = {é;} is any vector from ĉ, and jJi, jo --+,J, is any permutation 
of the integers 1,2,---,n. 

We cite various properties of symmetric norming functions (s. n. func- 
tions). 

1. If the relations 


| &)| < |n;l (7 = 1,2,---) 
hold for the vectors £ = {&;}, n= {nj} E é, then 
(3.1) (E) < O(n). 


In fact, we may assume without loss of generality that the coordinates 
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t, and n, are nonnegative. Obviously the result will be proved as soon 
as it is proved for the case 
E= nN (J ¥k), Er < Mk, 


where k is some positive integer. Let us denote by a the ratio &,/n,. Then 


(3.2) (E) = PE +E”) sal) + B(E”), 
where 
, ita fo. oe Saa ; 
oj = —9— Si» fag (J = k) 
and 
a +a vy _*+7 @ 
Ek = g "b k = g Th 
Since 
1 
aE) == a(n), 
and by virtue of the condition V) 
1— 1- 
b(¢”) = 5 (Ei, bo e.e — Wks -++) = 9 “ &(n), 


the relation (3.1) follows from (3.2). 
LEMMA 3.1 (K. Fan [3]). Suppose £= {&} and n= {n;} €E ê. If 


& 2&2 --- 20; m2am2°:-20 


and 


k k 
RED (k = 1,2,---), 


then for any symmetric norming function #(£) one has 


(£) < O(n). 


The proof of this lemma is based upon the following result concerning 
vectors of n-dimensional real space. 
Suppose that the vectors & = {¢;}} and n= {nj}? satisfy the conditions 


(3.3) EZE- 20 Mn- 2,20 
and 

k k 
(3.4) Dison  (k=1,2,---,n). 

j=1 j=1 


Then the vector & admits the representation 
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N 
(3.5) E= Y tn” (N = 2"n!), 

yæl 
where the n” (v = 1,2,---,N) are all the n-dimensional vectors obtainable 
from yn by permuting its coordinates and multiplying them by + 1, and the 
t, are nonnegative numbers with sum ^t, = 1. 

In other words, every vector ¢ satisfying conditions (3.3) and (3.4) 
belongs to the convex hull of the system of vectors n”. 

This result is due to A. S. Markus |4]. The proof presented here is by 
B. S. Mitjagin [1]. 

Let us denote by G the convex hull of all the vectors n”, and assume 
that ¿ € G. Since every convex body is the intersection of its supporting 
half-spaces, one can find a supporting hyperplane of G such that the 
vector ¢ and G lie on opposite sides of it. Obviously, the equation 
$7 a;jxj= b of this hyperplane can be written so that for any vector 
{x;}? from G the relation 


$ ajx; <b 

j=l 
will hold, and for the vector ¢ = {&;} we will have 

2 a; £j >b. 

From among the vectors n” one can choose a vector 7” = {nP} such 
that 
Lan) nj = D1 afn; 
j=l 

where {a*}7 is the vector with components equal to |a|, |a|,---, [anl 
and arranged in nonincreasing order. Since n” € G, we have 


n 
> ařnj S b. 


j=l 


Taking into account the equality 
n n n—i J 
> ařnj = 2 naš + 2 (as — aša) Dom 
j=1 j=l j=l k=1 
we obtain, by virtue of (3.4), 


day nj = 2 Dap gj. 
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Consequently 
(3.6) > až, Sb. 
j=l 


On the other hand, from the equality 
n n n- 1 J 
2 ařė; z J ařt, T » (4; a Eji) >» ak 
j=l j=l j=1 k=1 


and the obvious relations 


it follows that 
(3.7) > a*t;2 > ajġ;>b. 
jJ=1 j=l 


The relations (3.6) and (3.7) are mutually contradictory, which 
proves the result. 

PROOF OF LEMMA 3.1. Suppose that all the coordinates of the vectors 
t and 7 with index greater than n equal zero. Let us denote by n” vectors 
from é such that their first n coordinates are obtained from the numbers 
n, (J = 1,2,---,n) by permutations and by multiplication by + 1. Then 
according to (3.5) 


t=) tn” and > t,=1, t= 0. 


Since 


#(t) SD t, b(n”), 


and #(n™) = &(n), it follows that ®(¢) < (yn). The lemma is proved. 

2. Let us denote by k the cone of all nonincreasing sequences from 
é, each of which consists of nonnegative numbers. With every vector 
= {£} Ee we associate the vector &* = {t*} Ck, setting 


EF = | En, (7 = 1,2, ---), 


where n; (jJ = 1,2,---) is a permutation of the positive integers such 
that the sequence j|é,,|} is nonincreasing. 
Since for any s.n. function (¢) one has 


(3.8) (E) = &(¢*) Eé), 


an s.n. function #(¢) is uniquely defined by its values on the cone &. It 
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follows that the conditions 1)--- V) defining an s.n. function can be re- 
placed by equivalent conditions in which only vectors from & appear. 


LEMMA 3.2. Let (£) be a function, defined on the cone k. In order that 
the equality 
(3.9) p(t) = b(E*) (Eê) 


define an s.n.function, it is necessary and sufficient that the following 
conditions be satisfied: 


I’) S) >0 (EEk; Ex 0); 
II’) for any nonnegative number a 

(at) = a (4) (Ek); 
IT’) &(E+n) SHE) +O() (En Eh); 
IV’) $(1,0,0,---) = 1; 
V) if €= {ë}, n= fn} ER and 


DES Dy)  (n=1,2,.--), 
j=1 j=l 


then 
(E) < (n). 


Proor. Every s.n.function #(£), by definition, has the properties 
I’)—IV’). Moreover, according to Lemma 3.1 it also has property V’). 

Conversely, let the function #(£), defined on the cone k, have the 
properties I’)—V’); then the function ®(£), defined on the lineal é by 
(3.8), obviously has all the properties I)—V), with the possible ex- 
ception of property III). We shall prove that it has this property also. 
Let & and n be arbitrary vectors from ĉ and let (= -+ n. It is easily 
seen that 


LFS Le + n’) (n = 1,2, ---). 


j=1 j=1 


Consequently, according to the condition V’) 


(3.10) (E+ n) = (¢*) S H(E* + 0°). 
On the other hand, according to III’) 
(3.11) B(E* + n*) < B(E*) + O(n"). 


These last two relations imply property III). The lemma is proved. 
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3. The simplest example of an s.n.function is the function #.(é), 
defined on the cone k by 


$. (é) = ķi (EE k). 


Another simple example of an s. n. function is the function #,(é), for which 


(f= (EA). 


It is obvious that 


(£) = max|é| and $ =Z |g] EES). 


It turns out that the functions @.(¢) and #,(¢) are the extremal s.n. 
functions. 
2. For any s.n.function ẹ(¢) the following inequalities hold: 


(3.12) hse) s2d& (EER). 
J 


In fact, by Lemma 3.1, for any vector 


£ = Í £1, £2, --+,&,0,0, ER 
we have 
#(é,, 0, 0, -++) = $(é) = $ (x „9,0, -) ’ 
F 


and consequently the inequality (3.12) holds. 

Thus it is natural to call the functions ¢.(¢) and #,(&), respectively, 
the minimal and maximal s.n. functions. 

3. Any s.n.function (£) is continuous. 

This property follows at once from the relations 


IÆ) — b(n) | < (E — n) D lé; — nj] (é,n E 6). 
J 


4. We shall say that two s.n. functions #() and ¥(¢) are equivalent if 


al) Y (E) 
co and < æ 
7 See ale) 
4. For any s.n. function ®(&) one has the relation 
(3.13) sup (8) = sup (1,1, ---,1,0,0,---). 
tC hk l ñ Sa aa 


In particular, in order that the s.n. function &%(¢) be equivalent to the minimal 
une, it is necessary and sufficient that 
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(3.14) sup (1,1, ---,1,0,0,---) < œ. 
n nn, ied 
In fact, on the one hand 


$ 
(3.15) sup &(1,1,---,1,0,0,---) S sup ——. 
n ari Taal tek £i 


On the other hand, for any vector ¢ = Í £1, Ez -++,&,,0,0,--- Ck 
we have 


(t) -=ə( E> , bn 0, 0, - =) < 6(1,1,---,1,0,0, ---). 
1 et e 


Thus 


$ 
(3.16) sup (E) < sup #(1,1, ---,1,0,0,---). 
ck $i ao eena 


From (3.15) and (3.16) follows (3.13). 
Since for any s.n. function #() one has 


E > 1 GER), 


this function is equivalent to the minimal one if and only if 


$ 
san (£) z 
ck £i 
This last condition coincides, by virtue of (3.13), with the condition (3.14) 
5. (S. T. Kuroda [1]). For any s.n. function (£) one has 


n 


(3.17) sup TE Ze = = sup ei 00 


n 


In particular, the s.n. function ¢(¢) is equivalent to the maximal one if and 
only if 


n 
(3.18) par ERTER E <œ, 
a 
Obviously, 
n 
S a E 
G9 rron Ro 


n 


Let = Í Ei, 2, ..., Ën 0,0, e. be an arbitrary vector from k, and 
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n= {n,} the vector defined by 
1 A 
pa Si A Mn+) = O (j= 1,2,---). 
dJ 


Then it is easily seen that 


and consequently 


(n) = {2 x. (1, 1, : --,1,0,0, me +) = (E) 


and 
n 
eu) is oo ~§*5G,1,..,1,0,0,.)° 


The relation (3.17) follows from (3.19) a (3.20). 
Since for any s.n. function @(£) one has 


T ne ae 1 (EE k), 


by virtue of (3.17) the condition (3.18) is necessary and sufficient for the 
equivalence of the function #(£) and the maximal s. n. function. 

5. In this subsection we shall clarify the relationship between s.n. 
functions and invariant norms on the ideal § of all finite-dimensional 
operators. 


THEOREM 3.1. A one-to-one correspondence holds between s.n. functions 
+() on k and invariant norms |A|s on &. Namely: 
Let | Ale be any invariant norm on & . Then the equality 


(3.21) $(s(A)) =|Ale (AER; s(A) = {5;(A) }) 


defines an s.n. function (£). Conversely, if (t) is any s.n. function, then 
the equality 


(3.22) |A| = &(s(A)) (AER) 
defines an invariant norm on §. 


Proor. The definition (3.21) of the function #(¢) can be replaced by the 
equivalent definition 


&(t) =| LEl d) dle (= {lE k), 
j 
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where { ¢,};" is any fixed orthonormal basis of the space ©. It is easily de- 
duced from the properties of an invariant norm that the function (é) 
satisfies the conditions I)— V), and is thus an s.n. function. 

Conversely, if $(¢) is some s.n. function, then (3.22) defines a func- 
tional which obviously has the properties 1) and 2) of a symmetric norm. 
This functional also has the property 3). In fact, if A, BE ®, then ac- 
cording to Lemma IJJ.4.2 


yi 8(A + B) S S` s;(A) + > s;(B), 

j=l j=l jel 
and consequently by the property V’) of an s.n. function, 

|A + B| = ®(s(A + B)) < &(s(A) + s(B)). 
Since 
(s(A) + s(B)) < (s(A)) + #(s(B)), 
it follows that 
|A+ Ble |Alet+|Ble. 


The condition 4’) is likewise satisfied by the functional |A |, since for 
any unitary operators U and V 


sj(VAU) = s,(A) (7=1,2,---;AER). 
Finally, for any one-dimensional operator A 
S(A) =|A|, s4(A)=0 (jy =1,2,-->), 
and so 
(Ale = @(/A],0,0,---) =|Al. 
The theorem is proved. 


COROLLARY 3.1. Every invariant norm on the ideal R is a symmetric norm 
on this ideal. 


In fact, let | A| > be an invariant norm on §, and let #(¢) be the s.n. 
function generated by this norm. Since for any operators B, CC R one has 


s(BAC) < |B| | C|s;(A) (AER; )7=1,2,---), 
it follows from the properties of an s. n. function that 


#(s(BAC)) < (|B| [C| s(A)) = |B| | C| e(s(A)), 


|BAC|> = |B| ICI |Ale. 


80 IDEALS OF THE RING OF LINEAR OPERATORS |CHAP. 111 
$4. Symmetrically-normed ideals generated by a 
symmetric norming function 
1. Let = f¢;} be an arbitrary sequence of real numbers, and let 
aa = | £i, £2, Ee "En 0,0, wt l. 


Then for any s.n. function ¢(¢) the sequence {#(¢”)} is nondecreasing. 
Let us denote by c, the set of all vectors £ € co for which 


sup &(¢) < œ. 


We extend the domain of the function #(¢) by putting, for each £ €E ¢,, 
@(¢) = lim #(™). 


From the definition of the set c, and the properties of an s.n. function 
ẹ(¢) it easily follows that the set c, has the following properties: 


a) if £ n E cs, then £+ nE ce; 
b) ifa@ is any real number and ¢€¢,, then af € ca; 
c) if = {i} E cs and if the vector n = {n;} E co satisfies the condition 


> nsl (n = 1,2,---), 
j=l pel 


then n also belongs to ¢3. 

From the last property follows the property 

d) a vector ¢ = {£;} belongs to c, if and only if ¢* = Er) Ces. 

It is easily seen that the s.n. function #(¢) preserves its properties 
I)—V), or, what is the same, the properties I’)—-V’), in the extended 
domain ¢,. 

We shall call the lineal c, the natural domain of the s.n. function #(¢). 

2. With every s.n. function 6(£) we associate the set ©, of all operators 
X € &., for which s(X) = {s;(X)}€es, and for every X E€ ©, we put 


(4.1) |X| 4 = @(s(X)). 
It is obvious that X € ©, if and only if 
sup | Xani e<l, 


where X, is the nth partial Schmidt series of the operator X, and that 
|X| = lim | X,], = #(s(X)). 


THEOREM 4.1. Let ¢(¢) be any s.n. function. Then the set ©, is an s.n. 
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tdeal with the norm 
(4.2) |Ale=|Ale, = P(s(A)) (A E€ ©»). 


Proor. Let A, 4: € Gy; then s(A,) + s(A2) € es. According to The- 
orem [1.4.2 


È s;(A; + A) S P sA) +È s4)  (n=1,2,..-.) 
J=i j=1 j=l 


and consequently s(A;+ A.) E Ccx, i.e. the operator A, + A, belongs to 
©,, and by property V’), 


|A + Ala S|Ailet|Aale. 


It is easily seen that for any operator A C ©, and any complex number 
à one has AA E G, and 


Ale = [Al [Ale. 
The space ©, is complete. In fact, let {A„}? be a Cauchy sequence of 
operatorsin ©,. Then by virtue of the left side of the bound (3.12) we have 
|Am z A,| oo SAn = A,) = | Am = Anla 


and so the sequence of operators {A,}i° converges in the uniform norm to 
some completely continuous operator A. For this operator 


lim sAn) =E s;(A) (J z 1, 2, ee “). 


Wehave 
(s,(A,), $2(A,), is -, 8,(A,), 0, 0, = +) 


(4.3) < sup |A,|5(< œ) (r= 1,2,---). 
P 


Since the function $(&, &,---,&,,0,0,---) is continuous, then, passing 
to the limit r— œ, we obtain 


(s,(A), s(A), oe -,8,(A), 0, 0, a -) = sup | Azle (n zg 1,2, a -). 
p 


Thus A € @g. 

We shall show that the sequence of operators { A,}i° tends to the opera- 
tor A in the norm of the space ©,. Let « be any positive number and let 
N be such that for all p,q > N 


| Ap z5 A,| pIE. 
Then 
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(4 4) b(s,(A,, -- A,) SA, Ay), e+ +, 8a(Ay - A,), 0,0, +++) Zh 
| (n = 1,2, ---; p,q > N). 


Bearing in mind that 


lim s(A, = Ay) = s(A, = A) (J = 1,2, => -), 
Gee 


and letting g-- œ in (4.4), we find that 
b(s,(A, — A), -+-,8,(A, — A),0,0,---) Se (n= 1,2,---;p>WN). 
It follows that 
|A,—AlseSe (p >N). 


To conclude the proof of the theorem, it remains to prove property 
4) of a symmetric norm. This property follows from the earlier-proved 
inequalities 


s (BAC) < |B| |C]s{4) (j=1,2,---; AE Si B, CER). 


The theorem is proved. 
Let us note a further important property of the norm |A |. 
DOMINANCE PROPERTY. If A € ©, and the operator B (C ©.) has the 
property that 


+5 (B) = > s,(A) (n = 1,2,---), 
J=1 j=l 


then BE ©, and | Bla S jAle. 

Theorem 4.1 can be supplemented by the following result. 

1. In order that the s.n.ideals ©,, and ©, coincide elementwise, it is 
necessary and sufficient that the s.n. functions ®,(&) and #,(&) be equivalent. 

The sufficiency of this condition is obvious, and its necessity follows 
at once from Theorem 2.1 on the topological equivalence of norms. 

3. We present some further results concerning the spaces ©, which 
follow from various theorems proved earlier. 


THEOREM 4.2. Let A be an operator from ©, and let {P;}{ (w < œ) be 
a system of mutually orthogonal orthoprojectors. Then the operator 


A = 2 P, AP; 
j=l 
also belongs to the space G,, and 
[Alo S|Als. 
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By virtue of property V’) of s.n.functions this theorem follows at 
once from Theorem Il.5.i. 
Let {¢;}? (w < œ) be some orthonormal system, and P; (J = 1,2, ---,) 


the operator of orthogonal projection onto the subspace generated by 
the unit vector ¢; (J = 1,2,---,w). Then the operator A has the form 


A = }_ (Ag), p) (-, 6) ój. 
j=l 


Let us assume that the vectors of the sequence {¢;} are numbered 
so that the sequence {|(Aq¢j;,¢;)| }? is nonincreasing. Then obviously 
$,(A) = | (A@;, bj) | (J = 1, 2, ve -). 5 

It follows from Theorem 4.2 that A € ©, and 


(4.5) }(| (Adi, o1)|, | (Ags, b2)],°+*) S [Afo 


THEOREM 4.3. If A E ©, then the sequence of its eigenvalues {),(A) } 
satisfies the relation 


(4.6) @(JA(A)],]AM(A)|,---) S|Ale (AG Se). 
v(A) 


ProoF. According to Lemma 1.4.1, an orthonormal system {¢;}i'® can 
be chosen so that 


(Adj, ġ;) = A,(A) (7 =1,2,---,r(A)). 
Following this, the relation (4.5) assumes the form (4.6). 


THEOREM 4.4, Let A be a bounded linear operator with imaginary 
component A gC ©, and let d; (J = 1,2,--+,»(A)) be the system of all 
nonreal eigenvalues of the operator A, arbitrarily enumerated in decreasing 
order of the absolute value of their imaginary parts, taking their algebraic 
multiplicities into account. Then 


(4.7) &(|Ima,|, |ImAs|,---) <|A slo. 


This theorem is a consequence of Lemma II.6.1 and property V’) 
of the function #(¢). 


§5. A criterion for an operator to belong to an s.n.ideal G3. 
1. We shall present below a criterion for a given operator to belong 
to a space ©,, which is used, in particular, to construct the conjugate 


spaces of the spaces ©,. For the proof of this criterion we need two 
lemmas. 


LEMMA 5.1. Suppose that the bounded linear operator A is the weak 
limit of a sequence of operators {A,}; from ©., i.e. for any fg E€ D 
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lim (A,f,g) = (Af,g). 
ho oon 


If 
(5.1) lim sups,(A,,) = 0, 


fore m 


then the operator A is completely continuous and” 
(5.2) > 5(A) < 3 sup $;(A m) (n = 1,2,---). 

j= j=l ™ 

ProoF. Let the Schmidt expansion of the operator A, have the form 
A= ESANA =L) 
a 
and let 
Tha = (An (+, oP) yP 
ja 


be the partial sums of this expansion. 

We choose a sequence of indices n, (r = 1,2, ---) such that the se- 
quences of numbers {s,(A,,) |, converge, and the sequences of vectors 
lol and {y{/"}=, (7 =1,2,--+,k) converge weakly. We denote the 
limits of these sequences by s;, ¢; and y; respectively. Then the operator 


k 
T, = $ 8;(-, 6) ¥; 
Jal 


is obviously the weak limit of the sequence of operators Ta (r = 1,2, -++). 
Since 


[An B T nrl Z Spi (An) s sup Sk+i(Án), 
it follows that 
| (Anfa x) — (Tafi x)| S sup s,(An) (IfI = |x] = 1). 


Passing to the limit r— œ, we obtain 
\(Af,x) — (Tif,x)| < sups,(A,) (fl = |x| = 1), 
or 


The relations 3 (5.2) remain valid if we replace the numbers supm,sj;(Am) in them 
by the numbers lim,_,.. s;(Am). 
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|A - Ti| < sups)(A,). 


It follows from the hypothesis (5.1) that 


k— w 


Consequently the operator A is completely continuous. 
We choose a unitary operator U and an orthonormal system { x;}? such 
that 


(UAx;, x;) = $A) (J= 1,2,---,n). 
According to Lemma II.4.1, 


2 (UAn xj, xj) 


j=l 


< 2 sAn), 
j=i 


and so 


< > sups,(A,). 


j=l m 


5 ( UA nr Xj» x,) 


j=l 


Passing to the limit n,— œ, we have 


2 8A) = » (UAx;,x;) S >= sup S(An). 
j=) j=l j=1 m 
The lemma is proved. 
2. Among the spaces ©, there are spaces consisting of all completely 
continuous operators. Such will be, for example, the space ©; generated 
by any one of the functions 


Fa) = > &F =E, Ceo), 


where n is an arbitrary fixed integer. 
The following lemma enables us to distinguish these spaces. 


LEMMA 5.2. Let 6(£) be an arbitrary s.n. function. In order that the sets 
S,and ©. coincide, it is necessary and sufficient that the function ẹ(¢) be 
equivalent to the minimal s.n. function, i.e. 


(5.3) sup (1,1, ---,1,0,0,--+) < œ. 


This follows at once from results 1 of §4 and 4 of §3. 


THEOREM 5.1. Let @(&) be an arbitrary s.n.function not equivalent to 
the minimal one (i.e. ©, and ©. do not coincide elementwise). If an opera- 
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wr A E R is the weak limit of a sequence of operators {Am}; from ©, and if 


sup |Amle< co, 


then the operator A also belongs to G4, and” 
(5.4) |Al, < sup |Anl.. 


PROOF. Since 


$,(A m) #(1, 1, -ety 1,0, 0, ne -) 
(5.5) aaa eas 
s P(SilA m), r *,Sn( Ám), 0,0, T ) sS M (m,n = 1;2; ay -), 
where M = sup,,|Am|», we have 
M 
a a el ee — eee 
S,(Am) = (1,1, ---,1,0,0, ---) (n,m Lye) ). 


Consequently, by the hypotheses of the theorem and Lemma 5.2, 
lim sups,(A,») = 0. 


Ai @ m 


It follows, by Lemma 5.1, that the operator A is completely continuous. 
We choose a sequence of indices n, (r = 1, 2, ---) such that the sequences 
of numbers {s;(A,,) lai, for j = 1,2,---,k, converge. It follows from the 
relation (5.5) that 
(Si, 52, ---,5,,0,0,---) SM (k= 1,2,---), 
where 


s;=lims(A,)  (j=1,2,-+-,2). 


rF~ œ 


By the same Lemma 5.1 (see the footnote to it) 
SOs Fe 
j=1 j=l 
Consequently 
@(s;(A), sA), ---,5;,(A),0,0,---) SM (k = 1,2,---). 
This means that A € ©. The theorem is proved. 


>») The elation (5.4) remains valid if the number sup|A,,|» in it is replaced by the 
number lim | AÁ mļẹ- 
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The following criterion for an operator A to belong to an ideal G, is a 
simple consequence of the theorem just proved. 


THEOREM 5.2. Let G, be an s.n.ideal, not coinciding elementwise with 
©.. Further, let P, (n = 1,2, ---) be a monotonically increasing sequence 
of finite-dimensional orthoprojectors which tends strongly to the identity 
operator: 


(5.6) lim | Paf- fl =0 (fE9). 


Then A € ©, tf and only if 
(5.7) M = sup|P,AP,|4< œ. 


REMARK 5.1. For an s.n.ideal G, which coincides elementwise with 
S. Theorem 5.2 does not hold, since the condition (5.7) is in this case 
fulfilled for all bounded operators. 


§6. Separable s.n.ideals 


1. Let us denote by &, (n = 1,2, ---) the set of all finite-dimensional 
operators of dimension <n. Obviously ® = Ung n- 
LEMMA 6.1. Let (¢) be an s.n.function and AC ©,. Then 


(6.1) min |A — K|4,=|A — Anle = ®(8n4:(A), Sn42(A), +++) 


KERpn 


and 


(6.2) inf |A — K|, = lim &(sn,1(4), Sn+2(4), ---), 


KER n— o 

where A, (n = 1,2,---) is the nth partial Schmidt series of the operator A. 

ProorF. In fact, according to Corollary I1.2.1 

sj(A — K) = Sn+j(A) (KE Ra n,j = 12s); 
and consequently by result 2 of §2 
|A ree K| zZ |A E Anlo 

Since equality holds here for K = A,, the relation (6.1) is proved. Since 
(6.2) follows at once from (6.1), the lemma is proved. 

In §14 examples will be given of s.n.ideals in which the set of finite- 
dimensional operators is not dense. This circumstance suggests the 


necessity of introducing the subspace ©”, the closure in the norm of 
©, of the set &. By Lemma 6.1, this subspace consists of all operators 


88 IDEALS OF THE RING OF LINEAR OPERATORS [CHAP. III 


A E ©, for which 
lim ©(s,4:(A), Sn42(4), oar ) = 0 


or 
lim &(s,,,(A), $,42(A), eee -,Sn4p(A), 0, 0, -) = 0. 
n,p— œ 
We shall say that an s.n. function () is mononormalizing if the 
condition 
lim (ny1, Enis °t) = 0 


or the equivalent condition 


lim (En 41, n425 ati *5 En 4p, 0, 9, oe -) = 0) 
n,p— © 
is fulfilled for every € cy. 

By virtue of what was said above, the spaces ©, and ©!’ coincide 
if and only if ®(&) is a mononormalizing function. 

It is easily seen that the minimal and maximal s.n. functions are 
mononormalizing. 

It follows from Lemma 6.1 that for a mononormalizing function ¢® 
and for any operator A from ©,, the Schmidt series of A converges to 
A in the norm | |e. 

Every s.n.function which is not mononormalizing will be referred to 
as binormalizing. 

It is not difficult to prove the following theorem. 


THEOREM 6.1. The subspace ©” is a separable s.n. ideal of the ring R. 


Proor. We shall first show that, together with an operator A E€ G9”, 
every operator BAC (B,CE R) also belongs to ©®. 
Let A, be the nth partial Schmidt series of the operator A. The 


operators BA,C are finite-dimensional and consequently belong to 
©}. Since 


|BA,C — BAC|, < |B| [C| |4, — Ale, 
and A € SP, by Lemma 6.1 we have 
lim |BA,C — BAC|,= 0. 


Thus BACE ©&®. 
Let N be some countable set of vectors, dense in H, and Jt the set 
of all finite-dimensional operators of the form 
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K = DCs xj) wj, 
J 


where x pw; E N. Obviously M is also a countable set. To prove that 
© is separable it is sufficient to show that WM is dense in & in the 
metric generated by the norm of ©,, and this is obvious. The theorem 
is proved. 


THEOREM 6.2. Every separable s.n.ideal coincides with some ideal ©. 


Proor. Let © be any separable s.n.ideal with norm |A|¢. The norm 
|Al]e generates an invariant norm on the set & (C ©) of all finite- 
dimensional operators. Hence according to Theorem 3.1 we can find an 
s. n. function 6(¢) such that 


|Ale=@(s(A)) =|Ale (AER). 


We shall show that G = ©&®. Let us assume the contrary, i.e. that © 
contains an operator B€ ©&®. Since for any finite-dimensional ortho- 
projector P 


| PBP|,=|PBP|leS|Ble, 


according to Theorem 5.2 BE ©.. 
Since B € ©, there exists 5 > 0 such that 


(6.3) IB — Brale >ô (n = 1,2,---), 
where B, is the nth partial Schmidt series of the operator B: 


B = F` s;(B)(-, ve 
j=l 


From (6.3) it follows that for any positive integer n one can find an 
integer m >n such that 


D_ §)(B) (+, 6) Yj 


jen 


>Ò, 
® 


and this implies the existence of an increasing sequence of positive in- 
tegers {n,};-1 (nı = 1) for which the norms of the operators 


hpiy—l 
C= >> s;(B)(-,¢)¥; 


J=Nk 
exceed 6: 
| Cile > ô (k = 1,2,---). 


With every sequence a = {a;}; consisting only of zeros and ones we 
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associate the operator 
(6.4) A, = » ay Gj. 
j=l 


Obviously s,(A,) $s,(B) (J =1,2,---), and so the operator A, be- 
longs to the space ©. The cardinality of the set of all sequences a = {a;}? 
(a, = 0,1) equals the cardinality of the continuum. Since to distinct 
sequences a’ and a” there correspond distinct operators A, and A,-, the 
set % of all operators of the form (6.4) also has the cardinality of the 
continuum. 

Let A, and A,- be two arbitrary distinct operators from A. Then the 
operator A, — A,- has the form 


ow 
A, -Ay= Day C; 
j=1 


where not all of the numbers «; equal zero, and each of them assumes one 
of the values — 1,0,1. If for some integer r the number ec, equals + 1 or 
— 1, then, as is easily seen, 


SA, =: Aar) = s;(C,). 
Therefore if a’ #a”, then for some r we will have 


|A,— A,-| > |Cle =|Cl—e > ô. 


Since the set ù has the cardinality of the continuum, we conclude that 


it, and together with it the space ©, is nonseparable. The theorem is 
proved. 


COROLLARY 6.1. An s.n.ideal ©, is nonseparable if and only if the 
function œ is binormalizing, i.e., SG, = 6. 


2. THEOREM 6.3. Let X, (n =1,2,---) be a sequence of selfadjoint 
operators from R which converges strongly to some operator XE R. If © 
is a separable s.n.ideal and A € ©, then the sequences |X,A};, {AXn}y, 
{X,AX,}; converge in the norm of the ideal © to the operators XA, AX 
and XAX, respectively. 


Proor. We shall carry out the proof for the first of the indicated se- 
quences. The proof for the other two is analogous. 
Let us first consider the case in which A is a finite-dimensional operator: 


A=) (,¢)¥) (a;l = 1). 
j=l 
Then 
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X,A- XA Eee) (Xay — Xy) 
2 
and so 
[Xå <> |X.vj — Xv 


which implies that 
lim | X,A — XA|z = 0. 


n — œw 


In the general case we represent the operator A in the form of a sum 
of a finite-dimensional operator K and an operator L which is small in 
S-norm. Then 


(6.5) |X,A — XA|e $|X,K — XKl|e + ([X,| +IXPILlə- 
Since 
sup | X, | <œ, 
the second term in the right side of (6.5) can be made as small as desired 


by making | L|¢ sufficiently small, and, as was proved, the first term in 
the right side of (6.5) tends to zero as n — œ. The theorem is proved. 


§7. The symmetrically-normed ideals G,. 


1. Let us consider the function 
1/p 
(7.1) w= (Zla)  O<ps eE. 
J 


For p = œ, the equality (7.1) is given, as usual, the following meaning: 


®..(é) = max |é;|. 
J 


The function ¢,() obviously satisfies the conditions I), II), IV), V), 
which define an s.n. function, and for p 2 1 it also satisfies the condi- 
tion ITI). 

Thus for 1 <p S œ the function ¢,(¢) is an s.n. function. Ít is easily 
seen that its natural domain ¢,, coincides with l,, i.e., consists of all 
sequences ¢ = {£,} € co for which 


È lë? < æ. 
J 


It is obvious that for any sequence ¢ = f El, 
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on l;p 
lim ( >», tél P) =, 
Rn sw jJj=n:l 


and consequently the function #,() is mononormalizing for 1 <p < œ. 
For p = œ the function #,(¢) = max;,|&;|, as we have already mentioned, 
also is mononormalizing. 

As a corollary of the preceding theorems we obtain the following result. 


THEOREM 7.1. The collection ©, (1 < p < œ), consisting of all completely 
continuous operators A for which 


(7.2) > sP(A) < œ, 
j=l 
is a separable s.n.ideal with the norm 


oo l/p 
(7.3) |A|p>=|Ale, = (Zsa) j 


j=l 


The set of all finite-dimensional operators is dense in ©,, and 


œ l/p 
min |A ~ Kla = ( +e s(a) (A E€ GS; n = 1,2, +- -). 
KERn j=n+1 

2. In the sequel we shall also maintain the notation ©, for the class 
of all completely continuous operators A for which the condition (7.2) 
is fulfilled for 0 < p <1. Here |A|, will also be defined by the equality 
(7.3). We remark that in this case the function |A|, no longer has the 
properties of a norm. 

Let us note some properties of the classes ©,. 

1. If 0<pi<pes ~ and AC G,,, then AC ©,, and 


(7.4) lAl = | Al pe 


This property follows from the fact that the function 


œ% i/p 
F(p) = (xs) (0 <p < ~,s,>0) 
j=l 


is nonincreasing. 

2. If the operators A; (J =1,2,---,n) belong respectively to the spaces 
Sp (J = 1,2,---,n) and >°7_,p;' <1, then the operator A = A,A2--- A, 
belongs to the space ©, where p™'= ),?_,p;', and 


(7.5) |Al>s |Ailp,|Aelp. ++: Anl pp 
In particular, if A € ©, (1 Sp < œ) and BE ©, where p™` +q *=1, 
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then AB, BA E€ ©, and 
IAB], S{Al,1Blo [BA s |All Ble 
In fact, putting f(x) = x? in Theorem [II.4.2, we obtain 
1/p 
(7.6) [áls (ESPASA ++ sP(An ) 
J 
On the other hand, according to the generalized Hölder inequality, 
1/p 1/P] 
(E EADsAD ADP) s (Era) e (Esran) 
j j j 


3. If A E ©, (p > 0), then for any positive integer r we have A'E G,,,, 
and 


1/Pn 


Alar S AD)”: 
This result follows from Corollary I1.4.2. For the case cf a positive 
integer p and r = 2 it was pointed out by K. Fan [1]. 
3. In this subsection we shall present some sharpenings of the 
results of §4.3 for the case ©, = ©,. 
4. If AC ©, (p> 0), then 


v(A) 
(7.7) > |A(A)|? < (Al,)?, 
j=l 


and equality holds if and only if A is a normal operator. 

This result is a consequence of Theorem I[I.3.1. 

REMARK 7.1. For p = 2 the result 4 was first obtained by I. Schur, 
who found an elementary proof for it (cf. §9, Theorem 9.1). 

Inequality (7.7) can also be obtained in a very elementary way for the 
case p = 1 (cf. the footnote on p. 98). 

An immediate consequence of inequality (7.7) for p= 1 is 

If B,CE Ge, then 


(7.8) d1A(BO)| < œ. 


In fact, in this case A = BCE ©, (incidentally, we mention that if 
B and C run through all of Go, then, as is easily seen, A runs through 
all of ©). 

It is curious that it required the efforts of several mathematicians 
to establish the inequality (7.8):® following the work of T. Lalesco and 


6) And, at the same time, without the refinement that in the right side of (7.8) one can 
put | BC|; or at least |B|2|C|2 (2 |BCj],) in place of œ. 
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S. A. Georgiu, it was finally proved (by far from simple methods) by 
E. Hille and J. D. Tamarkin in the interesting memoir [1]. 

5. If ACG, (lSp<_o) and {¢;}? (w S æ) is some ‘orthonormal 
system, then 


(7.9) > | (Ad,, ¢;) | P S ({A|,)?. 
j=l 
For p > 1 the equal sign in (7.9) will hold if and only if A is a normal 
operator and, moreover, 


A=) t,(-, 6) 4%, t; = (A¢;, ¢;). 
j=l 

This theorem can be obtained as a consequence of the assertions of 
$4.3, Chapter II applied to the function f(x) = xP. 

For p = 1 the conditions under which equality holds in (7.9) will be 
clarified in the following section. 

Result 5 admits the following generalization. 

6. Let AG ©, (1 Sp < œ) and let {| F;}f (w S Œœ) be a system of mu- 
tually orthogonal orthoprojectors. Then 


w l/p 
= (È IPAPER) SIAL» 
p j=1 


and for p > 1 equality will hold if and only if 


>D PAF) 
j=l 


A =) P;AP;. 
j=l 

This result is easily obtained from the general Theorem II.5.2. 

Let us note yet another result, which is a simple consequence of 
Theorem IT.6.1. 

7. Let A be a bounded linear operator with component A zE ©, 
(1 sp < œ). Then 
(A) 


(7.10) |Ima,|? s ({As],)?. 


j=l 


< 


For p > 1 equality holds if and only if A is a normal operator. 
In §2 Chapter V it will be shown that the equality 


v F (A) 
| Im A,| =|A-s|, 
=I 


J 
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is a sufficient condition for the completeness of the system of root vectors 
of the operator A. 
IfA € ©, (1 Sp < œ) then besides (7.10) we have 


»(A) 
(7.11) >, |Red,(A)[? < (|Aal,)”. 
j=} 
We remark that I. Schur’s inequality (inequality (7.7) with p = 2) is 
contained as a corollary in the relations (7.10) and (7.11) for p = 2. 
8. If AC ©, (p > 0), then 


(7.12) s,(A) = o(n7**), 


This follows at once from the relation lim,_...na, = 0, which holds 
for every convergent series > |,@, with nonincreasing positive terms. 

It is obvious that not every operator A € ©. for which condition 
(7.12) is fulfilled with a given p (> 0) belongs to ©,; however for p > 1 
all such operators form a certain s.n.ideal (cf. §14). 

We note without proof the following matrix criterion. 

If for the operator ACR and for some orthonormal basis {¢;};° and 
p <2at least one of the conditions 


dX |Ael?< 0, (Ad, |? < œ 
j=l jk=l 


is fulfilled, then A E ©), and 


On the other hand, if A € ©, for p 2 2 then for any orthonormal basis 
{ġir of the space $ 

2 (Ad, ool? S DAG? S lAl. 

jk=1 j=1 


For the case p = 1 the first part of this result was pointed out by 
W. F. Stinespring [1] (see also Geľ fand and Vilenkin [1]). In the general 
case it was obtained by Gohberg and Markus [2,3] (see also Dunford 
and Schwartz [2], p. 1116). 


§8. Nuclear operators 


From now on an operator A will be called nuclear if it belongs to G,, 
Le. if 
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28(A) < œ. 
J 


Another characterization of a nuclear operator will be given below, 
which makes it possible to introduce the notion of a trace for such 
operators. 

1. Let us agree to say that a bounded linear operator A, acting in 
©, has a finite matrix trace if, for any orthonormal basis {¢;}; of the 
space 9, the series 


(8.1) 2 (Ag;, $5) 


converges. 

Since any permutation of an orthonormal basis makes it once again 
an orthonormal basis, for an operator A with a finite matrix trace the 
series (8.1) converges absolutely for any orthonormal basis {¢,}/. 


LEMMA 8.1. Let H be a bounded linear nonnegative operator. Then the sum 
(8.2) 2 (Ax;, x) 
j=l 


has the same value (finite or infinite) for any orthonormal basis {x;}; of 
the space H. The operator H belongs to ©, if and only if this value ts finite. 


Proor. If for some orthonormal basis {x;}/ the sum (8.2) is finite, 
then from the relations 


H'*f = 3 (f, x) Hx; = 5 (f, x) Hx; 


j=i j=n+l 
< È Eol s ( È lea?) UA 
j=n41 j=n+1 


and 
2 (H? = 2 (Ax; xj) < @ 
J= i= 
it follows that the sequence of finite-dimensional operators 
K, = >. (-,x;) Hx; (n = 1,2,---) 
j=l 


converges in the uniform norm to the operator H'?. Thus the operator 
H'*, and with it the operator H, is completely continuous. 
For every other orthonormal basis {¢;}/ we will have 
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2 |u|? = D(A xp o) >= > Dd (Ho), x0 |? 
kal aikai 


1 j=1 


and 

È E14; x0 |? = D El = D Ho 4), 
so that 
(8.3) > (Hø; 4) = > (Hy;,x). 


In particular, choosing for {¢;} a complete orthonormal system of 
eigenvectors of the operator H, we obtain from (8.3) 


DA(H) = È (Hx, x) < œ, 
J J=1 


i.e., H E€ G,. The lemma is proved. 


THEOREM 8.1. In order that the bounded linear operator A have a finite 
matrix trace, it is necessary and sufficient that it be nuclear. If AC ©,, 
then the sum 


j=l 


does not depend upon the choice of the orthonormal basis {xj}; of the space ©. 


This sum is denoted by spA and is called the (matrix) trace of the 
operator A. 

ProoFr. We shall first prove the sufficiency of the hypothesis of the 
theorem. Let A € G, and let 


(8.4) A= Zsil „6; ¥; (s; = s;(A); J = 1,2, ++) 


j=l 
be its expansion in a Schmidt series. We denote by {x;}? any orthonormal 
basis of the space É. Then, by inequality (7.9), 


2 |(Axw xd | £ È 8.(A), 
k=1 k=1 
and so the operator A has a finite matrix trace. 


It is worth mentioning that in the case being considered the last in- 
equality can be obtained directly by means of the relations 
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2 |(Axe x| S p> Lsi Oc 9) | | (Wj, xe) | 


co o0 1/2 1/2 œ 
Oa Xs (Ziwe) (Z w1?) a5 A 
jai Nka k=1 j=l | 


According to (8.4) 


M: 
> 
> 
3 
xe 
T 
ll 
M 
Me 
V 
Se 
3 
S 
= 
> 
E 


and since 
>» (xi $j) (Vj, Xa) = (yj, ¢;) (J m= 1,2, rome -), 
k=1 

it follows that 


D (Axe) = 2 8A) (i 0). 

=1 j=l 

Thus the left side of this relation does not depend upon the choice of 
the basis {x;}. 

Let us go on to the proof of the necessity of the hypothesis of the 
theorem. We first consider the case in which the operator A (E R), 
which has a finite matrix trace, is selfadjoint. Let us denote by E(A) the 
spectral function of A. As is known, the subspaces £(0) = %_ and 
(1 — E(0)) = £, are invariant with respect to A, and both of the 
operators A_ = — AE(0) and A, = A(J — E(0)) are nonnegative. 

Let us denote by {wj} and {yj} orthonormal bases of the subspaces 
£, and &_ respectively. From the finiteness of the matrix trace of the 
operator A we get 


2 (A wj, wj) < ©, > (A_y; y) <æ; 


j=1 j=1 


In particular, if for the x, one chooses an orthonormal Schur system, the inequality 
(8.5) gives 


d,| (Aw; oj) | = 2) /A(A)| s [Ali 
J J 


which we already know from (7.7); cf. also Remark 7.1. 
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consequently, by Lemma 8.1, A,,A E ©. Since A=A,—A_, we 
have A € ©). 

Let us consider the general case. Let A € R be an operator with finite 
matrix trace. Obviously the adjoint A* has finite matrix trace, and con- 
sequently so do the Hermitian components 


1 1 
Ag=5(A+A*), Av=5-(A- A). 


Thus, by what was proved earlier, Ag, A 7€ Gi, and so A = Ag+ lA y 
€E ©. The theorem is proved. 

2. It is known that for operators in a finite-dimensional space the 
functional sp A has the following properties: 


1) sp(aA + 6B) = asp A + sp B; 
2) sp A* = spA; 
3) sp(AB) = sp(BA); 
4) sp(S T'AS) = spA; 
y(A) 
5) spá = > A,(A). 
1 


These properties can be generalized to the infinite-dimensional case. 
The first two properties, for operators A, BC ©,, are obvious. 


THEOREM 8.2. If the operators AC G, and BC R have the properties 
that ABC ©, and BA € ©, then 


(8.6) sp (AB) = sp(BA). 


In particular, if AC © (1 Sp < œ) and BE ©, (p''+q *=1), then 
(8.6) holds. 


ProoF. In fact, let 


A= Esi, 6) v 


J=1 


be the Schmidt expansion of the operator A. Then 
BA = ł_s;(-,¢;) By; 
j=1 
and 


(8.7) sp(BA) = 3 (BA@;, ¢;) = X 5(By, ;). 


j=l 
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On the other hand, 
AB = 9) 8;(-, B*¢,) ¥; 
j=l 


and 


w 


(8.8) sp(AB) = © (ABy;, y) = Ð s;(By;, $). 
j=l 


j=l 
Comparing (8.7) and (8.8), we obtain (8.6). 
COROLLARY 8.1. If A E G, and if SER is an invertible operator, then 
sp(S~'AS) = sp(A). 
Indeed, by (8.6) 
sp(S T'AS) = sp(ASS~') = sp(A). 


THEOREM 8.3. If A and B are selfadjoint operators, one of which is 
completely continuous, and if ABC ©, then sp(AB) is a real number. 
If moreover the operators A and B are nonnegative, then 


(8.9) sp(AB) 2 0, 
and sp(AB) equals zero if and only if the operators A and B are orthogonal, 1.e. 
AB = BA =0. 


ProoF. Let B be a completely continuous operator and let 
r(B) 


B= 2 Aj(-, ee; (Aj = ,;(B)) 


be its spectral decomposition. Then 
r(B) 


AB = 2. A;(-, e;) Ae; 
j=1 


and 
r(B) r(B) 


(8.10) sp(AB) = )/ (ABe;,e;) = 2 d;(Ae;,e)). 


j=l j=l 
Consequently sp(AB) is a real number. If the operators A and B are 
nonnegative, then 
(8.11) 4;>0 and (Ae,e) 20 (j = 1,2,---,r(B)), 


and so the inequality (8.9) is fulfilled. 
If sp(AB) = 0, then from (8.10) and (8.11) it follows that (Ae;,e,;) = 0. 
By the nonnegativeness of the operator A, it follows that Ae;=0 
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(j= 1,2,---,r(B)). This means that AB=0 and BA = (AB)* = 0. 
The theorem is proved. 

REMARK 8.1. We call attention to the fact that the definition itself 
of the nonnegativeness of an operator A € R can be written in the form 
sp(AK) 20, where K is an arbitrary nonnegative one-dimensional 
operator. In fact, if K = (-,¢)¢, then sp(AK) = (Ad@,¢@). 

3. Although the operators of the class ©, attracted the attention 
of mathematicians rather long ago, the following of their fundamental 
properties was only discovered in 1958. 


THEOREM 8.4 (V. B. Lipskii [6]). If A E Gi, then the matrix trace of 
the operator A coincides with its spectral trace: 
r(A) 


sp Á E >, \;(A). 
j=l 
ProoF.® We shall first prove that if A is a Volterra operator, then 
spA =0. Let P, (n=1,2,---) be an increasing sequence of finite- 
dimensional orthoprojectors which converges strongly to the unit 
operator, let dim R(P,) =n and let A® =A,/(P,AP,) (J = 1,2,---,n; 
n=1,2,---). We introduce the function D,(A) (n = 1,2,---), setting 


D,(A) = II (1 — M). 
j=1 


The logarithmic derivative of the function D,(A) has the form 


Di) O L O A O A O. 
D,(A) j=l 1 aan AA ‘ 


consequently, for |AA{”| <1 


Di) Boon js 
Day ~~ ASN, 


where 


li 


SP = sp| (P A Pn) 7] > OP)! G=1,2,---). 
k=1 


From the relations 


n n n 
Dy”) | s L API s aP TD API SIAL DAP 
j=l j=l 


j=l 


3) The proof presented here is simpler than the original proof; it was worked out together 
with the author of the theorem. For clarity the trace of a finite matrix is denoted below 


by sp. 
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it follows that 


D(A) 
D,(A) 


where en, = |A{”|. 
Since A is a Volterra operator and the operators P,AP, tend to A in 
the uniform norm, according to Theorem I.4.2 
lim ¢, = lim |A{”| = 0. 


ni œ n= co 


énl Al [Als 
1 — enlà] ’ 


(8.12) | +spA | S$ |S," —spA]+ 


Moreover, by the definition of the trace, 


lim S® = sp A. 


Thus, by virtue of (8.12) the sequence of functions D;(A)/D,(A) 
(n = 1,2,---) converges to a = — sp Á uniformly in any bounded region: 
Dan) _ B 
(8.13) lim D,(a) = spA = q. 
Integrating this, we obtain 
(8.14) lim D,(A) = e™. 


R- co 


Let us now estimate the function D,(A) and its limit as n— œ from 
other considerations. Obviously 


(D| sa +i lal). 
j=1 
By the inequalities of Corollary [1.3.1 


n 


a+ aps a +s) (n = 1,2, ---), 
j=l 


j=l 


where s™® = s;(P,AP,), and so 
DA) s [10 +sPial). 
jsi 


Taking into account that s{!” < s;= s;(A), we obtain 


is ¢] 


N oo 
Dwl TA +51a)) STG +5a)exp| al E s 


j=1 J=N+1 


(8.15) Ce ee 
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Let us assume that a = — sp A #0; then, setting 
A = pe 884 (0<p< œ) 
and choosing N so that 
> Sj < a 
J=N+1 2 


we obtain from (8.14) and (8.15) the inequality 
la| 3 
exp P <[[(1+s;0) (0 <p< œ), 
j=l 


which is not possible. Thus, 
spA = 0. 
So for a Volterra operator A the theorem is proved. 
Let us consider the general case. Let A be any operator from ©. We 
denote by ©, the closed linear hull of all root vectors of the operator 


A corresponding to nonzero eigenvalues. Let {w;};‘” be an orthonormal 
Schur system for the operator A (cf. Lemma 1.4.1). Then 


(A w;, w;) = A; (A) (J = 1, 2; as -,v(A)). 
Denoting by A the operator induced by A in ©, we obtain 


v(A) v(A 


a ) 
spA = >. (Aw,, wj) = \;(A). 
j=l i 


J=1 
Since the subspace © , is invariant with respect to A, we have 
A = PAP+ PAQ+ QAQ, 


where P is the orthogonal projector onto the subspace © 4, and Q = I — P. 
By Lemma I.4.2, QAQ is a Volterra operator, and so, as was proved, 


sp(QAQ) = 0. 
Moreover, 
sp(PAQ) = sp(AQP) =0 and sp(PAP) = sp(A). 
Consequently 
spA = sp(PAP) + sp(PAQ) + sp(QAQ) = spA, 
i.e. 


v(A} 


spA = > );(A). 


j=l 
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The theorem is proved. 

4. Obviously sp A is a linear functional on the Banach space ©. The 
following result shows that this functional is continuous and has norm 
equal to unity. 


THEOREM 8.5. If AC ©, (A <0), then 
(8.16) lspA| S|A|,, 
and equality holds if and only if, for 6= argspA, the operator e™”A is 
nonnegative. 


ProorF. In fact, by virtue of Theorem 8.4 and the bound (7.7) 


v(A) 


|spA| s >) [A,(A)| sÈ s4) = |A 
jel 


j= 


If equality holds in (8.16), then 


r(A) v(A) 
DAMA) | = Dd LACA)I, 
= jal 

(8.17) a : 


2 |A(A)| = 2 8;(A). 
j=l j=l 


According to Theorem II.3.1, it follows from the second of the equalities 
(8.17) that A is a normal operator. On the other hand, the first equality 
shows that all the nonzero eigenvalues of A have the same argument @. 
Consequently the operatore “A is nonnegative. It is obvious, conversely, 
that if the operator e “A is nonnegative, then equality holds in (8.16). 
The theorem is proved. 

It admits the following sharpening. 


THEOREM 8.6. Let A E ©, and let {¢;}? (w < œ) be some (generally 
speaking, incomplete) orthonormal system of vectors. Then 


(8.18) > | (Ag 6)| SIA, 
j=l 


and equality holds if and only if the operator A has the following properties: 
a) A is identically zero on the subspace N = H © £, where £ is the closed 
linear hull of those $; (j =1,2,---,w) for which (A@,j, ¢;) #0; 
b) the operator UA is nonnegative, where U is a unitary operator such that 
(8.19) Ugo; =e '%g;, 0; = arg(Adg;, 6) (EL). 


The equality 
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(8.20) y (A¢,,¢) |=|Al, 


j=l 
holds if and only if the operator A has the property a) and the operator 
e "A is nonnegative for 6 = argsp A. 
Proor. In fact, the relation (8.18) follows from §4.3, Chapter II. 
Let us consider the case in which equality holds in (8.18). One can then 
assert that 


(Ad,g)=0 (EN). 
Now let U be a unitary operator having the property (8.19). Then 
(UA ¢;, $) = | (Ag, 6) | (pE L) 


and consequently 


sp(UA) = F |(Ad;4)| = E Ido) = lAl 
j=1 


oj&r 
Since |UA|,=|A|,, we obtain the equality 
sp(UA) = | UA|,. 


From Theorem 8.5 we conclude that UA is nonnegative and £ =% (UA). 
Hence 
UA =0, Ad=0 (@EN). 


Thus the operator A has the properties a) and b). It is easily seen 
that, conversely, if A has the properties a) and b), then equality in (8.18) 
holds for it. 

We now consider the case in which (8.20) holds. Then equality will 
hold in (8.18), and 


T (Ad; 4) 


j=l 


= > | (A gj, o;) |. 
j=l 


It follows that all of the numbers 0; are equal. Consequently one can 
put U =e—"I. The theorem is proved. 
Theorem 8.6, in turn, admits the following generalization. 


THEOREM 8.7. Let AC ©, and let {P;\? (w S œ) be a system of mu- 
tually orthogonal orthoprojectors. Then 


Ww 


>: P,AP, 


k=1 


(8.21) = >| |P,AP;,|; S$ |A], 
k=1 


1 
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and equality holds if and only if the following conditions are fulfilled: 

a) AQ = 0, where Q = I — P; 

b) there exists a partially isometric operator U which commutes with 
all the projectors P, (k = 1,2, ---,w) and ts such that 


(8.22) UA = (A*A)"?, UP,AP,=(P,A*P,AP,)'? (k= 1,2,---,). 


Proor. The relation (8.21) follows directly from the general Theorem 
I1.5.2. Consequently it remains to verify the conditions under which 
equality is achieved in (8.21). 

Suppose that the conditions a) and b) are fulfilled; then 


w 


S | PrAPili = DS | UP,APi |, = > sp(P,UAP, = sp UA = | Aj, 
k= k=1 


k=1 


i.e. equality holds in (8.21). 

Conversely, suppose that equality holds in (8.21). Then it follows 
from Remark 11.5.2 that condition a) is fulfilled. Let P,AP, = UfH, 
be the polar representation of the operator P,A P, in the subspace R (P,). 

The partially isometric operator U, defined by 


U* = >) UFP, + Q, 
k=l 


has the property 


(A w 


(8.23) sp(UA) = > sp(U,P,AP,) = > | P,AP,|, = | As. 
k=1 


k=l 
Since 
sp(UA) <|UA|,s [A]. 


it follows from (8.23) that 
sp(UA) = | UA], and | UA|, = |Al]1. 


From the first equality it follows by Theorem 8.5 that the operator UA 
is nonnegative; from the second equality and the relation 


(UA)? = A*U*UA < A*A 
it follows that UA = (A*A)'*. The theorem is proved. 
§9. Hilbert-Schmidt operators 


1. The operators of the class G, are also called Hilbert-Schmidt operators. 
According to Lemma 8.1, for any nonnegative operator H the sum 
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(9.1) 2 (Ho; 6) 
j=l 

assumes the same value (finite or infinite) for any orthonormal basis 
lø, }r. For the case in which the series (9.1) converges, its sum was de- 
noted by sp H. We maintain this notation also for the case in which the 
sum of the series (9.1) is infinite. 

Under this condition, we can state that 

A bounded linear operator A is a Hilbert-Schmidt operator if and only if 


(9.2) sp(A*A) < œ. 

The necessity of this condition is clear from the definition of the 
class ©, and the sufficiency, from the fact that if A is a bounded operator 
and (9.2) holds, then according to Lemma 8.1 A*A € G,, and then 


v(A) w% 
sp(A*A) = » \j(A*A) = >, 8)(A) < o, 
j=1 j=1 
To verify the condition (9.2) it is useful to keep in mind that for any 
bounded operator A and any two orthonormal bases {¢,}7°, {¥,}i 


œ [o2] oO 


sp(A*A) = © |Agl?= È | (Ad, eo) = Do (Ad, wd I? 


j=l pR=1 jk=1 


THEOREM 9.1 (I. ScHuR |1|). If A E Gy, then 


v(A) 


(9.3) 2 |A;(A)|* < sp(A*A). 


The equal sign holds if and only if A is a normal operator. 


This theorem is a consequence of Theorem II.3.1 of H. Weyl. 

However, Schur [1] established his theorem long before the appearance 
of Weyl’s result (in 1909), and moreover by means of a simple argument 
which used, for the first time, the method of reducing a matrix (operator) 
to triangular form with the help of a unitary transformation. We shall 
present Schur’s elementary proof. 

ProoF. According to Schur’s lemma (Lemma I.4.1) one can choose, 
in the closed linear hull Ẹ 4 of all the root lineals £,;(A) (J = 1,2, ---,»(A)), 
an orthonormal basis w; (J = 1,2,---,»(A)) such that 


Aw; = ajwi + aw + +++ + A/(A) a; 


Since 
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J l 
(9.4) Awl’ = Do larl + l’, 
k=1 
it follows that 
v(A) v(A) 
(9.5) hAl? < >, | Aw,|? < sp(A *A). 
j=l j=l 


From (9.4) and (9.5) it follows that the equal sign in (9.3) will hold 
if and only if 


a, = 0 (k = 1,2,---,J — 1; j= 1,2, ---,v(A)) and Ag = 0 (GE € 4), 


and this is equivalent to the normality of the operator A. 
2. It can be verified without difficulty that the formula 


(A, B) = sp(AB*) 


defines a scalar product in ©». 
Since 
(A, A)'? = (sp(AA*))'? = |A]: (A E€ ©), 


the scalar product which has been introduced turns ©, into a complete 
Hilbert space. 
We note the identity 


(Ael) + (JA >zl)*= (4l? (A E€ ©) 
or, what is the same, 
spA%+spA% = sp A*A. 


The last equality is an immediate consequence of the identity A% + A% 
= (AA*+4+ A*A)/2. 

3. We shall give an analytic description of the Hilbert-Schmidt 
operators for the case in which the space © is realized in the form of a 
space of vector-functions LP (Q). 

Let Q be some bounded closed set of points in n-dimensional Euclidean 
space En, having positive Lebesgue measure. 

Given an r (=1,2,---,), one can form a Hilbert space L’(Q), 
consisting of all r-dimensional vector-functions f(x) = {fj(x)}i, LEQ, 
with measurable coordinates f;(x) (J =1,2,---,r) such that 


f= [Dhar < o. 
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The scalar product in L” (Q) is defined in a natural way by the formula” 


(f.g) = few f(x)dx= | Dial hia) dx (ee L? (Q)). 
j=l 
We shall form, on the other hand, the Hilbert space LS*"(Q X Q), 


consisting of matrix-functions % (x,y) = |a (x,y)|i with elements 
measurable on Q X Q, such that 


asan- ff >, |ap(x, y) |?dxdy < œ, 
jk=1 


in which the scalar product of two elements <% (x,y) and @(x,y) is 
defined by the formula 


(x, 8) = Í Í $ alx, y) bj (x, y) dx dy. 
QS jk=1 


(9.6) 


One has the following result. 
1. To every element < (x, y) E LẸ”” (Q X Q) there corresponds a Hilbert- 
Schmidt operator A, acting in LẸ (Q) according to the farmula’” 


(9.7) (Af) (x) = f ve» f(y) dy (f E L¥Y(Q)). 


The mapping (x,y) A is an isometric mapping of all of L¥*"(Q X Q) 
onto all of the Hilbert space |, of Hilbert-Schmidt operators, acting in 
LP (Q). Thus 


(9.8) (x, #2) = sp(B*A). 


ProoF. Since for finite r the proof is rather simple, we shall at once 
consider the more difficult case r= œ. 

For brevity we denote the spaces L$’(Q) and LY*"(QxX Q) by Ly 
and L, X Ly. 

By a well-known theorem of Fubini it follows from the condition (9.6) 
for r= œ that for almost all x € Q 


? Let us clarify that an r-dimensional vector — = fahi is regarded as a column-vector, 
and then ¢* = {é, 2, ---,é} is regarded as a row-vector. In this notation the product 
n*é of the vectors ¢ and 7» = ERN is the scalar Di gin, and the product éy* is the 
square (r Xr) matrix | &nz| 1. 


10 The precise meaning of this formula will be clarified in the course of proving the 
theorem. 
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(9.9) T lay(x,y) |2dy < œ. 


Q Jk=ì 


For those x€ Q for which the series (9.9) converges, the bound 


(f È lant» fal 9) | ay) 
Q k=1 


æ% | ; w A aa ) 
(9.10) Es (J (È ae» 2 IAC) ) dy 


< | È lanle) dy y È (fel) [Py (7 = 1,2,---) 
k=1 =] 


is valid for any f = {f;(y)}7 E Le. Hence for these x the integrals 
(9.11) &,(x) = Q >, a(x, y) f(y) dy (J = 1, 2, ied +) 
k=1 


are meaningful, and moreover, according to (9.10), 
f |g;(x)|*dx < 2 lax(x,9) Paxdy f, $ | f(y) |Pdy < œ. 
@ j=] QX@ jk=1 @ k=l 


The last inequality shows that g={g;}7 E La; the equalities (9.11) 
define a linear operator g = Af, acting in L,, and 


LAFI SV (Z, Æ) |f]. 


The system of equations (9.11) can be written in concise form as 


(9.12) g(x) = Í Žž (x, y) f ( y) dy. 


We shall show that A is a Hilbert-Schmidt operator and that moreover 
(9.13) sp(A*A) = (X, Æ). 


Let {¢;} be some orthonormal basis of the space L. We form the 
matrix-function 


F X,Y) = HNDE = hb VD e G, k= 1,2, ---) 


on QX Q. It is easily seen that F(x,y) E LX Lı (J, k= 1,2,-.-) 
and that they form an orthonormal system: 


(F ik A) a Ô jj Ok, (J, k; Jis kı = l, 2, SS -). 


The reader can easily show that the system { F(x, Y) }74-1 is complete 
in L, x Lo. 
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As soon as this is shown, we have 


(9.14) A, A) = F L, Fa) l 


jk=1 
On the other hand, it is easily seen that 


(A, Fr) = f, oto Á (x, y)p;( y) dxdy = (A pj, pr) 
(9.15) 
(k,j = L2; ue +). 


Thus the equality (9.13) is a consequence of (9.14) and (9.15). Since 
the mapping _./— A is linear, it is not hard to conclude from (9.13) that 
if YA and @—B, then (9.8) holds. 

To complete the proof of the theorem, it remains for us to show that 
any Hilbert-Schmidt operator in L; can be represented in the form (9.11) 
with some kernel (x,y) € L: X L. To do this we shall again use some 
orthonormal basis {¢;}? of the space L, and the corresponding ortho- 
normal basis { Z,} of the space LX Lp. 

If A is a Hilbert-Schmidt operator, then 


J 


sp(A*A) == > Yal Yjk = (A ġj, Pr) (j,k Ta LZ, gs -). 
k=l 
We form the kernel (x,y) E LX Lo, setting 
(9.16) G(x, y) = > Yrkar, y) = > jn j(X) be CY), 
jk=1 jk=1 


where the infinite series on the right side converges in the sense of L, X La. 
We denote by Ay the Hilbert-Schmidt operator, generated in L by 
the kernel (x,y) according to the formula (9.7). According to (9.16) 


(Ao, Fr) = Vik = (A pj ph) (J, k = 1,2, ..), 
and according to (9.7): 
(Ao, Fin) = (Aod;, 1) (j,k = 1,2, -++), 


so that (Ag; p) = (Aod;,¢) (7,8 = 1,2,---), whence A = Ao. The 
result is proved. 

REMARK 9.1. If A is a selfadjoint operator acting in L., then the series 
(9.16), which gives its kernel Æ (x,y), assumes a particularly simple 
form, if for the orthonormal system {¢;} one chooses a complete ortho- 
normal system of eigenvectors of the operator A;!” in this case 


1) With regard also for a zero eigenvalue of the operator A. 
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Ad, = A,(A)¢,, (h, Oe) = Ok (j,k = 1,2,---). 
Then 
Yk = (A ¢;, Pr) = Aj(A) ô; (j,k = 1, 2, ad +) 


and formula (9.16) gives 


Alx y) = (Ab, (DOF), 


jel 
where the series on the right converges in the norm of the space L, X Lo. 


§10. Tests for the nuclearity of integral operators 
and formulas for calculating the trace 


In view of the special role of nuclear operators, we shall present in 
this section tests for the nuclearity of integral operators and shall 
indicate formulas for calculating their trace. 

1. Let Z be a closed, open or half-open interval of the real line, 
having finite or infinite length. A continuous kernel _9/(t,s) (t,s E Z ) 
is said to be Hermitian nonnegative on F if for any t; (J = 1,2,---,n; 
n=1,2,---) the quadratic form 


n 
Dd, A (ti, te) rt; 
jk=1 
is nonnegative. 
This condition automatically includes within itself the requirement 
that the kernel Æ (t,s) be Hermitian: Æ (t,s) = Æ (s,t). 
It is easily shown that a continuous kernel Æ (t,s) is Hermitian non- 
negative if and only if 


ff A(t, s)(s)¢ (t) ds dt = 0 
IS F 


for any continuous function ¢(¢)(¢€ Z ) which vanishes in a neigh- 
borhood of the endpoints of Z (this requirement is necessary for the 
convergence of the double integral). 

Let us first consider the case in which Z = [a,b] is a finite closed 
interval. 

We consider in C(a,6) the integral equation 


b 
(10.1) ¢(t) = af, A(t, 8) (s) da(s) 


with a continuous Hermitian nonnegative kernel Æ (t,s) on la, b}; 
here o(s) (a Ss <b) is some nondecreasing function with Varo = ø(b) 
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a(a) > 0. The ordinary Hilbert-Schmidt-Mercer theory can be ex- 
tended to such equations. 

The equation (10.1) always gives rise to a system of positive eigen- 
values {\,} and a corresponding system | ¢,(t)} of continuous eigenfunc- 
tions, orthonormal with respect to the measure øs: 


b aes 
(10.2) f p (t) plt) da (t) = Ojk (j,k = 1, 2, ES -). 


Moreover, one has the uniformly convergent expansion (see for example 
M. G. Krein [2]) 


$;(t)6,(s) 


ast,s<b), 
X; (a <t,s < b) 


(10.3) A\t,s) = Pt, +o 

J 
where 2(t,s)(a <t,s <b)” is a continuous Hermitian nonnegative 
kernel, which equals zero if at least one of the points t, s belongs to the 


set &, of points of increase of the function o. 
From (10.2) and (10.3), in particular, follows 


1 b 
>= -Í Æ (s,s) do(s) < œ. 
j Àj a 
We form the Hilbert space LY = L‘’(a,b), consisting of all ø- 


measurable functions f(t) (a stb) having o-integral squares, with 
scalar product 


b —— 
(7,8). -Í F(t) g (t) do (t). 


The kernel æ (t, s) being considered gives rise in LẸ’ to a nonnegative 
completely continuous operator 


b 
(10.4) (Af) (t) - Í, A (t, s) f(s) do(s). 
By virtue of (10.3) we will have 
(Af) =E YF ojl, 


where c; = (f,¢;), (J= 1,2,---). Thus the system {¢;}r will be a com- 
plete orthonormal system of eigenvectors of the operator A in R (A), 


12 As M. D. Dol’berg |1] first showed (cf. also M. G. Krein [13]), the kernel At, s) 
is completely determined by the set “, and does not depend upon the values of o on $, 
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and {A,} will be the complete system of characteristic numbers of A. 
We have arrived at the following conclusion. 

1. If the kernel o/(t,s)(a St,s < b) is continuous and Hermitian non- 
negative, then it generates a nonnegative nuclear operator A in LẸ by the 
formula (10.4), and 


b 
(10.5) spA =f YW (s, s) do(s). 


We shall leave it to the reader to extend this result to all possible 
types of intervals _Y and to the case of c with infinite variation, i.e., 
to deduce from 1 the result 

2. Let _Y be an open or half-open interval (of the real line) of finite or 
infinite length, o()\ (tE 4%) a nondecreasing function with Varo S œ, 
and sy (t,s)(ts €. Z) a continuous Hermitian nonnegative kernel. Then 
the nonnegative operator A, defined in LẸP(_ Z) by the kernel æ (t,s), 


ANO = | 1,8) f) do), 


will be nuclear if and only if 
(10.5) f xe, s) do(s) < œ. 


When this condition is fulfilled, the integral in (10.5’) yields the trace sp A. 

The concepts and results presented above can be generalized to the 
case where _¥ is any compact or locally compact set, and «(A) is some 
nonnegative measure defined on Z. However, everywhere henceforth 
we shall take _F to be an interval of the real line and do(t) = dt, i.e. we 
shall consider operators in some space L, = L,(a,6), and the class of 
operators will be extended by extending the class of kernels Æ (t, s). 

2. For future considerations we shall need Steklov’s smoothing 
operator S, (h > 0), defined by 


ith 
SNO- A f fords FEL. 


This equality takes on meaning for all t€ |a,b] if we agree to extend 
every function f € L, outside the interval [a,b] by zero. 

Obviously S, is a completely continuous selfadjoint integral operator 
in L, with a bounded kernel 


1/2h for |t— s| <A, 


t, s) = 
PENE fo for |t— s| >h. 
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The following simple properties of the operator S, can be verified 
without difficulty (see for example Ljusternik and Sobolev |1], §10): 

2) If f(t)(a < t S 6) is a continuous function, then (S,f) (t) (ast <b; 
h > 0) is also a continuous function, and as h—0 the function (S,f) (¢) 
lends to f(t) uniformly on any interval |a’,b’|, a<a’ <b’ <b. 

From 1) and 2) follows: 

3) As h—0 the operator S, tends strongly to the unit operator, i.e. 


lim|Syf—f|=0 (FE Ly). 


We shall henceforth call a Hilbert-Schmidt kernel æ (t,s) (a <t,s < b) 
Hermitian nonnegative if the operator corresponding to it by the formula 


b 
(10.6) (AA) = | 6,9 feds 
is a nonnegative operator, acting in L,, i.e. if for any fE L, we have 


b fb SO 
Í Í A(t, s) f(s) f(t) ds dt = 0. 


(We remark that this definition does not contradict the definition of 
the Hermitian nonnegativity of a continuous kernel _/(t,s), given 
in §10.1.) 

With the help of the Steklov operator one can establish the following 
theorem. 


THEOREM 10.1. In order that a Hermitian nonnegative Hilbert-Schmidt 
kernel o/(t,s) (a < t,s <b)” generate by formula (10.6) a nuclear operator, 
it is necessary and sufficient that 


(10.7) im jf [ [2h — |t — s| |, oA (t,s) dtds < œ, 
roe 


where 
Y+ = max(y, 0) : 
If the condition (10.7) is fulfilled, then 


(10.8) spA = lim sp(S,AS;) = m m arf fi 2h — |t — s| |, V(t, s) dt ds. 
Thus the theorem asserts in particular that if the limit superior in (10.7) 


19 Here thé interval |a, b] is finite. 
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is finite, then the ordinary limit of this expression exists and coincides 
with the trace of the operator A. We shall precede the proof of the 
theorem with the following remark. If ./(t,s) is a Hilbert-Schmidt 
kernel, then the kernel 


t+h 
Arlt, 8) = am a Æ (v,u)dudv (a St,s <b) 


is continuous. In this formula Æ (t,s) is taken to be identically equal 
to zero outside the square a < t,s < b. Obviously 


b fb 
Alt, s) - Í, f p(t, u) £ (u,v) p (v, s) du dv, 


and consequently 


b b b b 
[ assas- f f vwof p,(S, u) p, (v, s) ds du dv 
1 b b 
arf, f 2h- 1t- si 1-2,8) dtas. 


Thus the condition (10.7) coincides with the condition 


b 
(10.9) lim | A(s,s)ds < œ, 


h—0 


and formula (10.8) coincides with the formula 
b 
(10.10) sp A = limsp(S,AS,) = lim f Als, s) ds. 
h—0 h0 a 


PROOF OF THE THEOREM. The kernel _o%(t,s) is the kernel of the 
operator ŚS,A S: 


b 
(S,AS, f) (t) = f Arlt, s) f(s) ds (fE Lə). 


It is continuous and Hermitian nonnegative. Consequently by Result 
1 the operator S,AS, is nuclear and, according to formula (10.5), 


b 
(10.11) (SASi = sp(SLA Sa) -Í Als, s) ds. 


Since the operator A is completely continuous, by Theorem 6.3 the 
operator S,A S, tends uniformly to A as h — 0. Therefore if (10.9) holds, i.e. 


fim |S,AS;|1< œ, 
h—0 
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then according to Theorem 5.2 A € ©.. 

We now prove the necessity of the hypotheses of the theorem. Let 
A € ©; then according to Theorem 6.3 the operator S,AS, tends to 
the operator A in the norm of ©, as h—0. Since sp X is a continuous 
functional on G,, we have 


sp A = limsp(S,AS),), 
h +0 
ans so, by (10.11) 


b 
spA = lim G,(s,s)ds < œ. 


h-0 a 
The theorem is proved. 
The following results are an immediate consequence of this theorem. 


COROLLARY 10.1. If Æ (t s) (a <t,s <b) is a Hermitian nonnegative 
bounded: kernel, then it gives rise to a nuclear operator A. 


Indeed, in this case the condition (10.9) is fulfilled, as 
(10.12) sup |.%(t,s)| S sup |- (t,s)]. 
b 


asi,ssbsh asiss 


Up to now we have been concerned with criteria for the nuclearity of 
integral operators with Hermitian positive kernels. For arbitrary kernels 
we can mention the following result. 


COROLLARY 10.2. If the Hilbert-Schmidt kernel /(t,s) (a St,s <b) 
gives rise to a nuclear operator A, then, as before, 


spå = limsp(S,AS,) 
h-+0 


(10.13) oai p 
= lim zye | Í [2h = | ¢ = s| J] Z(t, s) dt ds. 


h—0 


If moreover this kernel is bounded, then 


(10.14) |spA| < (b—a) sup |(t,s)|, 


asi,ssb 


and if it is continuous, then 
b 
sp A -Í (s,s) ds. 


In fact, the kernel X (t,s) can be represented in the form of a linear 
combination of four Hermitian nonnegative kernels, each of which gives 
rise to a nuclear operator, and consequently (10.13) follows from (10.8). 
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The bound (10.14) follows from the relation (10.12), which holds for 
any bounded kernel, and the relation (10.13). 

Finally, if the kernel /(t,s) is continuous, the function _Q/(s,s) 
tends to the function Æ (s,s) uniformly on any interval [a’,0’|, a <a’ 
<6’ <b, as h—0; using (10.12) it follows that 


b b 
lim A(S, s) ds - Í, (s,s) ds. 
h0 Ja a 


3. It turns out that the continuity alone of the kernel Æ (t,s) over 
all of the square a < t,s < b does not guarantee the nuclearity of the 
corresponding operator A. It does not even guarantee that A belong to 
at least one of the classes ©, (p < 2). This fact was first discovered by 
T. Carleman [1] (cf. N. K. Bari [3]). Carleman constructed a continuous 
periodic function (t) = (t+ 1) with a Fourier expansion 


(10.15) b(t)~ Do ce, 
k=- œ 
in which 
(10.16) > [e| P= © for any p <2. 
k= -- œ 


The point is that the sequence {c,}°. of Fourier coefficients of such 
a function forms the complete system of eigenvalues of the normal 
operator A, in L,(0,1) with kernel _%,(t,s) = @(t—s) (0<4s <1), 
and therefore the condition (10.16) shows that A,¢ ©, for any positive 
p< 2. 

We can supplement this result of Carleman by the remark that the 
operator A, will be nuclear, if the function #(¢) = (t+ 1) belongs to 
the Lipschitz class Lipa with a >} ; indeed, in this case by a theorem 
of S. N. Bernštein (cf. N. K. Bari [3], Russian p. 209) the series (10.15) 
is absolutely convergent, and hence 


ao 


>. [e| < œ. 


k= — œ 


It is interesting to compare this last result with results of Fredholm 
[1] from his classical memoir. 

If the kernel æ (t, s) (a < t,s < b) satisfies the condition Lipa (0 < a £ 1) 
in the variable s, 


(10.17) | A(t, s) — X (t,s)| S Cls: — sıl5, 
where the constant C does not depend on ¢€ [a,b], then 
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(10.18) ZAA” -œ for DETEN A 
$ 

Thus a Hermitian operator A with a kernel satisfying the condition 
(10.17) will be nuclear as long as a >}. 

Fredholm’s assertion remains valid when the numbers A;(A) in (10.18) 
are replaced by the numbers s;(A), and consequently the last conclusion 
will also be valid for non-Hermitian operators A. This result is essentially 
contained in a paper by W. F. Stinespring [1]. 

We shall obtain below a sharpening of Fredholm’s result for “smooth” 
kernels. 

4. Let X (t,s) and @(t,s) (ast,s <b) be two kernels, satisfying 
the conditions 


b 
Í | £ (t,s)| dt < œ, 
(10.19) 


b 
Í | B(t,s)|°dt< œ (assb). 


Let us agree to write 
Bit, s) Alt, s) 


and say that the kernel @(t,s) is the derivative in the mean (with 
respect to s) of the kernel /(t,s) if 


AÁ (t,s +h) — Vt, s) i 
h 


By virtue of (10.19) the kernels o/(t,s) and @(t,s) can be treated 
as vector-functions X(s) and Y(s) (ass 6) with values in L,(a,)). 
For such an interpretation the relation (10.20) means that the vector- 
function Y(s) is everywhere in [a,b] the strong derivative dX/ds of the 
vector-function X(s). If g(s) is a numerical continuously differentiable 
function and g(a) = g(b) = 0, then 


[ xorod-=- f Z0 as, 


and the integrals converge in the mean (i.e. in the norm of L,(a,)b)). 
Therefore, under the indicated conditions with regard to g(s) we will 
have, in the sense of convergence in the mean, 


(10.20) lim Alt, s) — dt=0 (a<s<sz<b). 
h—0 


b b 
(10.21) Í Æ (t, s) g' (s) ds = -f Ao (t, s) g(s) ds. 
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If the vector-function X(s) = æ (t,s) is strongly differentiable in 
[a,b], then it is strongly continuous, and consequently its norm | X(s) | 
is continuous in {a,0]. Therefore, in this case, always 


b fb b 
Sf |.ov(t,s)|*dtds = f | X(s)|’ds < œ, 


ie. (t,s) is a Hilbert-Schmidt kernel. 

It is easily seen that if %,(t,s) is a Hilbert-Schmidt kernel, then 
(10.21) will hold in the sense of ordinary Lebesgue integrals almost 
everywhere in [a,b]. 

One has the result 

3. If the kernel o/(t,s) of a Hilbert-Schmidt operator A in L,(a,6) has 
a derivative in the mean _%J,(t,s) which is a Hilbert-Schmidt kernel, then 


(10.22) > n’s2(A) < œ, 
n-i 


and consequently 
(10.23) s,(A) = 0(n> *”) (n— œ) 


and A € ©, for any p > 2/3. 
To prove this assertion we introduce the operator of integration 


b 
jpe f Aaya 


Since the numbers s;(J;) (n= 1,2,---) are the eigenvalues of the 
operator JiJ,, the numbers A, =s,7(J,) will be the characteristic 
numbers of the integral equation 


b 
(t) = af, ( (u) du) ds, 


which is equivalent to the boundary value problem 
$” +r<e@=0, g(a) =0, 9'(0) = 0. 


The sequence A, = °(2n — 1)°/4(b — a)? (n = 1,2, ---) constitutes the 

complete system of characteristic numbers of this problem, and therefore 
b-a 2 
oe pg (n = 1,2,-->). 

Let us denote by {’) the subspace consisting of all f E L.(a,6) which 
are orthogonal to the function e(t) = 1, and by Q the orthoprojector 
which projects L,(a, b) onto £o. Then P = I — Q will be a one-dimensional 
orthoprojector: 
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b 
eno- f, f(t) dt (a <t <b). 
If fE to, i.e. Pf = 0, then g = — J,f will be a solution of the system 


dg/dt = f(t), g(a) =g(6) = 0. 


Let us consider the operator A) = AQ. Since A — Ay= AP is a one- 
dimensional operator, it follows that 


(10.24) Sn41(Ao) = S,(A) = S,—1(Ao) (n = 2, 3, okt +). 
Now let f(t) E C(a,6). Since PQf=0, there exists a continuously 
differentiable function g(t) = — (J,Qf)(é) such that 
dg/dt = (Qf) (t), g(a) = g(6) = 0. 
Then 
b dg b 
(Aof) () = Í 4t, E ds = — | ofult,s) el) ds = (BIRN O, 


where B is a Hilbert-Schmidt operator with kernel 2 (t,s) = %(t, s). 
Since C(a,b) is dense in L(a, 6), we conclude that 


Ao = BJ Q. 
According to Corollary II.2.2 and the result H of §2.1, Chapter II, 
2(o — 
sin(Ag) S Sza- (Ao) S Sa(B)8( J) = SO — Sh SelB), 


and so 
cr 2 2 
E 2n = 1)*[sh(Ae) + sh (Aod ] s ECZA F siB) < o. 


Comparing this with inequality (10.24), we arrive at (10.22). We shall 
clarify the conclusion (10.23) drawn from (10.22) in a moment, in con- 
nection with a more general result. 

The notion of the first derivative in the mean of a kernel œ% (t,s) 
enables one to introduce the notion of the lth derivative in the mean 
Aoalt,s) (= 1,2, ---). 

By the same methods 
of the result just proved. 

4. If the kernel œæ(t,s) of the Hilbert-Schmidt operator A in L,(a, 6) 


‘ one can obtain the following generalization 


14) The basic idea of this method is borrowed from a paper by M. G. Krein [1], in 
which related results were presented. 
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has an lth derivative in the mean (W/,(t,s) which is a Huilbert-Schmidt 
kernel, then 
(10.25) 3 n”si(A) < œ, 
n=l 
and consequently 
(10.26) Sa(A) = o(n- +") (n — œ) 


and AC &, for p> 1/(l +b). 

Let us clarify the conclusion drawn from (10.25). 

We denote by n(r) (0 <r < œ) the number of numbers s, (A) lying 
in the segment [0,r]. From (10.25) follows 


a d 21-1 
f n ; (r) an 
0 r 
On the other hand, 


R 2l41 2i+1 R 2i+1 
f dn l (r) _n (R) + J) dr. 
0 


r R? 


Since as R— œ the left side tends to a finite limit, each of the nonnegative 
terms (of which the second is monotone) in the right side tends to a 
finite limit. But then the first term must tend to zero, as otherwise the 
integral in the second term would diverge. Thus (10.26) is proved. 
According to Corollary I1.3.2, it follows from (10.26) that 


(10.27) (A) = o(n 7 +”). 


For Hermitian kernels æ (t,s), the relation (10.27) was obtained by 
H. Weyl [1] under stronger requirements with regard to the derivatives 
GB, (t,s) (k = 0,1, ---,1), then for / = 1 under still stronger requirements 
for non-Hermitian kernels by S. Mazurkiewicz [1] and, finally, for any 
integer / and also under stronger requirements than in result 4, A. O. 
Gel’fond [1,2] obtained, for any «> 0, 


1 
\n(A) = 0 (rr) 


Our considerations are an illustration of a general method which enables 
one to obtain, for specified conditions on the kernel æ (t,s) of the 
operator, relations of the type (10.25). This method admits of generaliza- 
tion to the case of integral operators acting in L(Q), where Q is some 
open region of n-dimensional Euclidean space. We also point out that 
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various tests for the nuclearity of such operators were recently obtained 
by W. F. Stinespring [1 ].’” 

A number of results on the asymptotic behavior of the spectrum of 
an integral operator can be found in the memoir of Hille-Tamarkin 
|t], which has already been cited in other connections. 

5. It goes without saying that the results presented in this section 
can be generalized to the case of operators with matrix kernels, acting 
in spaces L? (a,b). 

We shall present, for example, the appropriate generalizations of 
result 2 and Theorem 10.1. 

Let o(t) = || c(t) | (@ St S 6) be an arbitrary matrix-function having 
the following two properties: 

a) all of the functions s(t) have bounded variation; 

b) for any t,t, (aSt,<t,< 6) the matrix Ao(t) = a(t.) — o(t,) is 
Hermitian and nonnegative. 


We define, in the space C” (a,b) of all continuous vector-functions 
f(t) = { f(t) }i, a scalar product 


b 
(10.28) to- f, g*(s)do(s) f(s) (fg E€ C9). 


Completing C” (a,b) in the norm generated by the scalar product 
(10.28), we obtain a Hilbert space, denoted by LẸ (a, 6).'® 

It is easily seen that every continuous matrix kernel æ (t,s) (i.e., 
a matrix kernel with continuous elements) (a < t,s <6) gives rise to 
a Hilbert-Schmidt operator in LY, if for any fE C”(a,b) we put 


b 
(10.29) (Af) (t) = Í SE (t, s) do(s) f(s). 


A matrix kernel Æ (t,s) = ||a}(t,s)||i with elements from L, over 
the basic square is said to be Hermitian nonnegative if, for any vector- 
function ¢ (t) (€ C” (a, b)) 


19 The applicability of the method discussed here for obtaining various characteristics 
of the s-numbers of multi-dimensional linear operators which increase smoothness, was 
considered in recent work of V. I. Paraska [1]. In this work a comparison is given of the 
results obtained in this way with the results of S. Agmon |1]. Apparently Agmon did 
not know of M. G. Krein’s work [4]. 


16 One can find a functional-theoretic characterization of the elements of the space 
L¥?,(a, b), given by I. S. Kac, in the book by Ahiezer and Glazman [1] (§72, Chapter VI of 
1950 edition; §86, Chapter VI of 1966 edition). 
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b b 
(10.30) [f o* (t) P(t, s)¢ (s) dtds = 0. 
For a continuous kernel _o/(t,s) condition (10.30) is equivalent to 
> EA (t;, te) & Z O, 
Jk=l 


where the t; (j = 1,2,---,n; n = 1,2, ---) are any points of the interval 
[a,b], and the é; (j = 1,2,---,n) are any vectors from E,. 

The Hilbert-Schmidt- Mercer theory can be carried over to the operator 
A, generated in LY, by a Hermitian nonnegative continuous kernel 
X (t,s) according to the formula (10.29). 

It follows that such an operator is always nuclear and that its trace can 


be calculated from the formula '” 
b 
sp A - Í, spl- (s, s) de(s) |. 


The matrix analog of Theorem 10.1 will be the following result. 


THEOREM 10.1’. In order that a Hermitian nonnegative Hilbert-Schmidt 
matrix kernel œ (t,s) = ||ax(t,s)||ī (a <t,s <b) generate, by the formula 


b 
ANO = | 6,9 Fs) ds, 
a nuclear operator in LY (a,b), it is necessary and sufficient that 


An b 
(10.31) lim sp /,(s,s)ds < œ, 
h-+0 a 


where 


t+ 


1 h sta 
A(t, s) = atl. f Æ (u,v) du dv. 


If the condition (10.31) is fulfilled, then 
b 
(10.32) sp A = lim sp %,(s,s) ds. 
h0 a 


We remark that, as in the scalar case, condition (10.31) and formula 
(10.32) can be written in another form, if one notes that 


17) In this and succeeding formulas the trace of a finite matrix will for clarity be de- 
noted by sp. 
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b 
Í sp %,(s,s) ds = a f [2h — |t — s| |, sp .% (t, s) dtds. 


Let us remark finally that if it is known in advance that A is nuclear, 
then its trace can be calculated from the formula (10.32). If moreover 
the kernel æ (t,s) is continuous, then 


b 
sp Á -Í sp -Æ (s, s) ds. 


$11. Functions adjoint to s.n. functions 
1. Let #() be some s.n. function and n = {n;} Ek any fixed vector. 


We consider the function 


F) === Din (EEk; £0) 


a 
and put 
(11.1) F(0) = 0. 


It is obvious that 
FQ) sD ysDn (¿E k) 
J J 


and that 
F(a) = F(é) (EEk) 


for any positive a. Moreover, if v is the largest index corresponding to 
a nonzero component of the vector n, then for any vector = f} Ek 
we have 


F(é) s F(t, £z, š --,&,, 0,0, ai -). 


It follows from the enumerated properties of the function F(¢) that it 
is bounded and assumes its supremum. Thus the function 


pear Ea (6) 4 2 nt | 


has meaning for all vectors n € k. We shall call this function the adjoint 
of the function #(€). 


(11.2) &*(y) = 


THEOREM 11.1. A function ®*(n) (nE k) which is the adjoint of some 
s. n. function ®(&) is itself an s. n. function. The adjoint of the function 
$* (n) is the function (ë). 
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Proor. Obviously, the function 6*(») defined by (11.1) has properties 
I’) - III’) of an s.n. function (see §3). Since 


1 1 J 
SNS ( rm) (Ep cE) 
(2) 2 7 ale) ~ 2 a 
and £, = &,,;, the function ¢*(n) also has the property V’). Finally, since 
t, < o(€) and $(1,0,0,---) = 1, we obtain ` 
~* (1, 0, 0, see) = 1. 


Consequently #*(y) is an s. n. function. 
Let us now consider the n-dimensional vector space é,, consisting of 


all sequences of complex numbers of the form & = {£,, &, +++, &:,0,0, +>}. 
The formula 
(11.3) || = #(é*) (E E ĉn) 


defines a norm '®? in the space é,. In fact, 

lg, > 0 (E65; & 0); 
for any complex \, 

[AE] = Jall] = EES). 


We prove the triangle inequality. Let §£,n€é, and f= £+ n. Then 
obviously 


IIA 


2o t7 > ef t+ D1} (m = 1,2,---,n), 
j=1 j=1 j=1 


and so 

(11.4) (5") SO(E* + 7°). 
Since 

(11.5) &(E* + 9") S H(E*) + B(n*), 
it follows from (11.4) and (11.5) that 


|é+n| SE] +I]. 


Thus the space é, with the norm (11.3) is a Banach space. 
Let 


18) We recall that the vector ¢* consists of the moduli of the components of the vector 
¢, arranged in decreasing order. 
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f (é) = Dé (é = Ĉn) 
j=l 


be an arbitrary linear functional from é*. Then 


It is easily seen that 


a max| 5 Èro |= m G Ea: rr Ej | 
Moreover 
Gee a| say 2 Lf} g] =m 7 ax | say Lf; Ji 
Consequently 
(11.6) |f| = #*(f*). 


Since any finite-dimensional Banach space is reflexive, it follows from 
(11.3) and (11.6) that 


P**(E*) = ah”) (EE ĉn). 


The theorem is proved. 

2. The following remark will be useful in the sequel. 

Let ®(¢) (Rk) be some s. n. function. If the function w(é) (ECR) 
satisfies the condition 


(11.7) Dim SPV) (nE k), 


and for any vector ¢ (or 7) from k one can find a vector n (or £) from k 
for which equality holds in (11.7), then 


©*(n) = Y (n) (nE k). 


As an example, let us consider the s. n. function 
1/p 
®,(é) = (=e) (sps ~;&€k). 
J 


According to Hölder’s inequality 
(11.8) È nt S PE O(n) a= gn Ek), 
J 
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and for any fixed ¢ € k equality holds in (11.8) if and only if 

n = cp! (J = 1,2,---), 
where c is an arbitrary positive constant; and for fixed n € k equality 
holds in (11.8) if and only if 

Ej = cen}! (J= 1,2, -.-). 
Thus 

Dm= am E= N. 
In particular, the minimal and maximal s.n. functions are the adjoints 

of each other. Therefore when an s. n. function ¢(¢) is equivalent to the 


maximal (minimal) one, its adjoint is equivalent to the minimal (maximal) 
one. 


§12. Symmetrically-normed ideals adjoint 
to separable symmetrically-normed ideals 


1. As is well known, in functional analysis co, l, (1S p< œ) and m 
denote the Banach spaces of sequences of numbers ¢ = lE satisfying 
the respective conditions: 


1) limé; = 0,|£]¢ = max|é)[; 
J 
2) (lel)? = DEI? < ©, 
J 
3) [€]m = sup|&i| < œ. 
J 


The following relations exist among these spaces: the space adjoint 
tol, is equivalent to m, the space adjoint tol, (1 <p < œ) is equivalent 
to l, (p '+q7'= 1) and the space l, is equivalent to the space adjoint 
to Co. 

More precisely, the first of these assertions means the following. 

The general form of a continuous linear functional f(t) on the space l, 
is given by the formula 


fe) = È fit; 


where f = {f;}r is any vector from m, and 


If] = Iflg = sup [7 | /lél] =I fla. 
Ekl 
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The second and third assertions are analogous. 

To these results there correspond, in a certain sense, theorems to be 
presented in this section on the spaces adjoint to ©, (1 <p < œ). In 
this analogy the roles of the spaces co, lp (1 Sp < œ) and m are played, 
respectively, by the spaces ©., ©, (1S p< œ) and the space R of 
all bounded linear operators. All of these results will be obtained as 
corollaries of general theorems on the spaces adjoint to separable s.n. 
ideals. 


2. THEOREM 12.1. The general form of a continuous linear functional 
F(X) on the Banach space © is given by the formula 


F(X) = sp(AX), 
where A is any operator from R, and 
(AX) | 
F| = sup se 
| | XE] |X|, 


Thus the space R is isometric to the space adjoint to ©). 
ProoF. In fact, let A be any bounded linear operator. Then the 
formula 


=|Al. 


F(X) = sp(AX) (X € S)) 


defines a linear functional. This functional is continuous, since by 
Theorem 8.5 


(12.1) |sp(AX)| S|AX|, S|A| |X|. 

It follows from (12.1) that |F| <|A|. To prove that the equal sign 
holds in the last relation, we consider a sequence of unit vectors ¢, such 
that lim,_...|A¢,| =|A|. We form the one-dimensional operators 


Xn (-, Apn) Pn (n = 1,2,---). 


> 1l 

| Adal 
It is obvious that | X,|,; = 1 and F(X,) = sp(AX,) =|A¢,| (n = 1,2, ---). 
Thus| F| = |A]. 

Conversely, let F(X) be any continuous linear functional defined on 
G,. We construct the form 


B(f,8) = F (Xj), 


where X;,= (-,8)f, and f and g are arbitrary vectors from ®©. 
It is easily seen that B(f,g) is a bilinear form. Moreover, from the 
relation 
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FOX) SE, Xal = 1 FT LAL lel (f,gE) 
follows 
BDI SIF ifllal Gee). 


This means that the form B(f,g) is bounded. Therefore one can find 
a bounded linear operator A such that 


B(f,g) = (Af,8). 
Thus for any operator X;, 
(12.2) F(X;,) = (Af,g) = sp(AX;,). 


Let X be an arbitrary operator from ©; then X can be expanded in 
a convergent in G,-norm (see Lemma 6.1) Schmidt series 


X = Es (X), 6) vp 


By the linearity and continuity of the functional F(X), we have 
F(X) = E s;(X) F(X js); 
J 


taking (12.2) into account, we obtain 


F(X) = >) s;(X) (A4; ġ;) = sp(AX). 


The theorem is proved. 


3. THEOREM 12.2. Let $(¢) be an arbitrary s. n. function, not equivalent 
to the maximal one. Then the general form of a continuous linear functional 
F(X) on the separable space © is given by the formula 


(12.3) F(X) = sp(AX), 
where A is an arbitrary operator from ©, and 
AX 
|F| = sup PN, i Ati, 
xeo [Xe 


Thus the space ©, is isometric with the space adjoint to the space ©”. 
In particular, if both functions 6(t) and *() are mononormalizing, the 
space ©, is reflexive. 


ProoF. Just as in the proof of Theorem 12.1, we can establish that 
any operator A € © generates, by formula (12.3), a continuous linear 
functional F, and 
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(12.4) |F] s|Ale-. 
We shall show that the equal sign holds in (12.4). To do this, starting 
from the Schmidt expansion 

J 
we form the operators 

Kn = $ ECO, yo; (n = 1,2,---), 
j=i 
where the vectors ¿™® = {¢¿™}} are chosen so that #(¢”) = 1 and 
(12.5) D s(A) EM = &*(s,(A), 50(A), -+ +, 8n(A),0,0, ---) = | Anlo. 
j=l 

Here A, denotes the nth partial Schmidt series of the operator A. Since 

n 

AK, = >, s;(A) Ef” SP V, 

j=l 

it follows that 
F(K,) = sp(AK,) = > 8(A)&”, 
j=l 
and so, by (12.5), 
F(K,) = | Anlo. 
Thus 
lim F'(K,) = |Ale. 


Bearing in mind that | K,|, = #(é) = 1 (n = 1,2, ---), we conclude that 
IF| j |A |as 


Now let F(X) be any continuous linear functional on S®; we shall 


show that it admits the representation (12.3). The functional F(X) is 
at the same time a continuous linear functional on ©,, and thus by 
Theorem 12.1 there exists a bounded linear operator A such that for 
all X € ©, 


(12.6) F(X) = sp(AX). 


Let us denote by P, (n = 1,2, ---) a monotone increasing sequence 
of finite-dimensional orthoprojectors which tends strongly to the unit 
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operator. We form the functionals 
FLAX) = F(P, XP,). 
The functionals F,,(X) are continuous, since 
(12.7) | F,(X)| = |F(P,XP,)| < |F| |X]. 
It follows from (12.6) that 
F(X) = sp(AP, XP,) = sp(P AP, X). 


Since the operators P, AP, are finite-dimensional, and consequently 
belong to ©, according to the part of the theorem which has already 
been proved and (12.7) we have 


(12.8) IF | = |P, AP, SIF}  (n=1,2,---). 


By hypothesis the function ¢(¢) is not equivalent to the maximal one, 
and consequently the function ®*(¢) is not equivalent to the minimal 
one. By Theorem 5.2 it follows from (12.8) that A € ©. The theorem 
is proved. 

4. The mononormalizing function 


1 
s0 = (2e) 


for p < œ (p > 1) is not equivalent to the maximal one. As has already 
been mentioned, ®;(¢) = &,(£) (p —'+q~™'= 1). Thus from the theorems 
just proved we get 


THEOREM 12.3. The general form of a bounded linear functional F(X) 
on ©, (1 <p < œ) is given by the formula 


F(X) = sp(AX), 
where A is an operator from ©, (p+ q™`>= 1), and 


fap |sp(AX) | 


= |A| 
XE Sp |X|> i 


Thus the space adjoint to G, is isometric with the space ©, (p +q = 1), 
and consequently every space ©, (1 <p < œ) is reflexive. 


5. Theorem 12.2 enables us to formulate, as a supplement to Theorem 
5.2, still another criterion, to be used further on, for a bounded operator 
to belong to a space Gy. 


LEMMA 12.1. Let (¢) be an arbitrary s.n. function not equivalent to 
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the minimal one. In order that A € ©, it is necessary and sufficient that 
|sp(AK) | 

sup’, < o, 

kes |Kle- 


where &, as before, is the set of all finite-dimensional operators. 


(12.9) 


Proor. The necessity of the condition (12.9) is obvious; we shall 


prove its sufficiency. 
If the condition (12.9) is fulfilled, the functional F(K) = sp(AK) 


will be continuous on §, considered as a part of ©®. Since & is dense 
in G}’, the functional F(K) can be extended to all of ©% while pre- 
serving its linearity and continuity. Following this, by Theorem 12.2 


it will admit a representation of the form 
F(X) = sp(BX) (XES), 
where B is some operator from G,. Thus for KE & we will have 
sp(AK) = sp(BK). 


Writing this equality for an arbitrary one-dimensional operator 
K = (-,4)¥ (V E ©), we obtain 


(Ag, y) = (Bẹ, 4) ($, y E 9). 
Hence we conclude that A = B €E G,. The lemma is proved. 


6. Using the definition and properties of the s-numbers of an arbitrary 
bounded linear operator (see §7, Chapter II), one can generalize Theorem 
12.1 to any s.n. ideal SẸ, defined by an arbitrary s.n. function equivalent 
to the maximal one. To formulate the theorem we need the notion of a 
symmetric norm in R. 

If the functional |A | is defined on all of R and has, on the ring KR, 
all of the properties 1)—5) of a symmetric norm, we shall call |Ale a 
symmetric norm on R. Since 


|A| S$|AleS|JlelAl, 
every symmetric norm on KR is topologically equivalent to the ordinary 


operator norm. 
It is easy to show that for every symmetric norm on KR 


(12.10) |A| <|AleSDos(A) (AER). 


Let ®(€) be an arbitrary s.n. function, equivalent to the minimal 
one. Then the formula 
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(12.11) |A|» = lim (s,(A),s,(A), --+,8,(A),0,0, ---) 


defines a symmetric norm on PÈ. 
In fact, it follows from the relation 


sup (1,1, ---,1,0,0,---) < œ 
n a aii 
that 
[A] < œ 


for any ACR. It can be verified without difficulty that the norm 
|A| satisfies all of the conditions 1)—5) of a symmetric norm on X. 

If é(¢) is an arbitrary s.n. function, equivalent to the minimal one, 
then we shall denote by R, the normed ring of all bounded operators 
in which the norm is defined by (12.11). 


THEOREM 12.4. Let @(¢) be an arbitrary s.n. function equivalent to the 
maximal one. Then the general form of a continuous linear functional 
F(X) on the separable space ©, is given by the formula 


(12.12) F(X) = sp(AX), 
where A is an arbitrary operator from XR, and 
|sp(AX) | 
F oe a <1 A *, 
A ee 


Thus the space R, is isometric with the space adjoint to the s.n. ideal Gq. 


Proor. Since the spaces ©, and ©, consist of the same operators, 
and the norms in them are topologically equivalent, the formula 


(12.13) F(X) = sp(AX) (XE Ss), 


where A € R, gives the general form of a continuous linear functional 
on 4. 
Let K be an arbitrary finite-dimensional operator; then 


|sp(AK)| < |AK|: = )05(AK), 


and consequently, by the inequality (7.9), 
(12.14) |sp(AK)| S27 8;(A)s(K). 
J 


The function ¢*(¢) is equivalent to the minimal one, and consequently 
the quantity |A|,- is meaningful. By the definition of an s.n. function, 
it follows from (12.14) that 
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(12.15) Isp(AK)| S|AlylAle (KES). 
This shows that 
(12.16) |F| <|Ale. 


We shall prove that the equal sign holds in (12.16). 

Let the polar representation of the operator A be A = HU. We denote 
by p (< œ) the smallest number for which s,,,(A) =s.(A), and by 
¢;(j = 1,2, ---,p) an orthonormal system of eigenvectors of the operator 
H, corresponding to the eigenvalues s,(A) (J = 1,2,---,p). With every 
positive number e we associate the subspace 


NM, = E(s.(A) +09 © E(s..(A) — 6), 


where £(\) is the spectral function of the operator H. If the number 
p is finite, then the subspace Yt. is infinite-dimensional. In this case 
we denote by ¢; (J =p+1,p-+ 2,---) an arbitrary orthonormal system 
of vectors from NÑ.. 

Thus the system {¢;} is always an infinite orthonormal system. We 
form the operators H,, putting 


H, = >, 8(A)(-, ¢)¢@, (n = 1,2,---). 
j=l 


It is easily seen that if P, denotes the orthoprojector onto the subspace 
M.n with basis {¢;{7, then 


(12.17) \P,HP,—H,|<e  (n=1,2,---). 


We also form the finite-dimensional operators L,, putting 
Li = > E”, 6) 6 (n = 1,2,---), 
j=l 
where the vectors ¿™ = {¢!"}? are chosen so that #(¢”) = 1 and 


>, sA)” = *(sı(A), Re -,Sa(4A), 0,0, ca -) = | Ale 
j=l 


(12.18) 
It is obvious that |L,|,=1 (n= 1,2,---). 
For the operators K, = U*L, we will have 
|K] = 1 and sp(AK,) = sp(HUU*L,) = sp(AL,) (n = 1,2,---). 


Since 
sp(HL,) = sp(P, HP, La), 
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it follows that 
sp(HL,) = sp(H,L,) — sp((H, — P,HP,) La), 
and consequently 
(12.19) sp(HL,) 2 sp(H,L,) — |Ha — P,HP,| | Lali. 
By hypothesis the function ¢(¢) is equivalent to the maximal one, i.e. 


ral < o, 


= up| am : 


Ek 
It follows that 


(12.20) Lalis Chel. =. 
From (12.17), (12.19) and (12.20) follows the relation 
(12.21) sp(HL,) = sp(H,L,) — Ce. 


Bearing in mind that 
HA, L,, a >, §(A) Em "9 hj) Qj; 
jel 
we obtain 
sp(H, Lan) = >, sA)”. 
j=l 
Thus, by (12.18) and (12.21), 
sp(AK,) = sp(HL,) = | Hale — Ce 
and 
sup sp(AK,) 2 |A |e — Ce. 


The theorem is proved. 


§13. The three lines theorem for operator-functions 
which wander in ©, spaces 


The following result, which bears the name “three lines theorem,” 
is well known in the theory of functions: 
Let f(z) be a function, holomorphic in the strip a < Rez <b. If 


\fla+iy)| $C, (FO Hi| SC, (-e<y< >»), 
and 
In| f(z) | < N exp(k| Imz2|) (a < Rez <b), 
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where 0 Sk < x/(b — a), then for any x (a<x <b) 
|f(x+iy)|) SCV "CF (—œ<y< œ), 


where t, = (x — a)/(b— a). 
This result can be generalized without difficulty to vector-functions 
with values in an arbitrary Banach space (cf. Dunford and Schwartz [1]). 
More subtle arguments are required for the proof of a result which 
we have called “the three lines theorem for wandering operator-functions.”’ 
We precede the formulation of the theorem by two definitions. Let 
H be a nonnegative operator from ©. and 


H= DAC O) bj 
J 


its spectral representation. Then we agree to understand by H? (Rez 2 0) 
the operator defined by 


=Z NC) 6; He. — œ <InaA< oœ). 
J 


Obviously H? (Rez > 0) is a normal operator. 

An operator-function T,€ R (z E€ G) is said to be holomorphic in the 
region G, if for any vectors ¢,y € the scalar function (T.¢,y) 
holomorphic in the region G.’” 


THEOREM 13.1. Let TLE R be an operator-function holomorphic in the 
strip a S Rez < b. Suppose that the values of T, belong, on the line z = a + iy 
(— © <y< œ), to the space ©,, (1 Sr, < œ), and on the line z = b + iy 
(— œ <y< œæ;a <b), to the space Sn (rı <r œ). If 


| Toryilr, S Ci, | Tesyilrg S C2 (— œ <y< œ), 
and if for every pair of vectors f.g € © 
In| (T.f,g)| < Nregexp(k;,| Imz|) (a < Rez <b), 


where OS kjg<2/(b—a), then on every intermediate line z= x+ iy 
(a<x<b; — 0 <y< œw) the values of the operator-function T, belong 
to G,, where 


rier tHL =r t: = 


and 


19) This “weak” holomorphness is equivalent to the “strong? holomorphness defined 
in Chapter I. 


138 IDEALS OF THE RING OF LINEAR OPERATORS |CHAP. III 


(13.1) ie oer ee Cc. cd ig (— œ <y< o), 


ProoF. The theorem will be proved if the relation (13.1) is proved 
for the special value y = 0, i.e. 


(13.2) |T.|, = Cy *Cz 


In fact, the operator-function 7% = Tn (— œ <h< œ) obviously 
satisfies all the hypotheses of the theorem, and the relation (13.2) says 
the same for it as does (13.1) for the original operator-function. 

Let K be an arbitrary finite-dimensional operator, and K = UH its 
polar representation. Assuming |K|,=1, (r’)>'+r7'=1, let us con- 
sider the function 


f(z) = sp[T,UH*+”] (as Rez zb), 


where 

b — z | 
a+ pz =r’ Gee (ri) +7 —~ (rs) *) (ri) +r7*=1;j7 =1,2). 
Let 


k 
H = » Ajl -, bj) 0; 
j=l 


be the spectral decomposition of the operator H. Then 
k 


I; UH” = DN hat *y hj) T, Ud, 


j=l 
and 
k 
f(z) = X NTT, Ug, 6) (a < Rez <b). 
j=l 
From the representation obtained for the function f(z) follows its 
holomorphness in the strip being considered. Moreover, 


| f(a + iy)| S| Tarih, Att, Ss Ch] H n 
Since for any nonnegative operator D we have 
| D'|, = | Din, 
it follows that 
| f(a + ty)| S Cil Hitet = Ci] K| = Ch. 


Estimating the values of f(z) on the line z = b+ iy (—œ <y< œ) 
in the same way, we obtain 
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| f(b + iy)| s CGH” y= OC) Kp" =C, (- 2 <y< w). 


It is easily seen that the three lines theorem is applicable to the 
numerical function f(z), by which we obtain 


| f(x + iy)| s CC (~ wo <y< œ). 
Since a + 6x = 1, for y=0 we have 
| f(x)| = |sp(T:K)| s Ci C7. 


Since the last relation holds for any finite-dimensional operator K 
(|K|- = 1), we obtain, according to Lemma 12.1, T,€ ©, and 


(Pala C AOF: 
The theorem is proved. 


Theorem 13.1 was proved in collaboration with S. G. Krein. 


§14. The symmetrically-normed ideals ©, and SP 


1. Let II = {2;}" be an arbitrary nonincreasing sequence of positive 
numbers, with v; = 1. We associate with the sequence II the function 


a) = sup] De / È] (= {&} Ce). 


It can be proved in an evident way that #,(&) is an s.n. function. 
From the definition of (£) it follows at once that its natural domain 
Co, = Cn consists of all vectors = {&;}€cy for which 


sup| De >] < œ. 
n j=1 j=1 
LEMMA 14.1. If 
(14.1) 2 nj <o, 
j=l 


then the function ®,(¢) is equivalent to the maximal one. If 
(14.2) lim xz, > 0, 


then the function $,(¢) is equivalent to the minimal one. If 
(14.3) LT; =o and lima, =0, 
j na— œ 
(¿.e. neither one of the conditions (14.1) and (14.2) is fulfilled), then the 


function ®,(&) is not equivalent to either the minimal or the maximal one, 
and moreover in this case it is a binormalizing function. 
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ProoF. In fact, 


#,(1, 1, --+,1,0,0, oss) zE n/ Dm, 
aaa ied pel 


since 


Lsk< om 


k n 
max [minen / Xx |= n / > rj. 
j=1 j=1 
It follows at once that if condition (14.1) is fulfilled, then 


n co 
SOP ®nal -+-,1,0,0, +e) E D =e 


and so the function #,(£) is equivalent to the maximal one. 
If the condition (14.2) is fulfilled, then obviously 


>a; Z NT», 
jJ=1 
where r. = lim,_... Tn > 0, and consequently 
sup ®, (1, 1, .. | 1,0,0, >e -) < l/r. 
n eee emma a n a 


Thus in this case the function #,„(¢) is equivalent to the minimal one. 
If the second condition in (14.3) holds, then I = {r;} € cn; obviously 


n n 
n Liat j=l 


On the other hand, 


2 Tmj 25 ag Es DoF 
(14.4) got ge J __ j=1 > 1 = j=l 


If the first of the conditions (14.3) is fulfilled, then it follows from 
(14.4) that 


i (amit Wmy~2. °° +) = 1. 
Thus when the first of the conditions (14.3) is fulfilled, we have 
Palam, Wm+2s °° +) = i 


ie. þ(¢) is a binormalizing function. The lemma is proved. 
The s.n. function ©,(¢) has the following characteristic property. 
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Let 11 = {x,}; be an arbitrary nonincreasing sequence of positive 
numbers with vz; = 1. Then the function ©,() is maximal among all 
s.n. functions #(¢) having the property that for any n = 1,2,.--- 


(14.5) P(T, T2, -++, 77,0, 0, ++) S l. 
In fact, for any vector & = {&,&,+--,&,0,0,---}€é we have 
2 <s alé) Dn (m = 1;2, ..-), 
and consequently, for any s.n. function satisfying the condition (14.5), 
we shall have, by virtue of its property V’), 


(4) > $al) (ri, W2y°**%y Wns 0, 0, = -) Ss ®,,(é) (é € ĉ). 


2. From Lemma 14.1 it is clear that a new s.n. ideal G, (different 
from ©, and ©.) is obtained only when the sequence {rn}? (x, = 1) 
satisfies the conditions (14.3). We shall call such a sequence binormalizing. 
The introduction of this terminology is justified by the following result. 


THEOREM 14.1. Let 11 = {2;}7 be an arbitrary binormalizing sequence. 
Then the set ©, of all completely continuous operators A for which 


sup| Zs) Dn] <0 
n Lja j=l 
forms a nonseparable s.n. ideal with the norm 


(14.6) \Ala= [Alen = sup] Zsa) Èa]. 


The s.n. ideal ©,, contains as a proper subset the separable s.n. ideal ©, 
consisting of all the operators A CG, for which 


(14.7) lim | Ès (A) / È| = Q. 

Also, 

(14.8) Wass m| Y9(4)/ Èn] 
xcep a 


Proor. The first assertion of the theorem follows from Theorem 4.1, 
Corollary 6.1 and Lemma 14.1, if one takes into account that G, = Sep 
To prove the remaining assertions, it is sufficient to show that 


(14.8’) inf |A — X|, = lim [Esa Dn l 
XER n=% L jad j=l 
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In fact, it follows from this relation that A € ©@§) if and only if (14.7) 
is fulfilled, whence OGP = GY. But then the relation (14.8) will be a 
consequence of the relation (14.8’). . 

To prove (14.8’), we consider the two functionals l (A) and 1,(A) 
(A E ©.) defined by 


L(A) = lim sup Porc >| , 
L(A) = lim | 354) / a] . 


According to Lemma 6.1, 


L(A) = inf |A 2 K] m 


and consequently the relation (14.8’) will be proved as soon as it is 
shown that /,(A) = l(A) for any A € ©,. This assertion, in turn, is 
a simple consequence of the fact that for any monotone decreasing 
sequence fs; te of nonnegative numbers tending to zero we have 


(l =) lim 1 sup | È sms, Èa | cia be >] ei, 
j=1 j=l J=} 


j 1 n— œ 


Indeed, since 
n m n 
> 8; S sH’ Smij (n =m; n,m=1,2,-->), 
j=l j=l j=1 


it follows that 


Thus 
ls se | 3 2, Smti 3 nf. 


Passing to the limit m— œ we obtain 
(14.9) lo Sh. 
On the other hand, for any « > 0 one can find ny such that 


Ds Èrn<hte 
j=l j=l 


whenever n> no. It follows that 
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(14.10) 2 Saa ee (m = 1,2,+--;:n>n)). 
j=l j=l 
It is easily seen that for sufficiently large m the relation (14.10) will 
also hold for n < nọ. Hence from (14.10) we get 


(14.11) ihskhte. 


Comparing the relations (14.9) and (14.11), we obtain-/, = l}. The 
theorem is proved. 

REMARK 14.1. B. S. Mitjagin [1] has shown that for any binormalizing 
sequence Il = {z;}; there exists an intermediate s.n. ideal G,, strictly 
included between © and ©, and that the norm in &,, is defined by 
the s.n. function ©,(é). 

3. We shall say that a binormalizing sequence Il = {z;}; is regular 
if the following condition is fulfilled: 


(14.12) Da O(nz,) (n= œ). 
We note that always 


ie (n= 1,2,---). 

j=l 
It can be verified without difficulty that the sequence {n~*})? (0 <a <1) 
is regular. 


THEOREM 14.2. If the sequence II = {x;};° is regular, then the s.n. ideal 
Gy coincides with the class of all operators AC ©., for which 


(14.13) S,(A) = O(x,) (n— co), 
and the class © coincides with the class of all operators A € ©. for which 
(14.14) S,(A) = o(n,) (1 — œ). 


Proor. In fact, every operator ACS, for which (14.13) holds 
obviously belongs to the class G,. Conversely, if A €E Gy, then 


È sA) S|Alnduxy (n= 1,2,---) 
and consequently 


(A) slala iDa) = Om) (ma). 
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If condition (14.14) is fulfilled, then obviously condition (14.7) is 
fulfilled, and thus A € ©®. Conversely, if condition (14.7) holds, then 


D(A) =o (xm) (n= œ), 


k=1 
or 


s,(A) =0 (5 Do e) = or) en T 


n 


The theorem is proved. 

4. Let us agree to call a function L(y) (asv<ow;a>Q0) slowly 
varying if it is positive and continuously differentiable, an if 
(14.15) lim {vL’(v)/L(y) = Q. 


As an example of a slowly varying function we can take any function 
L(v) = c(iny)** (lng)? - - + (Ina) *, 
where 
In, = ln»; Inv = In(n,_,») (r = 2,3,---), 


and a,,a@9,--+,a, are arbitrary real numbers. 
The following properties of such functions can be verified at once: 


a) the sum and product of two slowly varying functions is also a 
slowly varying function; 

b) if L(y) is a slowly varying function, so is [L(v) ]* (— œ <a < œ); 

c) for any e >0, one can always find constants C7, C” for a given 
slowly varying function L(v) such that 


Cry < L(y) < Cr (I< < œ). 


Slowly varying functions are of interest in that they enable us to construct 
regular sequences H. It turns out that 

1. A nonincreasing sequence {x;}; is regular if it can be represented 
in the form 


(14.16) ana = nP L(n) (n=1,2,---;l<p< œ), 


where L(v) (1 S» < œ; L(1) = 1) is an arbitrary slowly varying function 
and the function v WPL (y) is nonincreasing. 

In fact, it follows at once from the property c) that the sequence 
(14.16) is binormalizing. Let us verify the regularity condition (14.12). 
By hypothesis the function v~'?L(v) (1 S»< œ) is nonincreasing; 
consequently 
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4.17) Èk VL s| t Ld +1 (n= 1,2,--), 
1 


k=l 


Integrating the right side of this inequality by parts, we obtain 


n 1 n 
—1/p 1-1/p l-l/pi T? 
(14.18) f HUEL) dt Se PL +f t! -P| L’ (£) | dt). 


Let the number m = 1 be chosen so that for all t2 m 
t| L’(t)|/L( < (1 — 1/p)/2. 


Then for n>m we have 


“a 1 7 2a . —l/p t| L’ (£) | 
fi Prods ft "LO Fy at 


(14.19) <f noO ldi+ =e f MPL) dt. 
1 


Comparing (14.18) and (14.19), we obtain 


n 2 m 
—1/p l1- L/ 1-1 7 
(14.20) Í LID dt S 1T (n PLn) + f, pel L (9 at | 


Since n!“ P L(n)— œ as n— œ, from (14.20) and (14.17) follows 


5 k-“PL(k) = O(n!" L(n)), 
k=] 


which shows the regularity of the sequence (14.16). 


§15. The symmetrically-normed ideals ©, 
and their connection with S, and ©.’ 


1. With every nonincreasing sequence I = {z;}; (m, = 1) of positive 
numbers we also associate the function 


(15.1) ®(é)= Dimes ES {Ef EC). 
J 
The function #,(¢) is an s.n. function. In fact, it is obvious that ẹ,(¢) 


has the properties I’)—IV’) of an s.n. function. 
From the identity 


n n 1 
>». WE, = Fn Nn + >. (x; ma W441) nj (£ = k), 
j=l = 


J=l 


where 


J 
nj= >, é (7 = 1,2,---,n), 
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it follows that #,(¢) has the property V’). 
The natural domain c, = c,, of the function #,(¢) consists, obviously, 
of all vectors = {¢;} € co for which 


2r mje} <œ. 
LEMMA 15.1. If 
(15.2) Žr; < oO, 
jel 


then the function ®,(~) is equivalent to the minimal one. If 
(15.3) lim x, > 0, 


N— co 


then the function %,() is equivalent to the maximal one. If 11 = {x;};° is 
a binormalizing sequence, i.e. 


itt— œo 


(15.4) > v;= © and limz,=0, 
j=l 


then the function ®,(£) ts not equivalent either to the minimal or the maximal 
one; the function $,(&) is always mononormalizing. 


ProoF. In fact, 


(15.5) @ (1,1, - --)= Le 

Sess ye 
and consequently when the condition (15.2) is fulfilled the function 
’,(&) is equivalent to the minimal one. Since 


n l 1 
Ee Sitar as ee 
me OO) in| | 


n n -— œ 


we see that when the condition (15.3) is fulfilled, the function ẹ,(¢) is 
equivalent to the maximal one. 

Finally, suppose the condition (15.4) to be fulfilled; then it foliows 
from (15.5) and (15.6) that the function #,(&) is not equivalent either 
to the minimal or the maximal one. 

Let — be an arbitrary vector from c,; then for any positive « one can 
find m such that 


> mje </2. 


j=m+1 


Since limé* = 0, we can select an n such that 
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m 


> Tjgfyn < €/2. 
Jl 


Taking into account that 


oo m oo 
* * x 
DL Tien s mjit Dd më, 
n m 


j=m+1 


we obtain 
* 
Do Tjëntj < é- 
j=1 


Hence 
lim ®,(En41; En 425 oe +) = 0 (é Ee,), 


ni— œo 


and so the function #,(¢) is mononormalizing. The lemma is proved. 
2. As a corollary of general theorems and of the lemma just proved, 
we obtain the following theorem. 


THEOREM 15.1. Let I = {x;};° be an arbitrary binormalizing sequence. 
Then the set ©, of all completely continuous operators A for which 
3749/4) 26 
forms a separable s.n. ideal with the norm 
(15.7) |A]. = 3 1;8;(A). 


The ideal of finite-dimensional operators is dense in G,, and 


min |A — K|, = >, Fj Sn4,(A) (AE ©). 
AEn j=l 
3. It will be proved below that the class G, is the space adjoint to 
SP. We precede this result by a lemma. 


Lemma 15.2. Let k, be the cone of real n-dimensional coordinate space, 
consisting of ‘all vectors & = \&;\f for which £, Z &= --- = £, 2 0, and let 
{x;}7 be an arbitrary system of n positive numbers. Then 


(15.8) > njéj S 2. rigmax| $ nj 25 “| 
jJ=1 J=1 E j=1 jJ=1 


for any pair of vectors & = {&;}1, n = {nj}? from k,. For every nonzero vector 
EEk, (nCk,) there exists a nonzero vector n€ k, (tE k.) for which 
equality holds in (15.8). 
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PROOF. Let the vector n be fixed. We denote by A the convex set which 
is the intersection of the cone k, and the hyperplane >> *., 7; = 1. It 
is obvious that the proof of the lemma reduces to the proof of the equality 


(15.9) max f(t) = max| »,/ x], 
ECA r j=1 j=l 


where f{() = >. 3_,&n;. As is known, a linear functional always assumes 
its maximum value on A at extreme points of A (points which are not 
interior points of any interval belonging to A). 

To determine all the extreme points of A we associate with every vector 
b= JEA a vector x={x;} according to the rule xj= &— &4, 
(7 =1,2,---,n — 1), x, = „n. For this correspondence, as £ ranges over 
A, the vector x ranges over a polyhedron A’, consisting of all vectors 
x = {x,}T (x,20) for which 


n J 
(15.9) (Lan) w= 1, 
j=1 k=1 
Since the indicated transformation ¢—x (£ E€ A, xE A’) is one-to-one 
and linear, it establishes a one-to-one correspondence between the 
extreme points of A and A’. The body A’ is the simplex along which 
the hyperplane (15.9’) intersects the hyperoctant of vectors with non- 
negative coordinates; consequently the extreme points of A’ will be 
the vertices of the simplex, i.e. the vectors only one of whose coordinates 
is different from zero. 
It follows that the extreme points of A are all the vectors of the form 


¿= fa,a; ---,a,0,0, ---,0}, 
Nem ae 


a= (2 ni). 


r 


FEO =Z n Qa. 


j=1 


where 


For such a point 


The lemma is proved.” 

4. According to the result of §11.2 it follows from the lemma that 
for any nonincreasing sequence I= {2;};) (x,;=1) of nonnegative 
numbers the functions ®,(¢) and #,(€) are mutually adjoint, i.e., 


2 The authors are obliged to F. V. Sirokov for a simplification of the proof of this lemma. 
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i (£) = 6,(&) and PF (E) = ulë). 
Thus, by Theorem 12.2, the following theorem is valid. 
THEOREM 15.2. Let Il = {r}; be a binormalizing sequence. Then, for 


the triple of spaces Gi)’, GS, and Gy, each space is the adjoint of the pre- 
ceding one. 


REMARK 15.1. The basic theorems 14.1, 15.1 and 15.2 are formulated 
under the assumption that I = {7;}7 is a binormalizing sequence. We 
have put aside the case of “little interest” for which 


1) lim x; > 0 
j= œ 
or 
2) Sr; < œ, 
j=1 


In the first case the s.n. ideal ©,(= G,_,) coincides elementwise with 
©; SP = V coincides elementwise with ©., while ©, is the adjoint 
of Gi, and the adjoint of ©, will be the ring Rẹ, (cf. §12), which 
coincides elementwise with the entire ring R. The reader can easily 
analyze, on the basis of Lemmas 14.1 and 15.1, the situation which 
holds in the second case. 

5. Ina number of questions of the theory of nonselfadjoint operators 
(cf. Macaev [2], Gohberg and Krein [3, 4], Brodskii, Gohberg, Krein 
and Macaev [1]), in the theory of the abstract triangular integral, in 
questions on the completeness of the root vectors of an operator, etc., 
a special role is played by the s.n. ideal ©., where Q = {1/(2n — 1)}7, 
and the s.n. ideal Gy, which is adjoint to ©.. The s.n. ideal G, was 
introduced by V. I. Macaev [2]. 

The introduction of this space served the authors as an incentive 
for the study of the general spaces V, ©, and G, and the establishing 
of connections between them. It is easily seen that the space G, contains 
all the spaces ©, (1 Sp < œ) and that 


2 1 q\ 1/4 
Al s (x (=—)) lAl (AES; p'+q'=), 


j=l 


and that the nonseparable space Gp, lies in the gap between the spaces 
©, and ©, (1 <p <£ œ), Le. it contains ©, and is contained in all the 
spaces ©, (1 <p £ œ), and 


o 1 1/p 
|A] S (È (z=) ) [Alo (AG Gy). 


j=l 


6. Returning to the s.n. ideals ©, and G,, we mention two more 
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simple properties of ©, and ©,, whose proofs are left to the reader. 

l. In order that, for two nonincreasing sequences IV = {qi}, I” = {r} }, 
the normed ideals ©, and G,-, as well as Gy and ©, shall coincide 
elementwise, it is necessary and sufficient that 


inf| xj / Dat | >0 and sup| $a > x | <œ, 
j=1 j=l n j=l j=l 


2. If 
È rf< oœ (p > 1), 
j=l 


then the class ©, contains the class Gy, and ©, (p+ q7! = 1) is con- 
tained in the class ©,; moreover, 


(15.10) As (È) lAl AES 
j=l 

and 
© 1/p 

(15.11) \Al, < (xx?) [Ah (AGG). 
jal 


§16. Another interpolation theorem 


Let, as before, I = {2;}/ be an arbitrary binormalizing sequence. 
Along with it, the sequence I, = {aj"}r (1 < p< œ) will also be bi- 
normalizing. Let us denote by ©n;p (1 Sp < œ) the s.n. ideal Snp, and 
by | Aly,» the norm in this space. Similarly, we denote by ©,,, the s.n. 
ideal of all operators A € ©. for which 


|A lap = 2 m?s,(A) < œ, 
n=1 


with the norm |A|,.». 


THEOREM 16.1. Let T, (C ©.) be an operator-function holomorphic 
in the strip a, S Rez Sa). If for some pı, po (1 S$p2<pix< œ) 
| Toj+iyl asp; SC; (— æ <y<o;j=1,2), 
and if for any pair of vectors f,gC © 
In| (T:f,8)| < Njeexp(k;glImz|) (a; < Rez < ay), 
where O S kjg < r/(az— a), then for any intermediate x (a< x< a) 
(16.1) |T irili s Ci CF (=~ © <y< œ), 


where 
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p= (1—¢t,)pi'+t.P» i t, = (x — a) / (a2 — a). 


Proor. Just as in the proof of Theorem 13.1 we can establish that 
this theorem will be proved as soon as the relation (16.1) is proved for 
the special case y = 0. 

Starting with an arbitrary finite-dimensional operator K whose 
Schmidt expansion has the form 


K= > s(K) (y) 4 

j=l 
we form the analytic operator-function 
(16.2) K, = > 135)(K) (C, y) o; 

j=l 
It is obvious that for any p, r (1 Sp,r< œ; 1/p + 1/r < 1) 
(16.3) |Kp-iriyl zr = || a bo por’, 

Let us consider the function 
f(z) — sp(T, Ky) (a, < Rez sS a2), 

where 

z — a, 


a — Z 
v(z) = pr (2=* p+ pr’) ; 


Q2 — a, ad2z— a, 


It follows from (16.2) that 
f(z) =a >, 3? s.(K) (TQ; vj) (a, s£ Rez = a). 
j=l 
Thus the function f(z) is holomorphic in the strip which is being con- 
sidered. Moreover, 
| f(a, + ty) | = | Tasisi mpl Koti | ssp, = C| Kya, +iy)| ripi’ 

Since Rev(a, + iy) = p;'— p;', it follows from (16.3) that 

| Koco, +in | ip, = | Al asp, (— œ <Y< œ), 
and consequently 

| f(a, + iy) | < Cl Klep, (— o<cy< om), 


Estimating in the same way the values of the function f(z) on the line 
=a,+ ly (— ©» <y<o), we obtain 
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| f(a, + ty)| s CA Klap, (— œ <y< ow), 


It is easily seen that the three lines theorem is applicable to the func- 
tion f(z), from which 


|f(x + iy)| S$ Ci CIK] (— œ<y< œ). 
Setting y = 0 and taking into account that v(x) = 0, we obtain 
[f(x)| = |sp(T,K)| s CICK] rp, 


Bearing in mind, finally, that the set of all finite-dimensional operators 
& is dense in G,.,, and that the space ©n:p, is the adjoint of the space 
©,:p,, we obtain 


(Tal n;pe & Ci CF. 


The theorem is proved. 
$17. Conical norms in the real Banach spaces of operators G. 


1. Let © be an arbitrary s.n. ideal. In this section we shall denote 
the norm |A|¢ of an operator AC © by |A|. 

We denote by © the set of all selfadjoint operators from ©. It is 
obvious that G forms a real Banach space with the norm |A|]. It is 
easily verified that if © is a separable s.n. ideal and G* is the space 
adjoint to ©, then the space 6* of all selfadjoint operators from ©* 
is adjoint to È. In particular, if the space © is reflexive, so is the space Ô. 

To obtain, further on, certain precise estimates, we need new norms 
in the spaces È and G*. The introduction of these norms is connected 
with certain ideas of the geometry of cones in Banach spaces (see Krein 
and Rutman Í1}). 

2. A set K of vectors of a Banach space % is called a cone, if: 1) it is 
closed, 2) for any pair of vectors x,y € K and any pair of nonnegative 
numbers a, 8 the vector ax + Sy belongs to K, and 3) from xE K and 
x #0 follows — x ¢Ẹ K. 

A cone is said to be pointed if for any pair of vectors x,y E K, 


|x| s|x+ yl. 


The last condition expresses, as it were, that the angle between any 
two vectors x, y E K does not exceed r/2. A cone K is said to be repro- 
ducing, if any vector x€ % can be represented in the form z = x — y, 
where x,y E K. 

Let K be a reproducing cone; then the set of all continuous linear 
functionals f € 8 * having the property that f(x) 2 0 for all x€ K also 
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forms a cone (in the space X *). This cone is said to be adjoint to the 
cone K and is denoted by .¢*. Let K be a reproducing cone of the space 
W. The formulas 


(17.1) lzlep= inf (|x|? + |y|?)? (sp so) 
x yE K: x- y=z 


define “conical” norms in the space 8 which are topologically equivalent 
to the original norm; for p = œ (17.1) is to be understood as 
|zlx.= inf max(|x],|y|). 
xyE K; x-y=z 

If the adjoint cone K* corresponding to the reproducing cone K is 
itself reproducing, then to the norm |z|x;p (1 S$ p < œ) there will corre- 
spond, in the adjoint space, the conical norm | f| k- (p +q = 1;fE B”*). 

In the following we shall not make use of these propositions from the 
theory of cones; rather we shall illustrate them, with proofs, on the 
example of cones in the space ©. 

3. Let us denote by_& the set of all nonnegative operators from ©. 
We shall show that 

1. The set X is a pointed reproducing cone. 

In fact, that _& isaconeis obvious. If X, Y E _& , then by Lemma II.1.1 


s;(X + Y) = A(X + Y) 2A;CX) = 8;(X) (J=1,2,---), 
whence 
IXI sX + YI, 


ie. “is a pointed cone. 
Let ZE È and let 


Z= EAZ) ee; 


be its spectral decomposition. Obviously, 


(17.2) Z= Z,- Z., 
where 
Z= 2} N(Z)(-ņ„e)e; Z = —-— > Al(Z)(-, ee, 
rj>0 <0 
Since 


A(Z) = s;(Z) and A(Z.) = s;(Z) (J = 1,2, a ‘); 
we have Z, € Ô, and moreover 


(17.3) max(| Z4, 1Z-D <2. 
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Thus Z, € .& , and the assertion is proved. 
The decomposition (17.2) has the following important property. 
2. Let 


Z=X-Y (ZE6;X,YE%); 
then 
IZ, SIX] and |Z_] sI YI. 

This result follows at once from Lemma II.1.2. 

3. The cone X = %s has as its adjoint the cone %* = o». 

This result follows from Theorem 8.3 and Remark 8.1. 

In our case the equality (17.1), which defines the conical norm | Z| _., 
(1 sp œ), assumes the form 
(17.1’) IZ) e= (Zs +429)" Usps; ZE6). 


Starting from (17.1’), it is easy to deduce that the functional | Z| _.>, 
(1 <p < œ) has all the properties of a norm in 
From the relation 


z pees 
IZ) SIZ, +12] SV21Z),,. (Sps ~;p'+q'=)) 
and the relation 


1 rj rj 
U5 IZ vs S$ max(|Z,|,/Z-|) < |Z] GQsps œ), 


which follows from (17.3), it follows that all the conical norms | Z|| ¥ <p 
(1 <p < œ) are topologically equivalent to the original norm. 


THEOREM 17.1. Every one of the conical norms ||Z|| (l1 Sp œ) 
ts topologically equivalent to the original norm |Z|. To the norm |Z] %:p 
(1 Sp £ œ) there corresponds the norm |Zllyv+.q (p~'+q7'=1) in the 
adjoint space G*. 


ProoF. The first assertion of the theorem has already been proved. We 
shall prove the second. Let F(Z) be an arbitrary continuous linear 
functional on ©; then 


F(Z) = sp(AZ) (ZE Ô), 
where A € G*. Since 
sp(AZ) = sp(A,Z,) + sp(A_Z_) — [sp(A, Z_) + sp(A_ Z,)] 
and 
sp(A,Z.) + sp(A_ Zs) < |All cl Zl p 
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where p '+gq '=1, it follows that 
|sp(AZ)| s lA l KH KA HP (Z = ©). 
If Z € G satisfies the condition R (Z) = R(A.), then A, Z =A_Z, 
= 0 and hence 
sp(AZ) = sp(A,Z,) + sp(A_Z_). 
Following this it is not hard to show that for any A € G* 


lsp(AZ)| 
sup [= |All ve. 
r |Z I Kip lAl oe 


The theorem is proved. 

For the case of the spaces SẸ, G,, ©n a special role is played (see 
the report by Brodskii, Gohberg, Krein and Macaev [1]) by the mutually 
adjoint conical norms 


[Zla = EAZ) HAZ) (ZES,) 


and 
DaD ENZ) 
|Z|n; 4 = max 4 sup =, sup = > (ZE Gy), 
' Ewa a1. 
j=l j=l 
where 


CHAPTER IV 


INFINITE DETERMINANTS AND RELATED ANALYTIC METHODS 


We have already been led to call upon methods of the theory of analytic 
functions in previous chapters. In this chapter we shall make use of deeper 
and more varied methods of the theory of functions, for the most part 
related to the theory of growth of entire functions. Some of these have not 
yet had time to find a place in books on the theory of functions, and are dis- 
cussed only in journals. 

It is noteworthy that a number of these results arose in connection with 


the demands of the theory of operators. 

The channels for the use in this chapter of theorems of the theory of 
functions are infinite determinants and perturbation determinants, general 
results on which are presented in the first three sections. 

Sections 3— 10 discuss results of M. G. Krein, essentially announced in 
the notes [8, 9], and §11 discusses results of V. I. Macaev [3]. 

The statements of the theorems of the theory of functions which are 
used are presented in the appropriate places; as concerns their proofs, 
we have been obliged to restrict ourselves to the appropriate references. 

We remark that the theory of perturbation determinants finds impor- 
tant application in the perturbation theory of selfadjoint (bounded and 
unbounded) operators (cf. M. G. Krein [6,12]). However these results 
fall outside the scope of the book. 

A number of relations of the theory of perturbation determinants can 
be traced as far back as an old paper by H. Bateman f1] on integral 
operators. 


§1. The characteristic determinant of a nuclear operator” 


1. Let K = >>”, (-,y¥,) 6; be an arbitrary finite-dimensional operator 
of dimension < n. We denote by |! an arbitrary finite-dimensional subspace 
which contains the range of the operators K and K*. Obviously £ is an in- 
variant subspace of K, and K vanishes on the orthogonal complement of £. 
Let { x;}7 be an orthonormal basis of the subspace ’; we denote by det (I — K) 
the determinant of the matrix || — (Kx; xa) |r. As is known, this de- 

D All the basic results of the first two sections are known. Our presentation of them 
has some points of contact with a number of papers: Hille and Tamarkin [1], Lidskif [5], 
Kuroda [2] and others. 
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terminant does not depend upon the choice of the subspace t and the 
basis in it, since always 


v(K)} 
det (I — K) = [] (Q—a,(K)). 


This equality suggests that the determinant det (J — A) of any operator 
AE ©, should be defined by the formula 


y(A) 


(1.1) det (I — A) = [] (1 — à, (A)). 
J-l 
The product on the right side of (1.1) converges, since, for any A € G,, 
(A) 
[A (A)| S|Aln. 


j=l 


If A is a Volterra operator, we put det (J — A) = 1. 
The determinant 


v(A) 
det (J — wA) = [ | (1 — aà; (A)) (A € S)) 
j=l 
will be called the characteristic determinant of the operator A, and will be 
denoted by D4 (x). 
1. The characteristic determinant D,(u) of any operator AC ©, is an 
entire function of genus zero,” and 


(1.2) [DaD | SIT + Jul s; (A) s elan, 
J=l1 


It remains to clarify (1.2). We have 
»(A) 


| Da (x) | <II (1 + [ul] py (A)|); 
on the other hand, by Corollary I1.3.1 
TG + lal 1 (4))) <TC + al 5)(4)). 
By virtue of dhe familiar inequality a x Se", 
I (1+ |u| s(A)) s exp| lu Ssa) | = e@l#llAly, 
Thus N is established. ~ 


? For the definition of the genus of an entire function, see the book by B. Ja. Levin [1], 
Chapter I, §3. 
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Since, according to the definition of D, (u), it is an entire function of 
genus zero, it will at the same time be of minimal exponential type, i.e., 


In| Da (u)| = 0 (|x|) (u— œ). 
This follows at once from the relation 
N v(A) 
(Dadl STL +1al ADD expl tal yay! |. 
j=l j=N+1 


2. The logarithmic derivative of the function D,(u) obviously has 
the form 


OG = 2 i a (Aj = (A); j = 1,2, -+-,0(A)); 
consequently 
a = 2 (Zx) we * (lel <hl >» 
or 
(1.3) ie 2 ga al, 


Analytically extending the right and left sides of (1.3), we conclude that 
(1.3) holds for all F-regular points u of A. 

We shall call the complex number u an F-regular point (regular in 
the sense of Fredholm) of the operator A, if the operator I — „uA has an 
inverse. 

It follows from (1.3) that 


Da(u) = exp | af sp A (u) du | 


for any F-regular point » of the operator A, where A(u) = A (I — pA)™ 
is the Fredholm resolvent of the operator A, defined by 


I+ pA(u) = (I — pA)! 
Formula (1.3) enables us to show easily that in the case where the 
operator K (€ ©) in L,(0, 1) is defined by a continuous kernel % (t, s), 
the determinant det(J — AK) coincides with the Fredholm determinant 


of this kernel. In fact, as is well known, one has for the Fredholm de- 
terminant D(A) of the kernel .% (t,s) the equality 


1 l 7 D' (X) 
f T (s,s; A) ds = — Day’ 


SEC. 1| CHARACTERISTIC DETERMINANT OF A NUCLEAR OPERATOR 159 
where I'(t,s;) is the resolvent kernel. For small A one has 
fi res» ds = Do TEZ ds 
= > \"-'sp K" = sp| K (I — AK) 7}. 
n=1 
Hence by (1.3) we obtain 


d d 
AK Indet(/ — AK) = ET In D(A) 


and 
det(J] — AK) = D()). 


THEOREM 1.1 (On the continuous dependence of the determinant D,(x) 
on the operator A). Let A E€ ©, and let F be an arbitrary closed bounded 
set of points of the complex plane. Then for any « > 0 there exists 6 > 0 such 
that for any operator BE ©, satisfying the inequality |A — B|, <6 one 
has 


max|D,(u) — Da(u)| <e. 
EEF 


Proor. LetT be a simple rectifiable contour, consisting of F-regular 
points of the operator A, which encloses the set F and also the point » = 0. 
By virtue of the maximum modulus principle, the theorem will be 
proved as soon as we prove the existence of ô> 0 such that, for any 


BE, 
max| Dalu) — Dalu)| <e 


whenever |B — A|, < ô. 

Let us denote by L a simple rectifiable curve, consisting of F-regular 
points of the operator A, which connects the point „ = 0 with some point 
of the contour T. Let T, (u ETU L) denote the shortest path along the 
curves T and L which connects the point u = 0 to the point u. 

From the equality 


(I — aB) = (I — pA) ™' (I — »(B— A) (I — nA) `’) ~ 
it follows that when the condition 


|A — Bli< min [|4] | — uA) ‘IJ? 
nETUL 


is fulfilled, all points » of the curves TU L are F-regular points of the 
operator B, and 


(1.4) max | (J — »B) '| < C max | (J — wA)™"|, 
wETUL wETUL 
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where C is a constant, depending only upon the curves I‘ and L and the 
operator A. Since 


A (u) — B(w) = (I — pA) ‘(A — B) (I — 2B), 
we have 
|A (u) — Bla) li SI — uA) +| |B- Afi | -— aB) | 
(“ETU LL). 


It follows from (1.4) and (1.5) that for any n >O there exists ô> 0 
such that 


(1.5) 


<f |A (u) — B(u)|ıdu <n 
#9 
(uoET U L) 


whenever | A — B|, < ô. By choosing n sufficiently small, we can obviously 
arrange that from (1.6) will follow 


iJ, sp (A (u) — B(u))du 
(1.6) re 


| Dalu) — Da(uo) | 


D 4 (0) (1 = exp| f sp(A (u) — B(u)) du |) 
eo 


(ETU L). 


<e 


aam 
— 


The theorem is proved. 


COROLLARY 1.1. Let A E ©. Then for any «> 0 there exists ô> 0 such 
that, for every operator BC ©, satisfying the inequality | A — B|, < ô, 
|det (I — A) — det (I — B)| <e. 

3. Corollary 1.1 enables us to state a number of rules for calculating 


the determinant det (J — A). 
2. Let AC ©, and let {¢,}" be an arbitrary othonormal basis of the 


space H; then 
det (I — Á) = lim det || Ojk = (Ad;, dr) | Ie 


This expression can be written in the form 
det || ôr — (Ap; bh |r. 
In fact, det||6;,— (A¢;,¢,) |i is the determinant of the operator 
[- A, =I[- >. (-,¢ġ;) Ad@;, 


j=l 
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and since by Theorem III.6.3 the sequence of finite-dimensional op- 
erators A, (n = 1,2, ---) tends to the operator A in the norm of the space 
©, we have 


lim det (J — A,) = det (J — A). 
This result can be supplemented by a result which in certain cases 


makes it possible to simplify the calculation of det(/ — A). 
3. Let AC ©, and let \¢;}7 (w S Œ~) be an orthonormal basis of the 


closure of R (A). Then 
(1.7) det (I — A) = det|| ô — (Adj, ox) |i. 


In fact, let {y;}?! be an orthonormal basis of H, = 6 OR (A). We 
combine the ¢; (J= 1,2,---,w) and the y, (J= 1,2,---,w,) into one 
sequence { x; }r; then 


det (I z= A) = det || Ôk =: (Ax; Xz) | i= lim det | Ojz = (Ax;; Xk) | a 


But if x: = Yp, for some k, then, bearing in mind that yp, E R (A)+, 
we will have 


(Ax;, xa) = 0 (j = 1,2, sos .), 


from which it is easy to obtain (1.7). 
4, Let 


Jal 


be one of the possible representations of the operator A E€ ©,, where {¢;} 
and {y;} are arbitrary systems of vectors satisfying the condition 


2 lgl lvl < œ. 
j=l 


Then 
det (J — A) = lim det|| òr — (Yj, de) 11 (= det Jo — (Yip li). 
In fact, the operators 
An= (9) vj 
tend to the operator A in the norm of ©;: 
lim|A — A,|, Slim 3 |4jl [vil = 0. 


it— œo 


Consequently the result will be proved as soon as we establish the 
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equalities 
det (J — A,) = det || ô — (Yj, be) li (n = 1,2,---). 


The verification of these equalities is left to the reader. 

4. In the sequel the following results will also be used. 

5. Let AC GS, and BER be such that ABC ©; and BA € ©. Then 
(1.8) det (I — AB) = det (I — BA). 


Lets; = s;(A) (J = 1,2, ---) be the sequence of s-numbers of the operator 
A, and {¢;}f and { ¥;}/corresponding orthonormal Schmidt systems, so that 


Ag = sj; A*Wj=sjo; (J =1,2,>--°). 


Since the system {yj}? is complete in R (A), on the basis of result 3 
we can write 


det (J — AB) = det|| ô — (ABy,, ya) |]? = det || 6, — (By; A*a) IY 
= det || ô — (BY;, pi) skll? 
Similarly, since {¢;}7 is complete in R (A*), we have 
det(I — A*B*) = det|| ô — (B*¢;, ve) Sal = det || ôr — (¢;, By,) Salli- 
Hence 
det (I — BA) = det (I — A*B*) = det] ôr — (Bvr, ;) sell’. 


The last determinant is obtained from the determinant in (1.9) by mul- 
tiplying its jth row by s; and dividing its kth column by s, (j,k = 1,2, ---) 
and then transposing. Therefore (1.9) is proved. 

6. Let CE © and let S be a bounded invertible operator. Then 


det (I — ©) = det (I — SCS‘). 


This is a special case of result 5, obtained for A = CS7' and B = S. 
7. For any operators A, BE ©, we have 


(1.10) det [(J — A) (I — B) | = det (I — A) det (I — B). 
In fact, denoting by {¢;}? an arbitrary orthonormal basis of the space 


© and by P, (n = 1,2,---) the orthogonal projector on the linear hull 
of the vectors {¢;}7, by virtue of Corollary 1.1 we obtain 


(1.11) det[(Z — A) (I — B)]= lim det [(J — P,AP,) (I — P, BP,) |. 


7it— œo 


(1.9) 


Since 
det |(I — P,AP,) (I — P,BP,) | 


(1.12) 
= det | (UJ — P,AP,) U — P,BP,) 4), $i) li, 
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| (CU as P,AP,) (I rae PBI) $j» pr) I 1 

= | (( — P,AP,) n oe) i (C — Pa BPa) bj, ox) [r 
and the determinants of the matrices on the right side of the last equality 
tend as n— œ to det(I — A) and det(I — B) respectively, (1.10) follows 
from (1.11)— (1.13). 

8. Let A (u) be an operator-function with values in G,, and holomorphic 
in some region. Then the determinant det (I — A(u)) is holomorphic in the 
same region. 

In fact, let {¢;}7 and P, (n = 1,2, ---) be as in the proof of result 7. 
Then at every point » of the region G in question 
A(u) = det (J — A(u)) = lim det U — P,A (u) Pa) = lim A, (yu). 


n— œ i— ow 


(1.13) 


The determinants A,(u) (n = 1,2,---) are holomorphic functions in G. 
Since 


| An(u) | = | det (J — P,,A (u) Pa) | < exp| A(x) |, (n = z2, +e), 


the functions A,(u) (n = 1, 2,---) are uniformly bounded on any bounded 
closed part of the region G. Hence by a well-known theorem of the theory 
of functions, their limit is a holomorphic function in G. 

9. Under the hypotheses of result 8, the formula 


(1.14) -Indet (1 — A (u)) = — »| (I = A(x)) ee 


is valid for all points u at which the operator I — A (u) has a bounded inverse. 
We shall first prove formula (1.14) under the assumption that the 
space S is finite-dimensional. Let { ¢;}{ be an orthonormal basis of © and 


aj,(u) = (A (u) dr Qj) (j,k =1,2,---,n). 
Then the left side of (1.14) can be represented in the form 


(15) £ mdet(I — A(n) = + = | San aylu) | aw), 
H A(u) kj=1 du 

where +;;(u) is the cofactor of the element ô; — a,;(u) in the determinant 

A(u) = det || 6,; — a(n) |. As is easily seen, the right side of (1.15) co- 

incides with the right side of (1.14). 

It follows from the proof that (1.15) holds if we replace the operator- 
function A(z) in it by the operator-function P,A(u)P,, where P, is 
the orthoprojector onto the linear hull of the first n vectors of some 
orthonormal basis {¢;}? of the space ©. Passing to the limit n— œ in 
the equality thus obtained, we get (1.14). 

We remark that the formula (1.3) is a special case of formula (1.14); 
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namely, it is obtained from the latter by putting A (u) = pA (AE ©). 
Formula (1.14) can be obtained as an immediate corollary of the 
general formula” 


(1.16) T- sp{ F(A (w) ) - p {ram 4}, 


where F(z) is any scalar function, holomorphic in some region Gpr of the 
complex plane, o(A(u)) € Gr for all EG, and F(0) = 0. 
In fact, if A € ©, and det(J — A) ~0, then we will have 


(1.17) Indet(J — A) = spIn(J — A), 
and therefore (1.14) can be rewritten in the form 


£ spIn(J — A(u)) = — sp (I — A(y)) 124) } ; 
m H 
This is a special case of formula (1.16), corresponding to F(z) = In(1 — 2). 

We shall shortly give a derivation of formula (1.16). First we make 
some preliminary remarks. 

First of all, we recall (see Riesz and Sz.-Nagy [1]) that for AC R 
and F(z) a function holomorphic in some region Gpr containing the 
spectrum «(A) of the operator A, the operator F(A) is defined by 
means of an integral: 


(1.18) F(A) = — af Fo (A — zI) ‘dz, 


where y is an oriented simple or multiple rectifiable contour which 
encloses (on the left) some region which is contained in Gy and which 
contains the spectrum o(A). As is known, the operator F(A) does not 
depend upon the choice of y. 

In particular, if A € ©., this definition includes within itself the 
requirement that the point à = 0 belongs to Gr. If F(0) = 0, then, using 
the fact that (A —2I)~'+2z°'T =z 'A(A —2I)™', we easily obtain 
from (1.18): 


(1.19) F(A) = — 5 f rosa — 23%. 
2Qri y FA 


” This formula is known; in the book by Dixmier [1] it is derived for the case of an 
operator-function A(x) defined on an interval (a <u» sb) with values in ©), which 
is continuously differentiable in ©,. The derivation of the formula in our case is com- 
pletely analogous. 
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If AE ©, where © is some s.n. ideal, then A(A — zI) ' will be a 
continuous operator-function on y with values in ©. Therefore the 
integral in (1.19) will always have as its value an operator from the 
same ideal ©. 

Thus the supplementary condition F(0) = 0 ensures that if AC &, 
then also F(A) € =. It is not particularly difficult to show that if the 
operator A has the spectrum of eigenvalues {)j(A) };“’, then the operator 
F(A) has the spectrum of eigenvalues { F(A;(A)) }{“’. Following these 
clarifications, and recalling the definition (1.1) of the determinant 
det(I — A) for AE G,, we can prove (1.17) for that branch F(z) 
= In(1 — z) of the multi-valued function Ln(1 — z) which is holomorphic 
in some region containing o(A) and is singled out by the condition 
F(0) = 0. 

We now present the proof of formula (1.16). 

Choosing an arbitrary point u € G, we construct an oriented rectifiable 
contour y which encircles (on the left) some region G, which lies in G; 
and contains o(A(y)). Then for all » from some neighborhood S(jo) 
of the point uo we will have o(A(u)) E G,, and consequently 


(1.20) F(A(w)) = — = f F(z) C(u, 2) dz, 
where 
C(u,2) = 27'A (u) (A (u) — zI) ~! 
= (A (p) — 21) ` +z°I (z€ 7, un &G,). 


Since for any fixed » € G, the function C(u,z) is a continuous operator- 
function of z€ y with values in G,, it follows from (1.20) that 


(1.21) 


(1.22) sp F(A (u)) = — = f F(z) sp{ C(u, 2) } dz. 


According to (1.21) we have 
C(u, 2) — C (uo, 2) = (A (uo) = 21) Aw) — A (uo) (A (u) = zI). 
H — Ho H — Ho 
Since by hypothesis the limit 
dA... A(p) — A(uo 
= lim —__—_ 
u— 2g H — Ho 


exists in the metric of ©, it is not hard to see that the limit 
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dC (uy, 2) li C(u, z) — C(uo, 2) 
— = _ lim —_——______—_- 
duo -+u H — Ho 


d 
Aten A A iene 
Ho 


exists, uniformly relative to z€ y, in the metric of ©. Therefore the 
limit 


d dA e 
p| Clo) = sp { (A ud = 2D dug A uo ~ 24) } 


il 


sp f (A (uo) — TA 
Ho 


It 


= Zopf (Alu) — zI) 7 S) 


exists uniformly in z€ y. Recalling (1.22), we find that 
d ie 
T- PLFA (ud) } FOF = sp | (A (us) — zI) ~ dz 


_ a, F’@) sp { (Alu) — zI)- -1% A} dz. 


The last integral is obtained by integrating by parts, and can be further 
transformed to the form 


dA 
sp = = fro (A (uo) — en)a} = sp (raun h 


which concludes the derivation of (1.16). 
§2. Regularized characteristic determinants for the operators from ©, 
1. With every operator A € ©,, where p is a positive integer, we 
associate the number 
(p) »(A) 


p-ly 
det (I — A) = I] (1 — A,(A)) exp Diy AHA) | , 


which we shall call the regularized determinant of the operator I — A. 
For a Volterra operator A we put det” (I — A) = 1. 
We shall call the determinant 
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(p) v{A) p-\4 
(2.1) det(I — pA) = I] | (1 — (A) x) exp > AMA) a (AES) 


the regularized characteristic determinant of the operator A, and shall 
denote it by DË (p). 
If A E G, then obviously 


(p) p-11 
D (u) = Dalu) exp 2.7 sp A*y". 


k=1 


From the representation (2.1) of the determinant DP (u), we see that 
it is an entire function of genus p — 1 and, consequently, an entire 
function of at most order p and minimal type, i.e., 


(p) 
In| Da(u)| = 0([u|”) (u— œ). 
The logarithmic derivative of the function DŶ (a) has the form 
d 2 A S k k- zi 
7, nDalw) =~) Ne (jul < [ai]; 
H j=1 k=p 


consequently 


d W 
aa In Da(u) = — spf u” 7A — pA) ~H}. 


This equality (which is analogous to (1.3)) holds for all complex yu 
which are F-regular points of the operator A. Thus for any F-regular 
point „ of A one has the equality 


{p) # 
Da (u) = exp| -Í sp[u?'A?(I — wA) “| du. 


This representation of the function D¥’(u) enables us to prove the 
following generalization of Theorem 1.1. 


THEOREM 2.1. Let A E ©, where p is a positive integer, and let F be an 
arbitrary closed bounded set. Then for any «> 0 there exists ô >0 such that 
for any operator BE ©, 


(p) (p) 
max|D,(u) — Dgly)| <e 
nF 


whenever 


|A — B|p <ô. 
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The proof of this theorem on the continuous dependence of the reg- 
ularized determinant upon the operator A is similar to the proot of 
Theorem 1.1, and is omitted. 

2. If A € ©, then by definition 


(2) v(A) 


Da(u) = [J [CG — AMA) u) eN ®], 


j=l 

For convenience this determinant will henceforth be denoted by Da(p), 
and the determinant det” (I—A) (AC &,), by det(I— A). 
1. The determinant D4(u) (A © ©) admits the precise bound 


(2.2) | Da(u) | <exp| 5 lul*sp(4*A) |. 
In fact, 


v(A) 
(Dala) |? = TJ] [1 — waj[Pe7 (A; = A,(A)), 


j=l 


v(A) 
(2.3) | alu) |? = [I (1 — 2Re(ua,) + |p] eP, 


j=l 


Since 1+ x Se’, (2.3) implies the inequality 
Ze v(A) 
| Da(u)|° < exp (1 >» Ia?) . 
j=1 


Taking into account that 


v(A)} 


> [äl s >> s? (A) = sp(A*A), 
j=l j=l 


we obtain (2.2). 
The bound (2.2) is precise. One can see this by considering the se- 
quence of operators 


K= y Ecoe & Caa | (n = 1,2,---), 


j=n+l 


where {¢;};° is some orthonormal system. Indeed, it is easy to calculate 
that 
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From this we obtain 
li D — p —e?l/2 
im D,,(u) = e ; 
ft o 


It remains to note that l= sp(K;7K,) (n = 1,2,---) and to consider 
pure imaginary u. 

2. Let AC ©, and let {¢,}; be an arbitrary orthonormal basis of the 
space H. Then 


A — & 


(24) det — A) = lim| detèn — (4450) liep} (Ang) |. 
In fact, 
AE ETE T E EA liep 2 (49,4) (n = 1,2,-+»), 
where 
Av= > .0) AG; (n= 1,2,++-): 


j=l 


Since the sequence of operators {A,}/ tends to the operator A in the 
norm of ©, we have according to Theorem 2.1 


dev = Ay aim dat(l =A). 


3. If A, BE Go, then for the operator (I — C) = (I — A)(I — B) we have 
(2.5) det(I — C)e”4® = det(I — A)det(I — B). 


Let {¢;}r be an orthonormal basis of the space ©, P, the orthogonal 
projector onto the linear hull of the vectors {¢,;}{, and A, = P,AP,, 
Ba = Pa BP, (n = 1,2,---). Then 


id fe! 
det(I — A,)det(J — B,) = det| (1 — A,) (I — B,) Je? @r7 ™, 
and consequently 
det(I — A,) det(I — B,) = det[(I — A,) (I — B,) je? 428, 


Passing to the limit n— œ, we obtain (2.5). 

3. The theory of infinite determinants developed by von Koch Í1, 2] 
enables us to indicate a more profound approach to the concept of the 
determinant det(/ — A) and the regularized determinant det (I — A). 
We shall present without proof a number of results from this theory. 

An infinite matrix I — c= |ô} — a,||{, consisting of complex numbers, 
is called a matrix with an absolutely convergent determinant, if the series 
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2 | ajk Dinky al Oj nkp | 
converges, where the sum extends over all pairs of systems of indices 
(JisJzs ***,Jn) and (kj, ko, +--+, kna) which differ from each other only by a 


permutation, and J; <j < +- <j, (n=1,2,---). 
If the matrix I — Æ is a matrix with an absolutely convergent 


determinant, then the limit 
lim det | Oj = alli = det (J = A ) 
exists and is called the determinant of the matrix J — Æ. 


If the matrix I— @ has an absolutely convergent determinant, 
its determinant can be represented in the form 


det(I — Æ ) 
2: laa co co oe . ri 
(2.6) Sy eS Gj; Ap a Poe EN 
J r. , 
j=l 2! J, k=1 Ajk Akk 3! j,kr=l Ajr Apr arr 


where the series in the right side of (2.6) will remain convergent if the 
numbers a, (j,k =1,2,---) are replaced by their moduli and if all the 
terms obtained by expanding the determinants in (2.6) are taken with a 
plussign. 

We shall call the matrix I — Æ avon Koch matrix if the conditions 


œ 


(2.7) 2 lal < œ, Dd larl’ < œ 

j=l ksi 
are fulfilled. For such matrices one has the following results, which were 
established by von Koch Í1, 2]. 

I. Every von Koch matrix has an absolutely convergent determinant. If 
the elements of a von Koch matrix are functions of some parameter p; aj, 
= O,(u) (J,k = 1,2,---) and the series in (2.7) converge uniformly in the 
domain of the parameter „, then as n— œ the determinant det|| ô — aj(u) |? 
tends to the determinant det(I — æ (u)) uniformly with respect to u, over 
the domain of u. 

II. Ifthe matrices I — cg and I — @ are von Koch matrices, then their 
product I— € = (I — Æ)(I— @) is a von Koch matrix, and 


det(I —&Y ) = det(] — XÆ )det(I — @). 


Let A be a completely continuous operator, and let {¢;};° be an ortho- 
normal basis of H. As is known, there corresponds to the operator A in the 
basis {¢;}; an infinite matrix 


As = |a; a= (Ado) (,k = 1,2,---). 
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The second condition in (2.7) will be fulfilled by the matrix A, if 
and only if A € ©. If AC ©, both conditions in (2.7) will be ful- 
filled by the matrix A,, and consequently the von Koch determinant 
det(/ — A,) will be meaningful. Recalling the result I, we conclude thet 
for AC ©, 


det(J — A) = det (I — A,). 

If A is an arbitrary operator from ©, then generally speaking the 
first of conditions (2.7) will not be fulfilled by the matrix A,, and con- 
sequently the matrix A, will certainly not have an absolutely conver- 
gent von Koch determinant. However, if the matrix A, is ‘regularized’, 
replacing it by the matrix 

A, = Gall? 
where G;, is defined by the relation 
bie — Üj = (ôr —anle (j,k =1,2,-->), 
then the conditions (2.7) will once again be fulfilled. In fact, since aj— 0 
asj—> o, 
ãj=1— e” (1 -— aj) =O(faj|") (J &) 
and 
| G,| < cla, (j,k =1,2,---). 
It is easily seen that 
m Cy 
Dalu) = detU — (wA,)). 

Starting from just this definition of the characteristic determinant, 
Hille and Tamarkin [1] obtained the bound (2.2), using Hadamard’s 
well-known inequality. 

We remark that for integral operators in L,(a,6) with a Hilbert- 
Schmidt kernel, the bound (2.2) for the Hilbert-regularized Fredholm 


determinant was obtained by Carleman [2]. He also determined that 
this bound is precise. 


§3. Perturbation determinants 
l. Let A and B be bounded linear operators acting in ©, with 
A= BE Gi 
If the point » is an F-regular point of the operator A, then 


(3.1) (I — »B) (I — pA) ` = I — p(B — A)(I — pA)", 
where a(B — A)(I — nA) 1'E ©. Consequently the determinant 
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Dy a(n) = det | (1 — uB) (I — pA) '] 


has meaning; we shall call it the perturbation determinant of the operator 
A by the operator T = B — A. 

By result 8 of §1, the perturbation determinant Dz a(u) is a holo- 
morphic function in the region consisting of all F-regular points of the 
operator A. 


If A, B € ©, then obviously 


Dpg(u) 
Dala)’ 


l. If A,BE ©, A — BEG, and n is an F-regular point of the op- 
erator A, then 


(3.2) Dpsg,a(u) = 


(3.3) Dpg;a(u) = = alu) exp |usp(A — B) |. 
Dau) 


In fact, according to result 3 of §2 it follows from (3.1) that 
Dau) enseMAa — det (I = M) D(a), 


where 
M = a(B — A) (I — pA) `. 
Since M E€ ©., 
la 
det(I — M) = det(I — M)e®™. 


Thus 
Dpg,a(u) = det (I — M) = Dalu) p- wma -ua 
a(u) 
Taking into account that — M(I — A) =u(A — B), we arrive at 
(3.3). 


2. Let A,B,CE R. If the point u is an F-regular point of the operators 
A and B, and ij the operators B — A and C — B belong to ©, then 


Dep) D3;a(u) == Deya(u). 
Indeed, this follows directly from the equality 
[Q — uC) (I — uB) ~] [WU — uB) (I — pA): = (I — uC) (I — pA) ! 


As a corollary of result 2 we obtain 
3. If the point u is a common F-regular point of the operators A and 


b (€- ut), and if A — BE G,, then 
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Da ple) ae [| Dpya(u) l : 


Although in the general case (A, B€ ©) the equality (3.2) is not 
meaningful, nevertheless the order ® of the perturbation determinant at 
any point uo (0) is determined in a natural way by the multiplic- 
ities of ào = wo: as an eigenvalue of the operators A and B. 

4. Suppose that the operators A, BE R satisfy the conditions: a) A — B 
E ©, b) ào is a common normal point of A and B. Then the order of 
the perturbation determinant Dz,4(u) at the point po = 1/Ao is equal to the 
difference v,,.(B) — »,,(A), where v, (4) and v, (B) are the algebraic mul- 
tiplicities of the number do for the operators A and B respectively. 

In fact, three cases can occur. 

1) Let A» be a regular point of the operators A and B. Then the 
point wo = 1/A, is a regular point of the determinant Dz,,4(u) The op- 
erator I + ypo(A — B) UZ — mA)! = (I — uB) UI — uA): has a bounded 
inverse (I — uA) (J — uB) €, and so 


Dsa(u) = det |(I — noB) (I — mA) ~ | 4 0. 


2) Let ào be a regular point for the operator A and an eigenvalue of 
multiplicity »,,(B) (40) of the operator B. We denote by £ the root 
subspace of the operator B corresponding to Xo, and by Yt the direct 
complement of £ in © which is invariant with respect to B. Let us 
consider the operators B, = BU — P) and B,= BP, where P is the op- 
erator which projects © onto £ parallel to N. 

The point à is a regular point of the operator B,. We denote by C, a 
neighborhood |à — Ao| <e of the point \) in which the operators A — MI 
and B,— Al are invertible. 

Since the operator B; is finite-dimensional, result 2 can be applied 
to the triple of operators A,B, and B at the point u = 1/), i.e. 


(3.4) Deya(u) = Dep (u) Da,alu). 
The operators B, and B, are orthogonal; hence 
(I ~ uB) (I — uB) ` = (I — uB) (I — uB) (I — uB) ~ = I — uB, 
and 
Dss, (u) = De,(p). 


® The order of an analytic function f(z) at a point Zz is the integer k (= 0,1, 
+2,---)in the representation f(z) = (z — zo)" g(2), where g(z) is analytic at the point 
Zo and g(zo) = 0. 
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The determinant Dp,(u) has a zero of multiplicity »,)(B2) = »..(B) at 
the point po (= 1/ào). 
Since, as was proved, Dg,/a(#0o) #0, it follows from (3.4) that the 
determinant Dzg,,(u) has a zero of multiplicity »,,(B) at the point po. 
3) We proceed to the proof of the result in the general case. As has 
been proved, the determinant Da,z,(u) has a zero of multiplicity v,,(A) 
at the point wo, and so the determinant 


Dg, a(u) = 1/D ap, (u) (AG C5 A Xo) 


has a pole of order »,,(A) at the point yo. It follows from (3.4) that 
the order of Dzg,,(u) at the point u = wo equals »,,(B) — v,,(A). The 
result is proved. 

2. The determinant Dz,4(u) ought to be called the F-perturbation 
determinant (Fredholm) in contrast to the perturbation determinant 
An a(n) defined by 


Apa(A) = det ((B — AI) (A — AD) `’) (B—AEC&)). 
Obviously, 
Apa(A) =e Dpa(1/A). 


Result 4 assumes a more natural form for the determinant Az,,,()): 
the order of Ag,4(A) at a normal point A) of A and B equals »,,(B) 
— pv, (A). 

As we indicated in the introduction to this chapter, the concept of 
the perturbation determinants A and D can be extended to certain pairs 
of unbounded operators. It is usually more convenient, in the theory 
of perturbations, to use the determinant Agz/4(A). 

For completeness we present the following result, which plays an 
important role in the theory of perturbations (cf. M. G. Krein [6]). 

5. Let A,B ER and A — BC ©. Then for any point u which is F- 
regular for A and B, we have 


(3.5) = In Dsya(u) = sp(A (u) — Blu), 


where A (pu) and B(u) are the Fredholm resolvents of the operators A and 
B. In particular, for u of sufficiently small modulus one has the expansion 


(3.6) In Dgya(u) = Di p’sp(Ait! — Bit), 
H j=0 


Indeed, if u is a common F-regular point of the operators A and B, 
then 
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(3.7) (I— uA) !— (I — aB) '= (I — uB) '(A — B) (I — „A)`' 
and 
(3.8) A (u) — B(u) = (I — aB) “(A — B) (I — nA)", 


so that the right side of (3.5) is meaningful. 
It follows from (3.7) that 


(I — aB) ™ = (I — uA) [I + (A — B) (I — pA) ` | ~. 


Inserting this expression for (I — »B)~' into the right side of (3.8) and 
taking the trace of both sides, we obtain 


sp(A (u) — B(u)) = sp{ (I + u(A — B) (I — rA)“ “(A — B) (I — wA)~*}. 


Since 


du(I — pA) _ 7 z 
HETKI L(I- WA) + wA(I = pA)? (I= nA) 
for all F-regular points » of the operator A we will have 
dC (yu) 


= (A — B) (I — uA) `’, 
dyu 
where C(u) = (A — B) (I — pA) `. 
Thus on the basis of result 9 of §1 we obtain 
dC d 
sp(A(u) — B(u)) = sp (I+ C(u) T } =o In det(J + C(x)). 
The result is proved. It is easily seen that formula (3.5) for the de- 
terminant Ag a(A) can be rewritten in the form 


= In Aga(A) = spí(B = AD) Ee (A = AL) a) 


This formula can be generalized to certain pairs of unbounded operators 
(cf. M. G. Krein [6] and S. T. Kuroda [2]). 


§4. A lemma on the growth of the perturbation determinant 
of a dissipative operator 


1. A linear operator A, acting in © and having domain D(A), is 
said to be dissipative if 


Im(Af,f) 2 0 for fE D(A). 


For a bounded operator A (defined on all of H) the condition of 
dissipativeness is equivalent to the condition that its imaginary com- 
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ponent A » = (A — A*)/2i be nonnegative. 
The following result is a simple generalization of the corresponding 
matrix theorem of I. Bendixson. 


THEOREM 4.1. The spectrum of a bounded dissipative operator A € R 
lies in the closed halfplane Im = 0. Moreover, 


(4.1) \(A -aD °| <s 1/|Im)| for Im) <0.? 
Proor. In fact, if A = a — 18, where 6 > 0, then 


and so for |f| = 1, 


[\(A—alDf| 2((A-ADFA| 2 BlFl? =. 


It follows that à is not an eigenvalue of the operator A and moreover 
that the operator A — AJ maps all of © linearly and continuously onto 
some subspace 9, C 9. It remains to show that ©, = 9. Assuming the 
contrary, we can assert that there is a vector k #0 orthogonal to 9, 

= (A — Al) 9; but then (A* — AJ) h=0 and consequently — ) will be 
an eigenvalue of the dissipative operator — A*. Since Im(— A) <0, 
this (as was already proved) is impossible. 

Thus for Im à < 0a bounded resolvent (A — AJ) ~' always exists. Hence 
it is obvious that the inequality |(A — AJ) f| 2 B|f| is equivalent to (4.1). 
The theorem is proved. 

2. The bound (4.1) enables us to establish the following result. 


LEMMA 4.1.° Let A be a bounded dissipative operator (in particular, 
a selfadjoint operator), and let B= A+ T, where TE ©. Then for any 
bo (0 <0) < 2/2) the limit relation 


(4.2) im] + In| Ds a(ve”) | | <0 


pr 


holds uniformly in the sector U,, 
(4.3) | /2—6| < bo. 
Proor. We have 
Dza(u) = det [(I — uB) (I — pA) ~! |= det(I — uTS(u)), 


where 


5 This bound will be used in the more general Lemma V.6.1. 
® This lemma will first be used in §7 (for the proof of Theorem 7.1). 
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S(u) = (I — pA) '. 
Hence according to the bound (1.2) 
|De) | SIIA + |a| s;(TS(u))). 
j=i 


On the other hand, according to Theorem 4.1, for Imyz>O we have 


ee 1 al? 
sols las D a 
i.e. 
Sole “ER ese owes) 
= sin? i 


and consequently 


S s;(T) , — eee 
si(TS (u)) = sino (J — L2, ). 
Thus 
i ps (T) 
Daso sÀ (1 +) 


<Il (1+) epf -2 x sD} 


meo in ĝ 


J 
from which follows (4.2). 


LEMMA 4.2. Suppose that the conditions of Lemma 4.1 are fulfilled and 
suppose, moreover, that the operator B is also dissipative. Then the limit 
relation 


(4.4) lim E In| Daya (pe) | | = 0 


po 


holds uniformly in the sector (4.3). 


Proof. In fact, if both operators A and B are dissipative and B— A 
€ ©, then according to Lemma 4.1, for any 6) (0 < 6) < 2/2) the in- 
equality (4.2), as well as the inequality obtained from it by interchanging 
the roles of the operators A and B, will hold uniformly in the sector 
(4.3). Since In| Dz,4(u)| = — In| D4,p(u)|, it follows that the limit in 
(4.4) holds uniformly in the indicated sector. 

These lemmas will be used in §§7—9. 
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$5. A theorem on the perturbation determinant of a dissipative operator 


A bounded operator K is called a contraction if | Kf| s|f| for every 
fE H. One has the following result: 


THEOREM 5.1. Let A=G+iH (H =A =z) be a bounded dissipative 
‘operator, and let B= G+ iF, where 


(5.1) —H<F<E€H. 

Then for Îmà < 0 the operator 

(5.2) WQ) = I — i(H — F)'*(A — AD (A — F)? 
is a contraction, l.e., 

(5.3) IWA) fI sif (FE). 


Proor. Let us introduce, for conciseness, the notation T = H — F, 
R(\) = (A — Al) 7}; then 


Wa) = I — i TYRA) T”, 
and so 
(5.4) I — W*(dA) WAA) 
= iT’? R(A) T? — iT? R* (à) T? — T'? R*(A) TR(A) T™?. 
On the other hand, since A*(\) = (A* — AZ): 
R(A) — R* (X) = R* (A) ((A* — AL) — (A — ALD) RQ) 


= — 2iR* (A) HR() + 2i ImAR* (A) RAA). 


Multiplying the first and third terms of this equality from the right 
and left by T, and then by 1, we obtain, after comparison with (5.4), 


I— W*(A) W(A) 
(9:9) = T'?[R*()) (H + F) RO) — 2ImAR* (X) RQ) |T” 
It follows that 

I— W*(NW(N 2 0 for ImaA <0, 
which is equivalent to the inequality (5.3). The theorem is proved. 


THEOREM 5.2. If the operators A and B satisfy the conditions of the 
preceding theorem and sp H < œ, then 


(5.6) |Dsa(u)| $1 for Imu>0. 


ProoF. Since, together with H( € ©,), the nonnegative operator T 
= H — F ( < 2H) belongs to ©,, the determinant 


b WAee 0) ‘HE Wie tRATION 2 J 
SEC. f THE PERTURBATI DETERMINANT 179 


Daa(w) = det(U + inTU — pA) ') 
has meaning. According to result 5 of §1 we can also write 
Dy a(u) = det (I + iuT'?(I — pA) 'T*) = det W(1/z). 


Consequently 
(5.7) Dpa(u) = II (1+ «;(u)), 
j=l 


where «;(u) (J = 1,2,---) is the complete system of eigenvalues of the 
operator 


C(u) = ipT'? CU — pA) T. 


On the other hand, since 1+ «(u) (J =1,2,---) are the eigenvalues 
of the operator W(1/u) = I + C(u), whose norm, by Theorem 5.1, does 
not exceed unity for Im x > 0, we have 


(5.8) |1 + ¢(u)| $1 for Impu>O (7 = 1,2,---). 


Thus inequality (5.6) is a consequence of the relations (5.7) and (5.8). 
The theorem is proved. 

REMARK 5.1. In essence, the condition that spH be finite was not 
used for the proof of Theorem 5.2, but only for the condition sp(H — F) 
<æ which it implies, which was necessary in order that the infinite 
perturbation determinant Dz,,(u) have meaning. 

It is easily seen that Theorem 5.2 can be obtained as an immediate 
corollary of a result in which the parameter u does not appear. 

Let A=G+iH (G= Agp) be a bounded dissipative operator which 
has an inverse, and let B = G + iF, where — H < F < H and sp(H — F) 
< œ. Then 


(5.9) |\det(BA-')| <1. 


This result is, possibly, new even for the case in which A and B are 
operators acting in a finite-dimensional space (i.e. for the case in which 
it can be formulated in terms of the theory of finite-dimensional ma- 
trices). 

This result can be obtained as a corollary of the appropriate gen- 
eralization of Theorem 5.1. In fact, 


(5.10) det(BA +) = det(] —i(H—-—F)A '). 


On the other hand, as a generalization of Theorem 5.1 we can assert 
that the operator 


W= I — i(H — F)? A-H — Fy” 


is a contraction; the verification can be carried out similarly to that 
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of the corresponding result for the operator W()). 
Following this, it remains to note that according to (5.10) and (1.8), 
det(BA ') = det W, from which follows (5.9). 


§6. The determinants D,-,,(\) and D,,,,4(\) for a dissipative operator 
A with nuclear imaginary component 


1. Theorem 5.1 should be regarded as a generalization of a result of 
M. S. Livšic [2]. In fact, if we put F = — H in (5.1), then we obtain 
the operator-function 


(6.1) WA) = I — 2iH'(A — MI) H”, 


which he calls the characteristic operator-function of a dissipative 
operator, and Theorem 5.1 leads to the corresponding theorem of 
this author.” 

For F = — H, the relation (5.4) gives W*(A) W(\) = I for any real 
point à which is regular for A. Similarly it can be proved that W(\) W* (A) 
= l. Thus in this case we can supplement Theorem 5.1 by the assertion 
that the operator W()) is unitary at any real point A which is regular 
for A. 

Noting that for F= — H(€ G,) we have B=G-— iH = A* and 


Daal) = Dara (à) = det W(1/)), 


and also that for a completely continuous operator A the real charac- 
teristic numbers, and their multiplicities, of A and A* are the same, 
we arrive at the basic part of the following result: 


THEOREM 6.1. Let A = G+iH (H = Az) be a completely continuous 
dissipative operator, with 0<spH < œ. Then 


(6.2) |Da a A)| $1 for Imà 20, 
and the equal sign holds only for real X. 


Proor. After all that has been said, it remains to clarify why the 
equal sign in (6.2) cannot hold for Im) > 0. Assuming that the 


Ð M. S. Livšic [2] defined the characteristic operator-function W,(d) for any op- 
erator A= G+1iH(C®) by the formula 


Wa(d) = 1 + Qisign HH)7(A* — 41) 7) A}, 


where H, is the nonnegative square root of H” (the operator modulus of H). There- 
fore, to be precise, the function W(àA), defined by (6.1) for the dissipative operator 
A. G4 tH (H = Ha), should be regarded as the function W4-(A). 

A more general definition of the characteristic function, and for a broader class of 
operators, can be found in papers by M. S. Brodskii |1] and A. V. Straus [1]. 
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equal sign in (6.2) is attained for some nonreal àọ (Im ào > 0), we can 
conclude on the basis of the maximum modulus principle for an analytic 
function that Dy-,4(A) = const. 

On the other hand, by the general formula (3.5) we have 


d 1 
jy MDa) = > sp{ U — A*) t aA) 


= sp{ (I — A) “(A — A*) (I — 4A*) 3} 
= 2isp{ (I — \A) H(I — MA *) `! }. 


Consequently, for \ with small modulus, 


d ; 
(6.3) T In Dasal) = 2isp H + O0(A) (A—0). 
We have arrived at a contradiction, since by hypothesis spH > 0. 
The theorem is proved. 
REMARK 6.1. The equality 


(6.4) | Dava()| = 1 (— œ <A < œ) 


is valid for any (not only dissipative) completely continuous operator 
with imaginary component A z E€ ©.. 
In fact, we have 


Dara) = Daryo Doa) = GEARY 
On the other hand, as is not hard to see, ® 
Dayco) = Dah), 
le. for any complex À 
Danc) = Dayal). 
Thus 
(6.5) Dara) = Bo, 


from which follows (6.4). 

The relation (6.5) will play an important role in the sequel. 

2. On the basis of Theorem 6.1 it is easy to prove the following 
theorem. 


3 We recall that f(A) denotes the function f(A). 
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THEOREM 6.2. The determinant Da-,,(\) is a meromorphic function 
which admits the expansion 


i= 2tan A/H, 
(6.6) D, ~/A(A) €e INE, me Kiar 
where {u;} is the complete system of nonreal characteristic numbers of the 
dissipative operator A, and 


(6.7) a=spH-dImd; (j= 1/y). 
J 


Proor. By the preceding theorem, the meromorphic function f(A) 
= Da+,4(A) has the properties 


f(A) | = 1 for ImaA=0, If.) | <1 for ImaA>0. 


According to an elementary theorem of one of the authors (cf. Ahiezer 
and Krein [1] and Levin [1]) every meromorphic function f(A) having 
these properties admits the representation 


pian — A/p Hj 
fN) = Ir eae. 
where a = 0 and {y;} is the complete sequence of poles of the function 
f(A). For f(A) = Da+4(A) this sequence coincides with the complete se- 
quence of nonreal characteristic numbers of the operator A. Thus we 
have obtained the representation (6.6) for Da+,4(A), and it remains only 
to find the value of the constant a. 
According to (6.6), the power series expansion of Dy+,4(A) in a neigh- 
borhood of the point à = 0 begins with the terms 


Dax a(d) = 1+2ifa+5Im, | A+ --- 
J 
On the other hand, it follows from (6.3) that 
Dasa) =1 + 2iAspH + O(X2). 


A comparison of these expansions yields the formula (6.7). 
3. We do not have to add much to obtain the following result. 


THEOREM 6.3. Let A = G+ iH be a completely continuous dissipative 
operator for which spH < œ. Then 


(6.8) 1) |Dea()| <1 for Im) 20, 


(6.9) 2) Dead) = Doan h E, 
j= i1 A/h; 


SEC. 7| DISSIPATIVE VOLTERRA OPERATORS 183 
where |u,} is the complete system of nonreal characteristic numbers of the 
operator A, and the constant a has the value (6.7). 


Proor. All the conditions of Theorem 5.2 are fulfilled for the op- 
erators A and B = G, and the inequality (5.6), applied to the operators 
A and G, yields (6.8). The relation (6.9) is an immediate consequence 
of (6.5) and (6.6). The theorem is proved. 


§7. Dissipative Volterra operators with nuclear imaginary component 


1. THEOREM 7.1. Let A = G+ if bea dissipative Volterra operator with 
spH < œ. Then GE ©, for any p > 1, and the entire function 


Do) =I] (1 sA ) esj, 
j=1 aj 


where {a;} is the complete system of characteristic numbers of the operator 
G, has the property that 
(7.1) | De) | < elm P4 


for any complex à. Moreover, the limit relation 


(7.2) lim |: In| Do(pe") | ] = | sin ð| sp H 
pro LP 
holds uniformly in any sector U, (0 < ð < r/2) 
|r/2— 80| <ð. 


Proor. In fact, under the conditions of the theorem the function 
F(X) = Dea(d) will be entire with the complete system of zeros laj}, 
and by virtue of the relation (6.8) we have 


(7.3) |F(A)| <1 for IĪmAà2 0, 
and by (6.9), for any À 
(7.4) F(A) = e7™ F()) (a = sp H). 


From (7.3) and (7.4) we deduce that 
(7.5) |FO)| =|FO)| = em] F(A) | se” ™ for Imad <0. 


Thus the entire function F(A) is of not greater than exponential type. 
Therefore the infinite sum )_ ;|a;|~’ converges for any p > 1, which shows 
that GEC ©. In particular, GE ©; and A € Gy, and so the determi- 
nants Dg(d) and D(A) have meaning, and the latter equals unity iden- 
tically (since A is a Volterra operator). According to (3.3) we have 
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DiQr i i 
(7.6) Did) = oar =e PT Ded) =e OP" F(a). 


Hence, recalling (7.3) and (7.5), we obtain the bound (7.1). 
From this also follows the last assertion of the theorem, since ac- 
cording to Lemma 4.2 the limit relation 


1 , 
lim | A In| Dc;a (pe”) | ] = 0 


holds uniformly in any sector U, (0 << 7/2). 
2. An important deduction can be made from the theorem just proved. 
THEOREM 7.2. Let A=G+iH (H= A >) be an arbitrary dissipative 
Volterra operator with spH < œ. Then 


(7.7) lim 


F -> œ r— œ 


a G) _ lim = G) 1 cH 


and, moreover, 


(7.8) Í aa dp = poi (O0 <r< œ). 
0 T 


Here n, (r; G) and n. (r; G) denote the number of characteristic num- 
bers of the operator G in the closed intervals [0,r] and [|— r,0] respec- 
tively, and 


nír; G) =n, (r; G) +n- (r; G). 


ProorF. In fact, the relations (7.7) follow at once from the bound 
(7.1) on the basis of a theorem of N. Levinson (cf. result B), §8.1). 

To establish (7.8) we shall use a well-known theorem of Jensen (see 
Levin [1], Chapter I, §5), according to which 


r : ax a 
(7.9) f U O a f In| Do(re”) | do. 
0 p 2T Jo 


By (6.8) and (7.6), the integral on the right side of this equality 
does not exceed 


E 2r 
ZH f |sino| da = — sp H, 
2r 0 T 


from which follows the inequality (7.8). 
We remark that, by virtue of (7.7), 


tim? f a pe a 
0 p v 


PaT 
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Let us note two corollaries of the theorem. 
COROLLARY 7.1. Under the conditions of the theorem, 
n(r;G 
n(r; G) < C sp H, 
r 
where for the constant c one can take 2e/zx. 


In fact, since n(r; G) is a nondecreasing function, we have 
n(r; G) <{ n(o; G) @ s f Mor G)ep a Arh, 
r p 0 p v 
COROLLARY 7.2. Under the conditions of the theorem, 


(7.10) lim ns, (A) = 2 sp H. 
n— œ T 
In fact, it follows from (7.7) that 
im? G) = lim Ut G) Ee G) _2 sot. 
r— o r— o T 


This relation also shows that 


(7.11) lim ns,(G) = 2 sp H. 
T 


RN- œ 


On the other hand, 
(7.12) lim ns, (H) = 0, 


since spH < œ. 

Recalling Theorem II.2.3 of K. Fan, we obtain from (7.11) and 
(7.12) the relation (7.10) for the operator A = G+ iH, the sum of the 
operators G and 1H. 

3. We shall show that for a finite-dimensional H the integral ap- 
pearing in (7.8) admits a simple lower bound. 

Indeed, if N is the dimension of R (H), then 


N 
| Dayo(A) | = | det (1 + iAH (I — 36) 7| ST] (1 + a0), 
j=l 


where o;(\) (J= 1,2,---,N) are the s-numbers of the operator C(A) 
= iiH(I — AG) ~'. Since G is a selfadjoint operator, 


[A(Z — AG) | = (1-6) a In| (A = re”) 
A =|Im(1/A)|  |sinð| E , 
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and consequently 


a = 8(CO)) SAE s(H) G=L2 N). 
Thus 
u (H ak 
| DajeQ) | sI1 (1+ 247) (A = re”). 


Hence for Im àA #0 


rs;(H) ) 


N 
D , = -iispH m-l > gllmal spH (1 + 
[De] =e" Daso()| 2 NTT (1+ oe 


and consequently 


2r N 
(7.13) E f In| Do(re”) | de = 7 rspH — ĵ_ è(rs;(H)), 
2m Jo T jul 


TE E CEREA do 
Oe J, | sin 6| 


2r 
-5f In(|sin@| + r) d0 + n2. 
2T Jo 


where 


Obviously, for r— œ 


2r 
br) =n2+inr ty f in (1 es) do 


=m2+Inr—= +0(4) : 
r r? 


Thus a comparison of (7.9) and (7.13), taking into account the pre- 
ceding asymptotic expression, yields 


2 1 {("n(;G) Nìinr ye aD) 2 an 


j=l 

4. The simplest example of a dissipative Volterra operator. The simple” 

dissipative Volterra operators A with A > € ©, can be divided into classes 

by grouping together those operators whose imaginary components have 
the same dimension. 


dA dissipative Volterra operator is said to be simple, if it does not vanish on 
any vector f = 0. (The general concept of a simple dissipative operator will be used 
systematically, starting with §4 of Chapter V.) 
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The simplest of these will be the class of simple dissipative Volterra 
operators with a one-dimensional imaginary component. A model example 
is the integral operator J in L,(0,1), defined by 
t 
(JNO = 2i f fO ds. 


Indeed, the adjoint J* acts according to the formula 


(PHO = -— 2i f f(s) ds. 


Therefore 

1 
(7.14) (J sf) -Í f(s) ds, 
(7.15) (Jf) (t) = if sign(t — s) f(s) ds. 


From (7.14) it is clear that Jy is a one-dimensional operator with 
eigenvalue equal to unity, and eigenfunction e(t) = 1. 

Let us calculate the spectrum of eigenvalues of the operator Jg. If 
(t) = \(Jg@) (t), then, according to (7.15), this means that 


(t) = in fy sign — s)¢(s) ds. 


It is easily seen that this integral equation is equivalent to the boundary 
value problem 


p’ (t) — 2ià¢ (t) = 0, (0) + (1) = 0. 
The functions 
palt) =e 2 tY (n=0,+1,+ 2,---) 


form a complete system of eigenfunctions of this boundary value problem. 
The corresponding characteristic numbers are 


a, = (2n + 1)x/2 (n=0,+1,+2,---). 

Since spd z = 1, the values obtained for the a, (n = 0,+1,+2,---) 
are in agreement with the asymptotic formulas (7.7). 

It turns out that one has the following remarkable theorem of M. S. 
Livšic [1] (see also Brodskii [2], Gohberg and Krein [1]). 

Every simple Volterra operator A with a one-dimensional imaginary 
component is unitarily equivalent to the operator cJ, where c=spA >. 

5. An application to integral operators. Let LẸ (a,b) be the Hilbert 
space of vector-functions f(t) = { f;(t) }{, generated on the interval [a,b] 
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by a matrix-function o(t) having the properties a), b) from §10.5, Chapter 
III, and let % (t,s) = |/&,,(¢,5) 1 (@ Sts <b) be a Hermitian non- 
negative continuous matrix kernel. 

1. For the distribution functions n,(r;G) of the characteristic numbers 
of the operator G, defined in LẸ! (a,b) by 


(Gf) (t) = if sign(t— s). % (t, s) de(s) f(s), 


we have the relation 


0 b 
(7.16) lim = = 1f sp |_% (s,s) do(s) |. 


r— œ 


This result can be obtained as a simple corollary of Theorem 7.2. 
In fact, the operator G is the real component of the dissipative Volterra 
operator 


b 
(Af) ( = 2i f X (t,s) do(s) f(s). 


Moreover, according to §10.5, Chapter III, the trace of the operator 
Ay can be calculated from the formula 


b 
spA z= f sp |. % (s,s) de(s) |. 


§8. Nondissipative operators with nuclear imaginary component 


1. We will have to draw upon some new methods of the theory of 
functions. 

We denote by (A ,) the class of functions F(A) which are holomorphic 
in the halfplane Im) > 0 and can be represented there as the quotient 
of two bounded holomorphic functions. By a well-known theorem of 
R. Nevanlinna (see I. I. Privalov [1], Chapter II, §§1, 2), a function 
F(A), holomorphic for Im\ > 0, belongs to the class (A ,) if and only 
if there exists a nonnegative harmonic function uw(A) (ImA > 0) such 
that In| F(\)| Su). 

From the definition of the class (XN ,) it is comparatively simple to 
obtain the following two properties. 

1. The class (U4) is an algebra, i.e. if F,,F € (U4), then the prod- 
uct Fi F,€ (A), and for any complex c,,c. the linear combination cF; 
+ Cols E (A +). 

2. If F, F-E (A ,), and F\/F, is a holomorphic function for Im) > 0, 
then F,/F.€ (A 4). 

We define the class (A _) of functions F(A), holomorphic in the half- 
plane ImA <0, analogously to (ùA ,). Obviously, if F(A) € (A 4), then 
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F(-XY) E(M ) and FA) E (AS): 

The following result (M. G. Krein [3]|) will play an essential role in 
the sequel. 

A) If the entire function f(d) belongs to the class (A ,) in the upper 
halfplane, and to the class (XA _) in the lower halfplane, then it is of not 
greater than exponential type, i.e. 


(8.1) In{|f(A)| = O(|A|) for Jaj —> œ 
and 
7 sos fh I 


We shall supplement this result by the following: 
B) If the real entire function f(d) (f(0) = 1) with only real zeros {a;} 
satisfies the conditions (8.1) and (8.2), then 


(8.3) fO) = lim I] (1-2) 
r> o |aj| sr aj 
and 
(8.4) lim neti? f) lim 2 z n-(r;f) — L jim BU E 
lim r— o T rs r 


Here n, (r;f) ad n_(r;f) aie the number of zeros a; contained 
in the closed intervals [0,r] and [— 7,0], respectively. 

The equality (8.4) was established by N. Levinson (see Levin [1], 
Chapter II, §4). The relation (8.3) is a corollary of a more general 
theorem of Levin [1] (Chapter V, §4, Theorem 11). 


2. We begin with the following result. 


LEMMA 8.1. Let A=G+tiH be a completely continuous operator 
with component A s = HE ©, and let {yj} and {uj } be the complete 
sequences of the characteristic numbers of the operator A in the upper and 
lower halfplanes respectively. Then in the upper halfplane 


(8.5) a Deya(d) E A4) 


and in the lower halfplane 


(8.6) pe Doa E (A). 
j 4 — ASB 


Proof. The operator H can be represented as the difference of non- 
negative orthogonal operators: 
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H=H,-H . 
We put 
(8.7) H,=H,+H_, A = G+iH, 
and consider the decomposition 
e» paso = Bea 
Since — H, s H $ H,, by Theorem 5.2 we have 
(8.9) [Daa (Aj s1 for Imà 2 0. 


By the same theorem (or Theorem 6.3), 
|De (A)| <1 for ImA = 0. 


The only zeros of the function D,,4,(\) in the halfplane Im) > 0 are 
the characteristic numbers a; (J= 1,2, ---). 


From (8.9) follows 


(8.10) Daia(d) = 1; ee fO), 


where f(A) is some function ies is holomorphic and different from 
zero for _ Im) > 0, and satisfies the condition 


IANI <1. 
According to (8.8) and (8.10), 
1 — A/p,' l - Deyai(A) 


and since the right side is the quotient of two analytic functions which 
are bounded for Im) > 0, (8.5) is proved. The proof of (8.6) is similar. 
The lemma is proved. 

3. We can now obtain without difficulty a generalization of Theorem 
6.2 to the case of nondissipative operators. 


THEOREM 8.1. Let A = G+iH be a completely continuous operator 
with component Ag = HE ©,. Then 
= 2iar — d/ Hj 
(8.12) Dana) =e I= o 
where {u;} is the complete sequence of all nonreal characteristic numbers 
of the operator A, and 
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Hj 


(8.13) a=spH — >} Im 


ProoF. Interchanging the roles of A and A*, we can obtain for A* a 
relation analogous to (8.11), namely 


A/uj 


where f* (à), like f(A), is a function which is holomorphic and different 
from zero for Imà >0, with modulus not exceeding unity. 
Dividing (8.11) into (8.14), we find that 


(8.14) [I HE Doa) = Deva /f*O), 
j 


(8.15) Dax a(d) rr j= Ne A 
J J 


Since, according to (6.4), 
|Dana (A| = 1 for Imà=0, 
it follows from (8.15) that 
IFAI = I*A) | for — œ <dA\<o., 


Since the harmonic function In|/f(A)| is nonpositive for Im) 2 0, it 
admits the representation (cf., in this regard, §9.1) 


(8.16)  In|f(r)} = cs Ra) Ima  (Imà>0), 


Jsi af 


where 
p(x) = In|f(x)| = In| f* (x)| (— œ <x< œ), 
y lim | 2 m| fo) | <0. 


We can write down a representation for In|/*(A)| similar to (8.16), 
with the same p(x), but with some other constant y*. Hence 


In| fC) | = In| f*() | — 2a Ima, aero =f (ini 6), 
where 2a = y* — y. Since f(0)/f*(0)= 1, we conclude that 
FQ) — piian 
f*(A) 


which together with (8.15) yields (8.12) for Im à = 0 (witha = (y* — y)/2). 
Since the left and right sides of the equality (8.12) are meromorphic 
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functions, this equality is valid over the entire complex plane. It re- 
mains to verify the equality (8.13). Just as in the proof of Theorem 
6.2, it can be verified by comparing the expansions in powers of À, 
in a neighborhood of the origin, of its right and left sides. The theorem 
is proved. 

4. Weshall now formulate a result which generalizes and supplements 
the most essential portion of Theorem 7.2. 


THEOREM 8.2. Let A= G+ iH be a Volterra operator with component 
Ay= HE ®©. Then the determinant D,(d) is an entire function satis- 
fying the conditions (8.1) and (8.2); its zeros, i.e. the characteristic numbers 
a, (J = 1,2,---) of the operator G, are such that 


1 


(8.17) 1) lim = =0; 
lim 2, aj 
(8.18) 2) mO -jm A 
r—= o r es r T 
where 
(8.19) |spH| <h Ssp|H| (=|Al)), 


and 3) there exists a constant y (< 4e), not depending upon the operator 
A, such that 
BS) <7 sp| H|. 
r T 
All the assertions of this theorem, with the exception of the bound 
h <| H|, and the assertion 3), will be proved on the basis of what has 
been said earlier. To obtain the indicated bound, we have to use the 
following result, which is of interest in itself. 
C) Let A=G+:H be a Volterra operator with component A s = H 
E S. Then GE S, and moreover 


EAG) 

j=1 n 

n <2 LD sr 1 (n = 1,2, ) 
DENE CC U T 


This result was established by the authors in their communication 
[3]; its proof is based on the theory of triangular representations of 
nonselfadjoint operators and in particular on the theorem of Livšic 
which was formulated at the end of §7.3. 


10 For the definition of the s.n. ideal Gy see §15.5, Chapter III. 
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The theory of triangular representations also enables one to prove 
the following simple result (Gohberg and Krein |[2,3]).'” 


D) Let A= G+ iH be a Volterra operator with imaginary component 
A,=HEG, (sp< œ). Then the operator A admits an inessential 
ae A=G+ iñ, representable as a difference A = A, — A>, where 

=G,+iA, and A,=G,+iH_ are dissipative Volterra operators 
an orthogonal imaginary components H,, À.. 

Let us clarify that an operator A, acting in a Hilbert space $ DO, 
is said to be an inessential extension of the operator A, if À = A¢ for 
¢$€H and Ag=0 for ¢E HOOD. 

The result D) for p = 1 will be used in the proof of the assertion 3) 
of Theorem 8.2. 

PROOF OF THEOREM 8.2. Since by hypothesis A is a Volterra oper- 
ator, D,(\) = 1 and according to formula (3.3) 


Do) 


A 


D(a) = = = Dogal) enwn, 

By Lemma 8.1 the entire function Dg,,(\) belongs to (X) and con- 
sequently D,(A) E (A). On the basis of result A), the function Dg(A) 
has the properties (8.1) and (8.2); consequently result B) is applicable 
toit. 

Therefore, according to formula (8.4) of N. Levinson, the equality 
(8.18) holds for 


i lim | * in| Deti) |. 


r— œo 


Applying to the regularized determinant DlA) the representation (8.3) 


yields 
bao) =11(1-) [2] -e 11 (1-2). 


J 


from which we obtain (8.17). 
To prove that 


(8.20) h= lim | žin Betin) | >| sp H|, 


we obviously have to consider only the case in which sp H #0. For 
definiteness we take spH > 0. 


') A result of V. I. Macaev [2] makes it possible to replace the s.n. ideal ©, in this 
result by the s.n. ideal G, (see also Gohberg and Krein [7], result 2 of §4, Chapter III). 
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We shall use the relation 


—ikspH Dea CA) 
Daa À)’ 


where the dissipative operator A, is defined by (8.7). By Lemma 4.1 


(8.21) Dela) = e784 De a(d) =e 


lim | * In| Daa (ir) | ] < 


r— œ 


and according to Lemma 4.2 


l 1 i 
lim| 2 In| Devas(ir)| | = Q. 


r— œo 


It follows from (8.21) that 


he im | + in| Deir) | ] 
r 


r—> œ 


== d . 
= sp H — m| + In| Daya, (ir) | ] >|spA|. 
Thus inequality (8.20) is proved. 

According to result C), for the sequence of positive characteristic 
numbers a; = 1/AF (G) (J= 1,2,-+-) we have 


1 
(8.22) sup (x= ae z) <-|HA),. 
n j=l aj" j= J Gi 
Consequently, always 


fim ($a / Èz) sjh 


aj Ed 


fi—> œ 


On the other hand, if h > 0 in (8.18), then for any e> 0 


(k > N), 


— h= 
im 1. -|> _ 
noo L j= aj 


Thus h — e S|H|,, and the bound (8.19) is established. 
It remains to justify the assertion 3). For the case of a dissipative 


and consequently 
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operator A it was established earlier, since, according to Corollary 7.1, 
in this case 


(8.23) sup me <s — sp H. 


In the general case we have to use result D), according to which 
every Volterra operator A admits an inessential extension A=G+ ib, 
representable as a difference A = A, — A>, where A, = G, + iÑ + and 
A= G+ iH_ are dissipative Volterra operators, and H , and H_ are 
orthogonal to each other. 

Since under an inessential extension of the operator A the quantities 
n(r;A ,) and sp|A,| related to it do not change their values, we may 
assume without loss of generality that the operator A itself admits 
the representation A = A,—A,, where A,;=G,+iH, and A,= G; 
+1H_ are dissipative Volterra operators. For A; and A, we will have 


5G 2 .G) 2 
(8.24) sup as ni. soe a 


O<r<o us O<r<o@ 


sp H_. 
It is easily seen that for any selfadjoint GE ©. 


sip = aa eG): 


O<r<om r i sn<œ 


and therefore (8.24) shows that 
2e 2e 
(8.25) sup ns, (G) < — sp H,, sup ns, (G) <s — sp H. 
n us n rig 


Since, on the other hand, Gi + G: = G, by Corollary II.2.2 we have 
Snim-i(G) S S (G1) + 5,(G,) (n,m = 1,2, ---). Hence for m=n and 
m=n + 1 we obtain 


(2n — 1) Son_,(G) s 2 [ns, (G) T ns, (Ge) l, 
2NSon(G) < 2[nsq(Gy) + (n + 1) sn+1(Gə) J, 
and so 
sup ns,(G) < 2 [sep ns,(G,) + sup ns,(G» |, 
Taking (8.25) into account, we arrive at property 3) with the value 


y = 4e. The theorem is proved. 
We remark that in the case of a dissipative Volterra operator A it 
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follows from (8.19) that h = spH. This fact was already known to us 
from Theorem 7.2. One can show that in the general case h can assume 
any value from the interval (8.19). 

REMARK 8.1. Relation (8.17) can also be written in the form 


(8.26) lim >> A,(G) =0. 

el0 jajj ze 
This can be regarded as the assertion that the “principle value of the 
trace” of the real component of a Volterra operator is equal to zero when- 
ever the imaginary component of the operator is nuclear. 

If the Volterra operator A = G+ iH is itself in G, then GE G,, 
and so the trace of G has meaning and its principle value coincides 
with it, so that sp G = 0. Applying this result to the operator iA, we 
also obtain sp H = 0 and, consequently, in this case sp A = 0. 

We have again arrived at the result of V. B. Lidskii (cf. Theorem 
IIT. 8.4). 

REMARK 8.2. From the relation (8.26) one can make the following 
deduction: if the Volterra operator A is representable in the form A = C 
+ T, where C is a nonnegative operator and TE G,, then ACG, and 
spCs|Tali (SITI). 

In fact, since A v= T EC G,, 


(8.27) lim © \,(Ag) = 0. 
ejO |A Ze 


On the other hand, if we use the decompositions A ọ = Aj — Ag and 
Ty =T — Tz of the operators Ag and Ty into orthogonal non- 
negative terms, then Ay = (T + C) — Ty and so, according to Lem- 
ma I1.1.2, we will have 


spAgsspTy S|TaliS|Th<o. 


But then, according to (8.27), spA%Z =spAg, Ag € ©, spAg=0 
and A = Åz +iA zE ®©, Moreover, 


sp C <sp(T4%+C) = spTa S|Tah s|Th. 


5. The number h appearing in (8.18) can be calculated from the 
formula 


(8.28) h= { \dPHaP|, 
P 
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where ‘i is a maximal eigenchain of the operator A. This result re- 
quires the use of new concepts and methods, and will be proved in the 
authors’ book [7]. 

Let us clarify this last concept and the meaning of formula (8.28). 

A set P = {P} of orthoprojectors which is closed in the sense of 
strong convergence is called a chain if it is ordered in the natural way 
and contains the projectors 0 and J. A chain 8 is said to be maximal 
if it is not a proper part of any other chain. 

A chain Ẹ is said to be an eigenchain of an operator A ENR, if for 
every orthoprojector PE P the subspace PÉ is invariant with respect 
to A. From a theorem of J. von Neumann and N. Aronszajn (see 
Aronszajn and Smith |1]) on the existence of a proper invariant sub- 
space for any operator Á € ©. one can deduce the following impor- 
tant result (cf. L. A. Sahnovié [1]). 

Every operator A €E ©.„ has at least one eigenchain which is maximal. 

The formula (8.28) can be most simply interpreted as being equivalent 
to the following equality: 


(8.29) h = inf >) | AP;HAP,|,, 


j=l 
where the infimum is extended over the set of all partitions 0 = Po 
<Py<---<P,=I1 (P;€ P) of the chain $, and AP;= P;— Pj- 

We recall that, according to Theorem III.8.7, if the partition {P> {> 
is a refinement of the partition |P? lọ, then 


JAP? HAP?|, <> |s P HAP]. 


j=l 


Ms 


l 


J 


REMARK 8.3. It follows from (8.18) that 


lim ns,(A) = 2 h. 
or T 


This can be established in the same way as the corresponding re- 
lation in Corollary 7.2. 

6. Theorem 8.2, together with the formula (8.28), enables one to 
generalize result 1 of §7 to the case of a kernel %(t,s) which defines 
by the formula 


b 
(Hf) (t) = f Z (t,8) f(s) ds 
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a Hermitian nuclear but not necessarily definite operator. 
In this case, for a continuous kernel _% (t,s) formula (7.16) can be 
replaced by the formula 


à b 
imt LL f sp|_% (s,s)| ds, 
T 


r— œ r a 
where by sp|_% (s,s)| is understood the sum of the absolute values of 
the eigenvalues of the matrix & (s,s), and for a discontinuous kernel, 
by the formula 


G) 1 f 
lim ENED -= lim sp|_%,(s,s)| ds, 
r> œ r T 50 a 


where 


F(t, 8) = 15? ef. S SK (u,v) du dv. 


We leave it to the reader to comment upon other relations from this 
section for the integral operators H and G being considered. 


§9. An asymptotic property of the spectrum of an operator 
with nuclear imaginary component 


1. We have already once used (see the proof of Theorem 8.1) the 
following result. ” 

Let u(A)(ImaA > 0) be a positive harmonic function in the upper half- 
plane. Then 


(9.1) ul) = (h+ a) ImaA (ImaA > 0), 
where 

= a a ur) 
(9.2) hu = eon i 


and w,(t) = + (w(t +0) + w(t —0)) is a nondecreasing function, de- 
fined by the Stieltjes inversion formula: 


h—o T 


t 
Pe ens f uehd: 
0 


12 This result is a simple corollary of a well-known theorem of Riesz-Herglotz 
(see I. I. Privalov [1], Chapter 1, §2) on the integral representation of a function 
which is positive and harmonic in the unit disc. 
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Strictly speaking, the relation (9.2) is a consequence of the repre- 
sentation (9.1) itself; moreover, from this representation it follows that 
for any V (0 < 9 < 1/2) the relation 
A u (pe”) 

lim 


p-> œ 


= h,sin0 


holds uniformly in the sector 
|r/2 — 0| <v. 
W. K. Hayman [1] has established an important theorem which, in 
particular, contains the following result. 


1. Let u(A) be a nonnegative superharmonic function for Imd > 0, and 
let 


. a UA) 
fy = en Im) 


There always exists a set AC (1, ~) of finite logarithmic length such that 
the limit relation 


ið 
lim u (pe”) 


p— œ p 


= h,sin o0 


holds uniformly for all 0 (0 <0 < xr) as p— œ, avoiding A. 
Let us clarify that the logarithmic length of a measurable set 
AC (1, œ) is defined as the integral 


dp 
aP 


The result 1, in particular, is applicable to any nonnegative har- 
monic function u(A) (ImA > 0). On the basis of it, we can assert for 
any product 


1 — A/p; 1 
j L—A/p, j Mj 


< ow, ji « ) 
that 
_ fil i 
(9.3) lim | — In| B(pe”)| | =0, 
p 
uniformly in 0 (0S@Z 7) as p—o, avoiding an appropriate set A 


C (1, œ) of finite logarithmic length. 
In fact, putting 
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Bia) = IJ oe, Bw 1, Ee 


Imyuj <0 / pj Imu >0 a = d/ mj 
we will have 
In| B(A)| = In| By (A) | — In| B(A) | = 4,Q) — u2(à), 


where u,(\) and w.(A) are superharmonic functions for Im\A> 0. For 
these functions the constants h,, and h,, equal 0, since by the well- 
known properties of a Blaschke product (see M. G. Krein [3]) there 
exists a sequence of numbers p,— œ such that the relations 


(. pif 
tim | + In| B(p,e | |- tim “=e 9 = (j= 1,2) 
n— œ p 


n—> œ n 


will hold uniformly in 0 (0 <6 < 2x), and so, in particular, 
—— = 0 (j = 1,2). 


2. With every completely continuous operator A we will associate 
the function 


(9.4) N(r; A) = pe dp (O0<r<o), 
0 


where n(r;A) denotes the number of characteristic numbers of the 
operator A lying in the disc |A| Sr. 

Considerations similar to those by which result 1 of §14, Chapter 
III was established show that if for some /> 0 


(9.5) n(r;A) =rL(r) + o(r'L(r)) = (r> &), 
where L(r) is a slowly varying function, then 

(9.6) N(r; A) = (1/I)r'L(r) +o(rL(r)) (r> œ) 
(see in this connection B. Ja. Levin [1], p. 50 (transl., p. 34)). 


THEOREM 9.1. Let A= G+4+iH be a completely continuous operator 
with A = HE ©, and let {uj} be its complete system of characteristic 
numbers. Then there exists a set AC (1, œ) of finite logarithmic length 
such that for r— œ, avoiding A, one has 


(9.7) N(r;G) — N(r; A) =«r+o(r), 


where 
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(9.8) kZ 


If the operator A is dissipative, then 


(9.9) <==[ su -5m (>) | . 


Proor. Just as in the proof of Lemma 8.1, we shall use the identity 


Deya\() 
Daa A)’ 


where A,=G+iH, (Hı= H+ H). Let us recall that 
|Deja,Q)| s1, |Daa (A| S1 for Imà 20, 


Dead) z Deja) Dayal’) = 


and according to Lemma 4.2 


(9.10) lim E In| Dalir) | ] = Q. 
Thus 
In| Dea(A) | = u2(A) — ui (A) (Im > 0), 
where 
u,(A) = In| Dac) | > 0 (Im. > 0), 
and 


Uy(A) = In| Daya (A)| = — In| Daa) >0 (Imà > 0) 


are superharmonic functions. 

Let us denote by hf and hý the nonnegative numbers, and by A, 
and A, the sets of finite logarithmic length, which correspond to the 
functions u,(A) and uw.(r) by Hayman’s theorem. By virtue of (9.10) 
we will have hi'=0. Therefore, if we put A, = 4,U 4%, it follows on 
the basis of Hayman’s theorem and the equality (9.10) that the limit 
relation 


(9.11) lim | : In| De,a(re’) | ] = h} sing 


holds uniformly with respect to 0 (0 <0 <x) as r—o, avoiding A,. 
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Similarly, one can prove the existence of a constant h, 2 0 and a set 
A of finite logarithmic length such that the limit relation 


1 . ; 
(9.12) lim| * In| De,a(re”) | ] = h; |sino| 


holds uniformly with respect to 6 (— r <60 <0) as r— œ, avoiding A_. 
We shall show that 


(9.13) : (hy —h}) = sp H — 2 Im (z) . 
In fact, according to (9.11) and (9.12) 
lim ng = hł— hz 
as r— œ, avoiding the set 
A=A,UA.. 
On the other hand, we have 
Deya(tr) 


Deal — ir) = Degar), = Daya(ir), 


Dga (tr) 


and according to Theorem 8.1 and the relation (9.3), 


=i È In| Da» alir) | | = spH —~ Im (- ) 
2 r j Hj 
as r— œ, avoiding some set of finite logarithmic length. From this 
follows (9.13). 

We now apply Hayman’s formula to the meromorphic function 
Dg (A). Since the zeros and poles of this function coincide respectively 
with the characteristic numbers of the operators G and A, on the basis 
of this formula we will have 


2x i 
(9.14) N(r;G)— N(r; A) = = In| De, 4(re”) | do. 
K JO 
If r— œ, avoiding A, the asymptotic value of the integral in the right 
side of. (9.14) can be calculated from the limit relations (9.11) and 
(9.12), which yields 


(9.15) NC; G) — N(r; A) = È (hf+ har + 0) 
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as r— œ, avoiding A. Obviously, the first assertion of the theorem 
follows from (9.13) and (9.15), where « = (h+ hj) /z. 

If the operator A is dissipative, then A;= A, Dg,,,4=1, AZ=0, 
and according to (9.13) 


apem 


Thus, in this case « = (h+ he)/w will have the value (9.9). The 
theorem is proved. 

Theorem 9.1 was established in a paper by M. G. Kreïn [9]. Previous 
to this, B. Ja. Levin [2], the first to use Hayman’s result, showed 
that in the case of a completely continuous dissipative operator A = G 
+iH (spH < œ) one has the asymptotic inequality 


N(r; G) — N(r; A) SrspH + o(r) (r— œ). 


Little has to be added to the arguments of this paper in order to 
obtain, for the specified case of a dissipative operator, the asymptotic 
inequality N(r;G) — N(r;A) S«r+o(r), where «x has the value in- 
dicated in (9.9). 


§10. A theorem on Volterra operators with a finite-dimensional 
imaginary component 


1. To establish this theorem we have to complete our arsenal of 
auxiliary function-theoretic results. In varticular, we need the following 
generalization of Levinson’s theorem (cf. §8, result B)), which was proved 
by M. Cartwright [1] (see B. Ja. Levin |1], Chapter V, §4, Theorems 7 
and 11). 

C) Suppose that the entire function f(d), of not greater than exponential 
type, satisfies the condition 


~ Int | f(A) | da 
f 1+,° : 


co 


Then for any 9 (0 <V< x) one has the limit relations 


lim nlro) lim 2 (r;0) 


r— œo F>» co 


= 2 fim IAG jg A= HOY 


m 


(10.1) 


r— ow r— œ 


where n,(r;8) and n (r;¥0) denote, respectively, the number of zeros of 
f(A) in the sectors 
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|A| Sr, |argA| <8 and |A| sr, |arg(—A)| <ð. 


Moreover we need the following results. 
D) Every function F(X) of the form 


(10.2) F() = — 
z % A 


belongs to the classes (A ,) and (XA _)'®? in the respective halfplanes, 
where faj} is some sequence of real numbers and {m;} is a sequence of 
complex numbers such that 


| m,| 
1 + |a;| 


This result is a corollary a more general and precise result of V. I. 
Smirnov (see I. I. Privalov [1], Chapter II, §4). It admits a simple 
and direct proof. By virtue of the linearity of the classes (Y.) it is 
sufficient to prove the result D) for the case in which m;> 0 for all j 
(J= 1,2,---). In this case we will have, for the function # (å) = i + F(A), 


(10.3) 3 Da 


min Im X 
—)| TRUT 
Therefore in the upper Eiai the modulus of the function W(A) 
= 1/()) is bounded by unity, and consequently (A) = 1/¥(A) E (A) 
and F(A) = &(A) ~1€ (XA). Similarly, one proves that in the lower 
halfplane F(A) E (A _). 


E) Let F(A) be a meromorphic function of the form (10.2), where the 
additional condition 


ae aba ey >1 for Ima > 0. 


1 
(10.4) a ee 
2, vi æ j| 


is fulfilled. Let us put 


(vy | «;| >0,7 = 1,2,-+:) 


iV|aj| — à | — À 
(10.5) B(A) = : ; 
NU Aia l V [a;l + À 
Then in the upper halfplane B(A) F(\*) E (A ,), and in the lower half- 
plane B (N F(X?) € M ). 
In fact, the function F(A’) admits the representation ” 


9 For the definition of the classes (% .) see §8.1. 


') Since 1/A°€ (ù), we may suppose without loss of generality that a; <0, 
PDA eae, 
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1 1 
F(X?) = er. (= + =.) 
2. Va Vaj— À Vaj+r 
m m; 
2 2a via 40 |X ANA 


= $ (À) + (åA) + (A). 
According to result D), #,(\) € (A). Since for Imà > 0 
1 


iv/|a;| +A 


Z 1 
Vail - 
the function #,(A) is bounded for Im) > 0: 


|20\)| $5 DI u 


aj<0 | a 


co 


and consequently also belongs to the class (Y ,). 

In the upper halfplane, the function B(A) is holomorphic and its 
modulus is bounded by unity, so that B(A) € (A ,), and hence B(A) #,() 
E (A) (p = 1:2): 

To prove that B(A) F(\*) € (A ,), it remains to show that B(A) (A) 
E (A). To do this, we represent this function in the form 


B(X) €3(\) = — 
: 2 V| al apl ivjarl — À 
1 M, B(A) 


2i ak <0 Vjal A/a +A 
Since for Im A > 0 
Il iV/|a;| iV |aj| — À — À 
aj<0;jæk iV|a;| +à 
it follows from (10.6) and (10.3) that 


| Bi(A) | = 


mel 


| B(A) (A)| <i b2 oo (Im > 0). 


2 ak <0 | al 
Thus B(d)#3(4) E (A1), and so B(A) F(A’) E (A4). Similarly one can 
show that B(A) F(A?) € (A). Result E) is proved. 
2. After all that we have set forth, the proof of the basic theorem 
is not difficult. 
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THEOREM 10.1. Let A = G+iH bea Volterra operator with a finite- 
dimensional imaginary component H. If the negative characteristic num- 
bers a; of the operaior G satisfy the condition 

1 
(10.7) —— < ©, 
aj<0 V| aj 


then the finite limit 
. n, (r;G 
lim nT 
r= a VT 
exists for its positive characteristic numbers. 


We number the characteristic numbers so that a; <0 for jJ <0 and 
a; >0 for J >0. The theorem asserts, in particular, that if G has an 
infinite number of positive characteristic numbers, then if we arrange 


them all in a nondecreasing sequence a; Saz ---, the limit 
(10.8) lim a 

T 
will exist. 


Proor. By hypothesis the component H admits the representation 
H= Dy (+> Ha) Pas 
q=1 


where ¥,°--,¥, is some orthonormal system of vectors. Then 
Dajg(d) = det (I — rH (I — AG) ~*) = det] òp — treg@pq(A) |È, 
where 
alà) = ((Z — àG) Yp Ya) = (QP = 1,2, -- +72). 


Since A is a Volterra operator, the function Dea) = Daic(A) is 
entire with real zeros a; (J = 0,+1,+2,---). 

If we show that the function f(A) = Dg4(d*) belongs to the classes 
(X ,) in the respective halfplanes, then by result A) of §8, result C) 
will be applicable to the function f(\); since, on the other hand, for 
the function f(A) for 0<3<-7/2, obviously, n4(W/r; ð) = n,(r;G), 
the theorem will be proved. 

Bearing this in mind, we introduce an orthonormal system of eigen- 
vectors ¢; (J = 0,+1,+2,---) of the operator G, corresponding to the 
system of characteristic numbers a; (J =0,+1,+2,---), so that 
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a, Go; = ¢, (j= 0,4+1,42,---). 
Then 
=i ST = os, 
J 


and so 
-AD Caj Pi (p,qgq=1,2,---,n), 


where c,; = (¢;, Va). 
Defining B(A) by (10.5), we will have, according to result E), 


BO) È SeA +) (p,q=1,2,---,n), 


and hence 
BQ) ae) E (A4) = (Wg = 1,2, --+,7). 
Consequently, if we multiply every row of the determinant 
det || ôn — iX? egan AP E C= DaD) 
by B(A), then all of its elements will belong to the class (A ,). Since 
this class is an algebra of functions, it follows that 
B"(x) Dac’) E (A4). 


Taking into account that B"~'(A), together with B(A), belongs to 
the class (%.), we conclude on the basis of property 2 (§8.1) of this 
class that the function 


B"() Daje(X’) 


F(A) = B(A) Dach’) =e B* (A) y 


which is holomorphic in the upper halfplane, also belongs to this class. 
Since the function F(A) does not have zeros in the upper halfplane, 
the function f(A) = F'(A), together with F(A), belongs to (%,), and 
consequently 


Deal’) = BOA) FD) E (A 4). 


One can similarly show that Dg,4(A*) E (A _). Theorem 10.1 is proved. 

Of course, one can interchange the roles of the positive and negative 
spectra of the characteristic numbers of the operator G in the state- 
ment of the theorem. 
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3. It is probable that the condition of finite-dimensionality of the 
component H = A, in Theorem 10.1 can be weakened (cf. p. 221). 
However, even for a finite-dimensional component H Theorem 10.1 
finds essential applications. *” 

It should not be thought that Theorem 10.1 can be made more pre- 
cise by for example imposing more restrictive requirements concerning 
the sparseness of the negative spectrum of the operator G= Ag. 

Since, under the conditions of the theorem, the Volterra operator 
A turns out to belong to the class ©, (moreover, to any class ©, with 
p> 1/2), by Theorem II1.8.4 one has sp H = 0 and consequently spG 
= 0, so that G will always have eigenvalues of both signs. 

We shall present below an example of a Volterra operator A with a 
two-dimensional’® imaginary component H = A > and a real compo- 
nent G = A w which has exactly one negative eigenvalue and for which 
the limit (10.8) is positive. 

We realize in the form L,(0,1) and consider the Volterra oper- 
ator V in L,(0,1), defined by” 


l 
(10.9) (VAO = f (t—s)f(s)ds (FEL. 
For this operator, obviously, 
(10.10) (Veh) = —5 f lt — s| f(s) ds, 
(10.11) (V A == f (t — s) f(s) ds. 


From (10.11) it is clear that the component V , is two-dimensional. 
To establish those properties of the spectrum of the operator V ., 
which are of interest to us, we shall use the identity 


1 1 1 1 
(10.12) —3lé—s| = G(i,s) + (+-5) (s-5) T7’ 


15) See the authors’ book [7]. 

18) Since an operator with a one-dimensional imaginary component becomes dis- 
sipative when multiplied by +1, it follows from the theorem of M. S. Livšic, cited 
on p. 187, that the condition (10.7) can never be fulfilled for such an operator (cf. 
also, in this connection, the general Theorem 7.2). 


‘This example was also considered by V. B. Lidskii [5]. 
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where 


t(1 — s) (¢<s), 
G(t,s) = 
s(1 — 2) (s < ê). 


The integral equation 


panty (rao = f G(t,s) o(s) ds) 


is equivalent to the boundary value problem 
$” +ue=0, (0) = 6(1) = 0, 
whose spectrum consists of the numbers 
(10.13) un = Tn? (n = 1,2,---). 
On the other hand, it follows from (10.12) that 
Vy =T + (-,e1) e, — (+, e0) €o, 


where e,(t) =t — 1/2 and e(t) = 1/2. Thus the operator Vx is ob- 
tained from the positive operator r + (-,eı)e, by the subtraction of 
a one-dimensional operator, and consequently it has at most one neg- 
ative eigenvalue (this easily follows from Lemma II.1.2). Since sp V, = 0, 
Vœ has exactly one negative eigenvalue. Taking (10.13) into account 
and recalling Corollary I1.2.1, we conclude that for the sequence a, 
Sa, --- of positive characteristic numbers of the operator V „ we 
have the asymptotic formula’ 


i a 
lim + = 7", 


§11. Further theorems on relations 
between the Hermitian components of Volterra operators 


1. The question, to what extent do various properties of one of the 
components A y, A s of a Volterra operator A determine properties 
of the other component, plays a fundamental role. 

In the previous sections this question was studied for the case in 
which the imaginary component of the Volterra operator was nuclear 


18 It is not difficult to show that the spectrum of characteristic numbers of the 
operator Vy coincides with the spectrum of the boundary value problem 
p # 


$” + np = 0, #' (0) + ¢' (1) = 6(0) + (1) + ¢' (0) = 0. 
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(§§6--9) or finite-dimensional (§10). In this section we shall present 
results concerning other important cases. All of these were obtained 
by V. I. Macaev [3] by using new theorems of the theory of entire 
functions, established by him, in the theory of perturbation determi- 
nants. 

In particular we shall use below the following theorems on entire 
functions, which were announced by V. I. Macaev, among other theo- 
rems, in his communications |1-3]. 

I) Let F(r) (OSr<_o) be a nondecreasing continuously differenti- 
able function which satisfies the conditions F(0) = 1, F’(0) = 0, and also, 
for some p (1 <p <2), the condition 

f In FG) dr < 
0 


pite 


Then if an entire function f(z) admits the lower bound 


|f(z)| 21/F (= ) (z = re”), 


|sino| 


the inequality 


1 ” In F(r) 
Dpape e 


will be fulfilled for the sequence {a;} of all the zeros of f(z), where C, is a 
constant depending only upon p. 
Il) Jf the entire function f(z) admits, for some p>1 and C> Q, the 


lower bound 
p r 
La (r ) j i 


where L (r) is a slowly varying function, then 
(11.1) In+t|f(z)| = O@’L,7)) (r> œ). 


We remark that on the basis of a well-known theorem of Lindelöf- 
Valiron (see B. Ja. Levin [1], Chapter I, Theorem 17), for noninteger p 
the relation (11.1) is equivalent to 


(11.2) nír; f) = O(r’L,(r)) (r— œ), 


HOIR: Cexp { | aie 
sin @ 


where n(r;f) (0<r< œ) is the number of zeros of the function f(z) 
lying in the disc |z| <r. 
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Assuming that the zeros ja,} of the entire function f(z) are num- 
bered in order of nondecreasing modulus |a,| < |a| S ---, we can as- 
sert that the last relation, in turn, is equivalent to 


(11.2 Jian ase) 


|an] 

where L(r) is a slowly varying function, determined from the condition 
that the functions ¢,(r)=r’L,(r) and ¢,(r)=r'”’L(r) are, for suffi- 
ciently large r, inverses of each other, i.e. ¢i(¢(r)) = alẹ (r)) =r 
for r> R.™ The equivalence of the relations (11.2) and (11.2') is eas- 
ily verified, if one notes that a positive slowly varying function L(r) 
satisfies, for any a> 0, the condition L(ar)/L(r)—1 as r= oœ. 

III) Zf the entire function f(z) admits, for some positive p < 1 (and 
C > 0), the lower bound 


© |= Cexp (- 


then 


[In| FOI 
age 


and consequently for the zeros of f(z), arranged in a nondecreasing se- 
quence faj}, the finite limits 


In| f(z)| = O(|z|) for z— œ and f 


lim sa and lim £ 


n—> œ a, rn —o n 
exist and are equal. 


The last conclusion was made on the basis of a theorem of Cart- 
wright-Levinson (cf. result B) of §8). 
2. We also need the following elementary lemma: 


LEMMA 11.1. Let a, 2a,2 --- be a sequence of positive numbers such 
that >) j;a;< œ. Put 


') The existence, for sufficiently large r, of an inverse function ¢»(r) of the re- 
quired form is seen from the following considerations. If we put & = inr, n = In¢,(r), 
then the condition rL(r) /L\(r) 0 as r— æ is equivalent to the condition dy/dé — p 
as §-+ œ. By virtue of the latter, dt/dy—1/p as ņn—> œ, from which follows the ex- 
istence of an inverse function ¢2(r) of the form r lie Li(r). 
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Llr) = II (l1+a,r). 


j=l 
Then for any p (0<p <1) 
=] = 
(11.3) f allo) dr = By >, a? (s œ), 
0 per ei 


where 


B =i [" dt _ T 
P pJo P+ psinpr’ 
If the series in (11.3) has a finite value, then 
In [I (r) = o(r’) for ro oœ. 


ProoF. In fact, 


and consequently for any p (0 <p <1) 


“diali f° i'm, € A a 
J, re - J r” IIC) ar= 2 0 Cea. i r= Pee of 


j=1 


Since 


dr, 


Fan -BEIR | pss 
0 0 


r? RP peti 


it follows that if the left side tends to a finite limit as R— œ, then 
both terms on the right side will tend to a finite limit, and consequently 
the first of them will tend to zero. 

Thus if the series in (11.3) has a finite value, 


[ue dean f a = 8, Da 
0 petri 0 


Since, by virtue of this equality, for any integer n 


"In Il, O) j 
Dal -f rer 


jJ=1 
Z f : nite dr (LO = Ia +a), 
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the lemma is proved. 

3. Now let A = G+ iH be a Volterra operator with imaginary com- 
ponent H € &,, where 1<p<2. For any F-regular point „ of the 
operator G we introduce the operators 


T(u) = (I — aG), Clu) = — (P(e) HY’. 
Since 
IC’) |: S1C() [pe SIT) Alp SIE) H| < œ, 
it follows that C(x) is a holomorphic operator-function (with values 


in ©,) in the region © of all F-regular points of the operator G. Con- 
sequently, the determinant 


A(z) = det(I — u’ C(u)) 


is a holomorphic function in the region ©. 
Since the operator I — „?°C(u) admits the decomposition 


(11.4) IT —p’C(u) = Pu) (J — pA) P(u) UI — pA*) (uE OG), 
it has a bounded inverse for any pE O: 
(I — u’ C(u)) 
= (I — pA*)`'(I — uG) (I — pA) `` (I — uG) (EO), 
and consequently 
Ala) #0 (WEO). 


We will show that every point u; = à; '(G) is a pole of the determi- 
nant A(x) of multiplicity 2k, equal to twice the multiplicity of \;(G) 
as an eigenvalue of the operator G. This can be done starting from the 
same idea which lay at the basis of the proof of result 4 in §3. 

Let us denote by P, (J= 1,2,--+) the orthogonal projector on the 
eigenspace of the operator G corresponding to the eigenvalue \,(G), 
and by G; the operator (J — P) GU — P,). As is known, G= G, + u;'P,, 
and the point „j is an F-regular point of the operator G;. It is easily 
seen that 

1 
D(a) = (I — uG) ~ (1 -f P, ) 
Hj 
(11.5) 


zi 
= (1- Ep) ET e 
Hj 
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Since 


we have 
si 
det (1 ijn P,) = det M; =. 
By (uj; — u) 


It follows from (11.4) and (11.5) that in a sufficiently small neigh- 
borhood %, of the point yu; (u Æ uj) 


A() = det(M;S;M;R;), 
where 
S;= (I — uG) (I — uA) and Rj= (I — uG) (I — pA *). 


The operators S;M;R;— I and M,— I belong to ©,; consequently, 
according to result 7 of §1 
uy 


(uj — n)? 


The operator S; has a bounded inverse for all »€@%;; consequently, 
according to result 6 of §1 


A(u) = det(S;M;R)  (wE¥). 


det(S;M;R;) = det(S, 'S,M;R,S,) = Gao det(R;S;). 
Hj— uyu 


Thus 


u” 
H det(R;S;). 

(u; — u) 

Since the operators R; and S; have bounded inverses for » = u, and 


R;S;— IE ©, it follows that 
det (R,S;) po x 0. 


A(u) = 


Consequently the determinant A(z) has a pole of multiplicity 2k at 
the point » = yw; Thus we have shown that the function 


(11.6) f(u) = x, 


is entire with zeros nj=A,;'‘(G) (J= 1,2,.--). 
By virtue of the bound (1.2) we have 
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(11.7) | AC) | <]]Q + el*s(C())). 
j 
Taking into account that according to the bound (II.4.11) 
YC) = Ys ler H)’|s EAr H) (k = 1,2,-->), 
Ja j= pa 
we obtain, on the basis of Corollary 11.3.1, 
Ja] s TI A +1al*(rw) HD). 
je 


Since pI'(n) = (AI — G) * (A=), and for the selfadjoint oper- 
ator G one has 


1 
[Ima] 


IAI- G| s (Imà #0), 
it follows that 


S(T) ED Irw jsi sth sm (j=1,2,--). 


~ |Ima] 
Thus, by virtue of (11.7) 
r & 
(11.8) flu) | = yr (i) (u = re), 


where 


F(r) = Il (1+ s7(H)r’). 


j=l 
According to Lemma 11.1 

f In F(r) 1 (° nF(Vr) 
I = ; pel dr == 


P 


dr = Por S> S( H) < œ 


~ 2Jo ren 2 

and therefore, according to the result I), 

ya = LIMO s GIH 
=> |r; < C,—|A|?. 

os | eG)? é‘ | J | = “p 2 | F 


J= 


Thus for 1<p<2 we have obtained the following theorem. 


THEOREM 11.1 (V. I. Macaev [3]). Let A be a Volterra operator. If 
its imaginary component A z belongs to ©, (1 <p < œ), then its real 
component Ag belongs to ©,, and moreover 
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(11.9) IA lo S YA + |p, 
where y, is a constant depending only upon p. 


For p = 2 this theorem was first proved by L. A. Sahnovič [2] with 
the sharpened conclusion that |A |2 =|A »#|2. A simple proof of Sah- 
novič’s theorem was given by the authors [2]. From the authors’ re- 
sults |4] it also followed that it suffices to prove the theorem for one of 
the two half-open intervals (1,2] and |2, ©), and that the exact con- 
stant y, in the bound (11.9), as a function of 1/p, has the property of 
logarithmic convexity and the symmetry property yp = Y (P +q !=1). 

In the authors’ communication |4] one can find a proof of this theo- 
rem, for all p > 1, which does not require new or strong techniques of 
the theory of functions, and also a derivation of a simple bound for y: 
yp < (e**In2)'p (p 2 2). 

A detailed presentation of these results will be given in the authors’ 
book [7]. It will not be given here, since it is based on the theory of the 
abstract triangular integral. 

4. We also have the following 


THEOREM 11.2 (Macaev [3], GOHBERG AND KREIN [4]|). Let A be a 
Volterra operator. If 


(11.10) s,(A 9)=O(n'?L(n)) (n>), 
where 1<p< œ and L(r) is a slowly varying function, then also 
(11.11) S(A g) = O(n? L(n)) (n— œ). 

The theorem remains valid if in (11.10) and (11.11) we replace O 
by o0. 


For values of p from the interval 1 <p < 2 this theorem was proved 
by V. I. Macaev [3]. The authors’ method, based on the theory of the 
abstract triangular integral, enables one to show that Theorem 11.2 
is valid for all p (1 <p < œ), once the validity of the first assertion 
of the theorem has been proved for all values of p from the interval 
l<p<2. 

We have to restrict ourselves to the discussion of the proof of the first 
assertion of the theorem for the case 1 <p < 2. 

Proor. In fact, if the condition (11.10) is fulfilled for H = A z, 
then HE ©, for q> p. Since it is always possible to choose q such 
that p <q < 2, the entire functions f(u) and F(r) are defined and ful- 
fill the relation (11.8). By the theorem of Lindeléf-Valiron (see §11.1) 
we will have, for the function F(r), 


SEC. 11] HERMITIAN COMPONENTS OF VOLTERRA OPERATORS 217 


In F(r) = O(r? Li(r)) (r— œ), 


where L,(r) is some slowly varying function, whose relationship with 
the function L(r) we already know. 
Then by (11.8), for some C> 0, 


bay < (se y Li (5 ) (u = re”), 


and, consequently, according to the result II), also 
In|f(u)| = O Lr) = (r> &). 
Hence on the basis of the Lindeléf-Valiron theorem we obtain 
|à (G)| = O(n"? L(n)) (n> 0;G=Azg). 


The theorem is proved. 

5. It is essential in Theorem 11.1 that p> 1. In fact, if the imag- 
inary component A > of a dissipative Volterra operator A belongs to 
©, for some p $1 (or even if the component A y is finite-dimensional 
and consequently belongs to the class ©, for arbitrarily small p > 0), 
by Theorem 7.2 the real component Ag will not even belong to the 
class ©,. However, if to the condition Ay € ©, ($ <p <1) we add 
the condition A E ©, or Ag E ©, (Ad and Aw are the mutually 
orthogonal nonnegative operators from the decomposition A yw = A% 
—A®), then it will follow that the Volterra operator A belongs to 
©,. It will be convenient for us to formulate this result in the fol- 
lowing form. 


THEOREM 11.3 (Macaev [3]). If the Volterra operator A can be re- 
presented in the form 


A=C+4T, 


where TE ©, ($ <p <1) and C is a nonnegative operator, then AC ©, 
and so CE ©, and moreover 


(11.12) IC], S xl Tlo 
where x, is a constant depending only upon p. 


The theorem is also valid for p = 1 in the sharper form that «x, = 1, 
and moreover spC < spT3. This result was noted in Remark IV.8.2. 

Proor. Let us consider the perturbation determinant Dy,c(u). Re- 
placing » by »’, we obtain 
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Dalu’) = det (I F N(u)), 
where 
N (u) = —w*TT— pC) ' 


1 -1 1 =l 
2 r(żr- e2) (21+ ov) 
H m 


We shall denote by C'? the nonnegative operator whose square is 
the operator C. However, it is essential for us only that C'” be a self- 
adjoint operator, in consequence of which 


«¢ [a oe) 
H 


(11.13) 


(11.14) f 
1 |u r i 
a a = re 

= (Im (1/n)| | Im p | | sin 6| lu ) 
According to the bound (11.2), 

|Daclu?)| s [[ +s5(N(u))). 

j=l 
On the other hand, according to (11.13) and (11.14) 
p“ , 
$;(N(u)) S Tig SD) (7 = 1,2,-->), 

so that 

1 
11.15 — D < F (< Ja 
i ! | Dc;a ln’) | =|Daclu | S | sin e| 
where 
(11.16) F(r) = [| 1+ r°s(T)). 

j=l 
According to Lemma 11.1, we obtain 
MEO gpl (7 BEVO BS coy — 80) Tp 
f -am a= 5 a r= 728 HCL) = zA Tlp < œ. 


Consequently Theorem I) (with the notational difference that p is 
replaced by 2p) is applicable to the function f(u) = Deo4(n’) 
= det |(J — °C) (I — u?A) ~>]. Since the zeros of the function f(,) 
are the numbers a; = + dj **(C) (J = 1,2, ---), by Theorem I) we obtain 
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i i 
Leli = ENO <3 Col TI. 


j=l 
The theorem is proved. 


COROLLARY 11.1. Let A=Ag+iAy be a Volterra operator with a 
finite-dimensional imaginary component A s, and let {\;} be the complete 
system of eigenvalues of its real component Aw. Then for any p from 
the interval | <p <1, the two series 


2 ie 2N 


aj<0 Aj>o 
converge or diverge together. 


To obtain this corollary, one uses Theorem 11.3 as applied to C 
=A% and T= — Az +Á >; ortoC=Ay and T=—Aiz—-iIA,;z, 
where A} and A% are the orthogonal nonnegative operators from 
the decomposition Ay =A — Az. 

A comparison of Corollary 11.1 with Theorem 10.1 shows that this 
corollary, and so, more generally, Theorem 11.3, ceases to be true for 
p < 1/2. 

6. Applying Theorem II) instead of Theorem I) to the function 
f(u) = De,a(u*) enables us to obtain the following result. 


THEOREM 11.4 (MacaeEv [3]). If in the representation A = C+ T of 
the Volterra operator A the operator C is nonnegative, and the operator 
T (€ ©..) is such that for some p (4 <p <1) and some slowly varying 
function L(r) 


(11.17) s,(T) = O(n L(n)) (n> œ), 
then 
(11.18) \,(C) = O(n!" L(n)) (n— œ). 


Proor. In fact, if the condition (11.17) is fulfilled, then TE ©, and 
consequently the entire function f(a) = Doala?) is meaningful, and 
one has the bound (11.15), where F(r) is defined by (11.16). On the 
basis of (11.17), by the Lindeléf-Valiron theorem (cf. §11.1) we will 
have 


In F(r) = O(r? L,(r)), 


where L,(r) is some positive slowly varying function. Therefore by 
virtue of (11.15) 
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ae ee 
IF| ~ ~~ \|sine| ‘\|sine| j ' 


which by virtue of Theorem II) yields, in turn, the estimate 
In| f(u) | = Or” Li(r))  (r=|al|—> œ). 


Recalling that the only zeros of the function f(u) are the numbers 
+ àn (H), we conclude on the basis of the theorem of Lindelöf- 
Valiron that (11.18) holds. 


COROLLARY 11.2. Let AC ©. be a Volterra operator with a finite- 
dimensional imaginary component, and let `} = \j = ---and Ny Sà S.-- 
be respectively the complete systems of positive and negative eigenvalues of 
the real component A g. Then for any p (4 <p < 1) and any slowly varying 
function L(r), the relation 


(11.19) `n = O(n"? L(n)) (n> œ) 
implies the relation 
(11.20) At = O(n L(n)) (n— œ). 


Indeed, if A > is an r-dimensional operator, then for the s-numbers 
of Ay and T = — A ọ + iA y we will have, according to Corollary II.2.1, 


Snir(T) <s,(A@) = |r, (A@)| L s,_,(T) (n =r ae 1, vee), 


in consequence of which (11.17) will follow from (11.19).™” 
Thus Theorem 11.4 is applicable to the operator A= C+ T(C=A3), 
which yields (11.20). 


THEOREM 11.5 (MaAcaEv [3]). If in the representation A = C + T of the 
Volterra operator A the operator C is nonnegative, and the operator T be- 
longs to ©, for some p < 1/2, then the limit lim,_,..n*d,(C) exists and is 
finite. 

ProoF. In fact, if TE ©, (0 <p < 1/2), then according to Lemma 
11.1 


In F(r) = InJ] (1+ 7r’s(T)) = o(r*”) (r— œ). 


j=l 


2 We have used here an easily proved property of slowly varying functions, namely 
that for any l > 0 one has Li{r + 1)/L(r) —1 as r- o. 
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Consequently, according to the estimate (11.15) we will have, for the 
entire function f(a) = Dealu’), 
2p 
) (u = re”). 


Thus the result III) is applicable to the function f(a), from which we 
obtain the conclusion of Theorem 11.5. 

Combining Theorems 10.1 and 11.5 makes natural the following con- 
jecture, which was stated by M. G. Krein and V. I. Macaev. 

If the Volterra operator A admits the representation A = C+ T, where 
the operator C is nonnegative and T C ©, then the limit lim,_...n*d,(C) 
exists and is finite. 


|f(u)| = Cexp € 


sin 0 


CHAPTER V 


THEOREMS ON THE COMPLETENESS OF THE SYSTEM OF 
ROOT VECTORS 


In this chapter we discuss a number of tests for the completeness 
of the system of root vectors of a completely continuous nonselfad- 
joint operator. In our choice of material we have been guided by the 
desire, on the one hand, to collect rather original and strong tests and, 
on the other hand, to present as fully as possible the various methods 
for establishing such tests. 

Roughly, these methods can be divided into three groups: 1) meth- 
ods based on the study of the behavior and growth of the resolvent 
operator; 2) methods connected with the idea of the triangular repre- 
sentation of an operator, and 3) methods based on the analytic appar- 
atus of the theory of perturbation determinants. 

Particularly interesting tests are obtained when one brings together 
methods from the different groups. 

In applications one encounters questions concerning the n-fold com- 
pleteness of the system of eigenvectors and associated vectors of poly- 
nomial operator bundles. A special section is devoted to this question. 

In §10 we indicate how tests for the completeness of the system 
of root vectors of an unbounded operator can be obtained from tests 
for completeness for completely continuous operators. 

In the next to last section we discuss theorems on the asymptotic 
behavior of the eigenvalues of nonselfadjoint operators. The last sec- 
tion is devoted to investigations in the theory of selfadjoint quadratic 
bundles; this section uses the results of almost all of the preceding 
sections. 

This chapter apparently contains the first adequately detailed treat- 
ment of the fundamental results of M. V. Keldys [1] on the theory 
of nonselfadjoint operators. 

§ 1. Lemmas on dissipative operators. 

1. Let us recall once again that a bounded operator A is said to be 
dissipative if its imaginary component A yz = (A — A*)/2i is a non- 
negative operator. 
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Generalizing the definition of a simple Volterra operator, given in 
§7.4, Chapter IV, let us agree to call a bounded operator A € R 
simple if A and A* do not have a common invariant subspace on 
which they coincide. 

If A (€R) is a nonsimple operator, then obviously there exists a 
maximal subspace {r= %7(A), invariant with respect to A and A*, on 
which these two operators coincide. 

We shall call the subspace £p the trivial subspace of the nonself- 
adjoint operator A. 

If A = A* then obviously *%7(A) = 9.If A is a simple operator we 
put r(A) = {0}. 

In the general case, as is easily seen, the subspace %';(A) consists 
of precisely those vectors fE H for which 


(1.1) A"f = (A*)"f (n = 1,2,---). 


From the definition of the trivial subspace it is clear that A and A* 
have the same trivial subspace: 


? r(A) = &7(A*). 


Obviously, the operators A and A* can only be simple or nonsimple 
simultaneously. 

1. To every nonsimple operator A Œ R there corresponds a unique de- 
composition of into the orthogonal sum of two subspaces invariant with 
respect to A and A*, 


(1.2) © a 9, © Do, 


having the following properties: 1) A and A* coincide on $,, and 2) A 
induces a simple operator in H+. In this decomposition, 9, = r(A). 

Indeed, {r =7(A) is contained in the subspace 34, of all zeros 
of the operator A y (the imaginary component of A). Therefore Ag 
= A on *;, and so £p is invariant with respect to Ag. 

Since the operators Ag and A > are selfadjoint, the orthogonal com- 
plement £7 is also invariant with respect to these operators, and hence 
also with respect to the operators A and A*. Obviously there are no 
vectors f #0 in £+ for which the condition (1.1) is fulfilled. Thus A 
induces a simple operator in £+, and the decomposition 


H= Lr OB f7 


has all the properties mentioned in 1. 
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We leave it to the reader to prove the uniqueness of a decomposi- 
tion (1.2) with the indicated properties. 

2. For a dissipative operator A the trivial subspace also has the 
following characteristic. 

2. The trivial subspace ‘'7(A) of a dissipative operator coincides with 
the maximal invariant subspace of A in which A induces a selfadjoint 
operator. ” 

In fact, the operators A and A* coincide on °,;(A), so that A in- 
duces a selfadjoint operator in r. Let us now consider some invariant 
subspace t, of the operator A, in which A induces a selfadjoint op- 
erator. For f€ L, we have 


(A vf, P) aoe Im(Af, f) = 0, 


and consequently the operator Á yz, being nonnegative, is identically 
zero on °’;. Thus Af = A*f for fE &,, and so %,C Ery, as was to be 
proved. 

As a simple corollary of result 2 we obtain 

3. The trivial subspace of a completely continuous dissipative operator 
coincides with the closed linear hull of all the eigenvectors of the operator, 
corresponding to real eigenvalues (including \ = 0, if it is an eigenvalue). 

From result 3, in turn, follows 

4. A completely continuous simple dissipative operator induces in any 
one of its invariant subspaces an operator of the same type (completely 
continuous, simple and dissipative). 

For dissipative operators Lemma I.4.2 can be strengthened. 


LEMMA 1.1. Let A be a linear dissipative completely continuous oper- 
ator, and © the closed linear hull of all its root vectors. If the subspace 
(+ = Oo consists of not only the zero vector, then the operator P, AP, 
is a simple dissipative Volterra operator in So. 


Here P, denotes the projector which projects © orthogonally onto 
Ðo. 

ProoF. If we pass from consideration of the dissipative operator 
A€ ©, to consideration of the simple dissipative operator A, in- 
duced by A in %, = 6O £7(A), then by virtue of results 2 and 3 


O Results 1 and 2 can be generalized to unbounded maximal dissipative operators 
(see Langer [1] and Sz.-Nagy and Foiag [1-4]. 


SEC. || LEMMAS ON DISSIPATIVE OPERATORS 220 


the space o will not as a consequence be changed, nor will the opera- 
tor A, = Py AP, (= P, å P,). Therefore without loss of generality we 
may assume at once that A is a simple dissipative operator. 

Then, recalling the notation of §4, Chapter I, we will have © = €,, 
H = M, Po = Q4, and one can assert on the basis of Lemma 1.4.2 that 
A, = Q,AQ, is a Volterra operator. The adjoint Aj coincides on 9o 
with the operator induced in $y by A”. 

Since by hypothesis the operator A € ©. is simple and dissipative, 
so is the operator A*, hence also the operators Aj and Aj,, considered 
in o. The lemma is proved. 

3. We shall say that a property (%), which is distinctive for cer- 
tain bounded linear operators, is invariant with respect to orthogonal 
projection if it follows from an operator A having the property (£) 
that the operator PAP has this property, where P is any orthogonal 
projector. 

Thus for example the property of dissipativeness is a property in- 
variant with respect to orthogonal projection. 


LEMMA 1.2. Let (%) be some group of properties which are invar- 
tant with respect to orthogonal projection and distinctive for certain com- 
pletely continuous dissipative operators. Then one of the following holds. 

1) Every completely continuous dissipative operator having the group 
of properties (&) has a system of root vectors which is complete in É. 

2) There exists at least one simple dissipative Volterra operator which 
has the group of properties (£). 


ProoF. In fact, suppose that 1) is not fulfilled, i.e. there exists some 
completely continuous dissipative operator A, having the group of 
properties (_%), such that the closed linear hull © of all its root vec- 
tors forms a proper part of ©. Let us put Ho = © + and denote by P, the 
projector which orthogonally projects the space © onto Éo. According 
to Lemma 1.1 the operator P,AP, is a simple dissipative Volterra 
operator which, together with the operator A, has all the properties 
from the group (_%). 

Thus if 1) is not fulfilled, then 2) is fulfilled. 

On the other hand, it is obvious that if 2) is fulfilled, then 1) can- 
not hold. The lemma is proved. 

This lemma admits a certain generalization to the case of nondis- 
sipative operators (compare V. B. Lidskii [5], §1). 
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$2. Tests for the completeness of the system of root vectors 
for dissipative operators with nuclear imaginary component 


1. The following general result holds. 


THEOREM 2.1 (M. S. Livsic [2]). Let A be a simple dissipative 
or a completely continuous dissipative operator, with spA s < œ. In or- 
der that the system of root vectors of A be complete, it is necessary and 
sufficient that 

v(A) 
(2.1) >, Im),/(A) = spA ». 
j=l 

ProoF. In fact, let A(A E€ ©) be an operator with a complete 
system of root vectors.” Using the method described in the proof of 
Lemma I.4.1, we form an orthonormal Schur basis {w;}7 from linear 
combinations of these root vectors. In this basis the operator A re- 
duces to triangular form. Then 


(Aw;, wj) = ;(A) and (A gw;,w;) = Im,,;(A), 


and so 
spA y = >, (A zwj, wj) = > Im),(A). 
j=1 j=1 


Conversely, suppose that (2.1) is fulfilled. We consider the closed 
linear hull ©, of all the root vectors of the operator A, corresponding 
to its nonreal eigenvalues. Let us denote by A the dissipative oper- 
ator induced by A in © 9, and form, in accordance with what was just 
proved, a Schur basis {wj} of the space © such that 


> (A Fw, wj) = 2 Im d,(A) ( = 2 Im \;(A)). 


J 
Since 
D(A ¢0;, wj) = > Im(Aw,;, wj) 
j J 
= } Im(Awj, oj) = (A 7wj,w;), 
J J 
it follows from (2.1) that 


? In proving the necessity of the condition (2.1) the dissipativeness or complete 
continuity of A is not used. 
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> (A sw, w) = SPA ». 
J 

Since the operator A > is nonnegative, we conclude from the last 
equality that it is identically zero on the subspace ©) = © © © . Thus 
on So we have A = Ay = A* and consequently A is selfadjoint. There- 
fore if A is a simple operator Éo consists only of zero; if A is completely 
continuous, then it has a complete system of eigenvectors in Éo. Thus 
in both cases the theorem is proved. 

M. S. Livšic obtained his theorem as a corollary of a rather com- 
plicated construction, related to the triangular model which he found 
for bounded linear operators A with A z € ©. The elementary proof 
presented here, whose concept borders upon that of the proof by I. 
Schur of his inequality (cf. Theorem 6.1), is due to B. R. Mukminov [1]. ® 

When applied to a Fredholm integral operator, the theorem gives 
the following result. 

1. Let c/(t,s) (a St,s <b) be a Hilbert-Schmidt kernel, for which the 
kernel 


A g(t, s) = (X (t,s) — Æ (s, t))/2i 
is Hermitian nonnegative and satisfies the condition 
1 


ee b b 
(2.2) ae ari, f [2h —|t—s| |, -Æ x(t, s) dsdt < GO, 


Then in order that the system of root vectors of the operator 


b 
(Af) (t) = f E f(s) ds 


be complete in L.(a,6), it is necessary and sufficient that 
>_ImA,(A) = S. 
J 


This obviously follows from Theorems III.10.1 and 2.1. The con- 
dition (2.2) is always fulfilled if 2Æ >(t,s) is a bounded kernel. ® 


3 It also enables one to generalize LivSic’s theorem to unbounded operators (cf. 
Gohberg and Krein Í1]). 


” For the case of a bounded kernel S¥ (t,s) the corresponding result was formu- 
lated in a paper by Livšic [2], in which the quantity S was defined by S = J a A g(t, t) dt, 
in which the right side, for the case of a discontinuous kernel æ (t, s), has no relation 
(generally speaking) to the trace of the operator A v. This oversight carried over 
to other papers (Brodskii and Livšic [1], Mukminov [1}). 
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Let us further recall that if the limit supremum in (2.2) is finite, 
then the ordinary limit exists and coincides with it (see p. 115). 
If the kernel .Q/(t,s) is continuous, then 


b 
S — f PB y(t, t) dt. 


2. Let us agree to say that the operator A can be broken up into 
the orthogonal direct sum (difference) of the operators A, and A,, and 
to write 


A=A,@Az, (A = AOA), 


if the space © can be broken up into the orthogonal sum of two sub- 
spaces invariant with respect to A, 


O = 91 € Dz, 


such that the operator A induces in §, the operator A,, and in 9, 
the operator A, (— Av). It was shown in §1.2 that every bounded dis- 
sipative operator can be broken up into the orthogonal direct sum of 
a selfadjoint operator and a simple dissipative operator. 

The theorem of M. S. Livsic admits the following generalization. 


THEOREM 2.2. Let A be a simple or completely continuous operator 
and suppose that A € ©,. In order that the operator A satisfy the 
condition 


v(A) 
(2.3) È lim(A)| = lAs (= EAI) > 
j=l j 
it is necessary and sufficient that 
a) it have a complete system of root vectors, and 
b) it can be broken up into the orthogonal direct difference of two dis- 
sipative operators. 


ProoF. We shall first prove the sufficiency of conditions a) and b). 
Let us denote by A, and A, the dissipative operators into whose or- 
thogonal direct difference A can be broken up: A= A, Az. If the 
operator A has the property a), then A, and A, have the same prop- 
erty. Hence, by Theorem 2.1, 


(2.4) 2 Im (Ar) = sp(Ag) » = | (Ap) zli (k = 1,2). 


The complete system of eigenvalues of the operator A consists of the 
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union of the sequences 


lA (A) } and | Ka A (Ao) i; 


and moreover 
|A x], = | (A) alı + | (Azli. 


By (2.4) it follows that (2.3) is fulfilled for the operator A. 

Conversely, suppose that (2.3) holds for A. We form the closed linear 
hull ©, of all the root vectors of A corresponding to nonzero eigen- 
values. Let {w;} be the basis of ©, whose existence was asserted in 
Lemma I.4.1. Then from the equalities 


(A zwj, wj) = Im \,(A) (J — l, 2, as -) 


it follows that 
2 |(A + 4;,0;)| =|A zh. 
J 


By Theorem III.8.6 this means that the operator UA is nonneg- 
ative and vanishes on the subspace Éo = © 4, where U is the unitary 
operator for which Uf = f for f€ © + and 


Uw; = ejwj, 
where 
e; = sign Im\;(A) for Im),(A) 0, 
e=1 for ImA,(A) = 0. 


It is obvious that each of the subspaces 9, and ©, is invariant 
with respect to the operators Av, Ag, A and A*. Since A ¥D,= 0, 
the operator A is selfadjoint on the subspace 9». Moreover, according 
to Lemma 1.4.2 the operator A does not have eigenvalues different 
from zero in this subspace. Consequently 


AD = AgDo= 0. 


From the foregoing it follows, in particular, that the operator A 
has a complete system of root vectors. We shall now consider the op- 
erators U, A, Ag, Ay» as operators acting in ©,4. The selfadjomtness 
of UA y implies that the operators U and A > commute. 

In the basis {w;} there corresponds to the operator A a triangular 
matrix 
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| (Awr w) Ile = ll je (a, = 0 for J >). 


In the same basis there corresponds to A > the matrix |h,|) with 
elements 


(2.5) hy, =a,/2t for j<k and hy = —a,/2i for j>k. 


Since to the operators UA y and A >U there correspond, in the 
basis being considered, the matrices |e;h,|| and ||h,,e,|| respectively, 
the commutativity of the operator U and A y is equivalent to 


(2.6) ejh jee Th hiks 


which shows that h= 0 for all j, k for which «j= er. 
From (2.5) and (2.6) it follows that 


EA jkk = Qjks 


hence the operators A and U also commute: AU = UA. Let us de- 
note by P and Q the orthogonal projectors defined by 


P= (I+ U)/2 and Q= (I — U)/2. 


Obviously PQ = QP=0 and P+ Q= I. It is also obvious that 
each of the operators A, Ag and A s commutes with each of the or- 
thoprojectors P and Q. 

The operator A can be broken up into the orthogonal direct differ- 
ence of two operators: 


A= A,OA,, 
where 
A,= PAP=PAgP+iPA gP and — A,= QAQ=QAgQ+4 iQA 7Q. 


Since the operator UA y is nonnegative, so are the operators PA >P 
and — QA zQ, since 


Consequently the operators A, and A, are dissipative. The theorem 
is proved. 

3. The tests for the completeness in © of a system of root vectors, 
formulated in Theorems 2.1 and 2.2, have the peculiarity that, gen- 
erally speaking, their verification is possible only after the spectrum 
of the operator has been computed. However, from them one can ob- 
tain simple sufficient conditions; for example, a comparison of Theo- 
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rem 2.1 with Theorem IJI.8.4 of V. B. Lidskif leads to a test which 
does not require the calculation of the spectrum. 


THEOREM 2.3 (Lipski [5,6]|). If the dissipative operator A belongs 
to ©, then its system of root vectors is complete in Q. 


ProoF. In fact, by Theorem III.8.4 
DAA) = spA = spAg +ispA ». 
J 


Consequently 
S Im),(A) = spAz. 
F 


The theorem is proved. 
Other stronger versions of this theorem are discussed in §§4—6. 


§3. Tests for the completeness of the system 
of root vectors of a contraction operator” 


An operator A € R is called a contraction operator or simply a con- 
traction, if |A| <1. 

The theory of dissipative operators is closely connected with the 
theory of contractions. It is easily seen that if B is a dissipative oper- 
ator, then its Cayley transform 


A=(B—-iI)(B+ 11) 


is a contraction. This situation can be extended to so-called unbounded 
maximal dissipative operators and plays a fundamental role in their 
theory (cf. Phillips [1], Sz.-Nagy and Foias [1—4], Kato [1], Langer 
[1,2]). However we shall not touch upon any of this. 

The basic aim of this section is to establish a theorem on the com- 
pleteness of the system of root vectors of a contraction, which should 
be considered as a certain analog (of course, having a more definitive 
character) of the corresponding theorem of M. S. Livsic for dissipative 
operators (Theorem 2.1). 

1. First we shall show that if the operator AC ® is invertible, and 
the operator H, = A*A — I belongs to some two-sided ideal ©, then the 
polar representation of the operator A has the form 


(3.1) A= U(I +R), 


5 The results of this section are taken over from the authors’ paper [6]. 
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where U is a unitary operator, and HE ©. 

In fact, according to §1.4, Chapter I, the operator A has the form 
(3.1), where I+ H is a nonnegative operator such that (I+ H)? 
- + H,. It follows that HE ©. and 


1 
M(H) = VIF N) — 1 = 5 lH) + OOKH)) (n> œ). 


Hence \,(H) = O(A (H,)) (n— œ) and so H, along with H,, belongs 
to ©. 

According to Theorem 1.5.3, for every invertible operator A of the 
form (3.1), that part of its spectrum which does not lie on the unit 
circle consists of normal eigenvalues. We now enumerate, in any way, 
all the eigenvalues not lying on the unit circle, counting each one as 
many times as its algebraic multiplicity. We shall in this section de- 
note the sequence of these eigenvalues by {);(A) }. 


LEMMA 3.1. Let A be an invertible operator for which A*A — I E ©. 
If © is the closed linear hull of all the root vectors of the operator A cor- 
responding to the eigenvalues \,(A), and P is the orthoprojector which 
projects the space © onto ©, then 


(3.2) det(PA*AP+ Q) =J[|A,(A)|2, 
j 


where Q = I — P. In particular, if the indicated set of root vectors ts 
dense in ©, le., © = H, then 


(3.3) det A*A = [ [ |X (4) |’. 
j 


ProoF. It is easily seen that (3.3) will be proved as soon as (3.2) is 
proved. For the proof of the latter we construct (as in Lemma 1.4.1) 
an orthonormal Schur basis {w;};? for which the matrix corresponding 
to the operator A is triangular, i.e. 


Aw; = @j,;@,; + coe + Ai 10; 1+ AA) wj; (J=1,2,.--). 


Let us denote by P, the orthoprojector which projects © onto the 
subspace with basis {w;}i. Obviously AP, = P,AP, and consequently 
P,A*P,AP, = P,A*AP,. Since 


det(A*A) = lim det(P,A*AP, + Qn) 


ni w 


= lim det(P,A*P,AP, + Qn), 


fii— © 
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and 


det(P,A*P,AP, + Q,) 
= det(P,A*P, + Qn) det(P,AP, + Qn) = [I |aA(A)/?, 
j=l 


we obtain (3.2). 
For what follows, we shall need the following general lemma. 


LEMMA 3.2. Let AC ® be an arbitrary invertible operator for which 


A*A — IE ©,. If £ is an invariant subspace of each of the operators A 
and A™', then 


(3.4) det(A*A) = det(PA*AP + Q) det(QA*QAQ + P), 
where P is the orthoprojector which projects © onto £, and Q= I — P. 


ProoF. Since QAP = QPAP = 0, we can represent the operator A 
in the form 


A=(P+Q) A(P+Q) = PAP + PAQ + QAQ. 
It follows that 
(3.5) A = (QAQ + P) (I + PAQ) (Q + PAP). 
The operator S, = Q + PAP has a bounded inverse 
S;'=Q+PA 'P. 


The square of the operator PAQ equals zero, and consequently the 
operator S, = I + PAQ is invertible. But then we conclude from (3.5) 
that S= QAQ + P is also invertible. 

Since the operator 


SiS, — I= PA*PAP+ Q— I= P(A*A—I)P 
is nuclear, the operator 
S,Sf — I = (Sf) ‘(S#S, — I) Sř 


is nuclear. From the last relation, according to result 6, §1, Chapter 
IV, it also follows that 


det(S,S*) = det(S*S,). 
Further, taking into account the equality 
S,A*AS, sS TSI SISS, (=B), 
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we find that B—1€G, and 
(3.6) det(A *A) = det (S*S,) det B. 
Similarly, we deduce from the equality 
SBS; = S,S#S#S, 
that S,SJS#S,-— IE ©, and 
(3.7) det B = det(S,S#SFS3). 

We note that S,Sf — I = P+ QAQA*Q — I = Q(AA* — I) Q. 

Since AA*— I= A* (A*A —I)A* ECG, the operator S,S*—-—1 
also belongs to©,. Finally, from the equality S¥S, — I = S5 (S57 — I)S3 
we obtain S*S,— I€ © and 
(3.8) det (S7S,) = det (S853). 

From what has been proved it follows that the operator SS% — I 
= PAQ + QA*P+ PAQA*P is nuclear; consequently the operator 
S — I = PAQ = P(S,Sž — I) Q is nuclear. 

Since PAQ is a Volterra operator, we have 
(3.9) det S, = det Sž = 1. 


Comparing (3.6)— (3.9), we arrive at (3.4). The lemma is proved. 

2. We now proceed to the consideration of contractions. 

Obviously, the entire spectrum of a contraction A (|A| <1) is con- 
tained in the closed unit disc. 

1. Let A (E€ ®) be a contraction. If for some orthoprojector P the op- 
erator PAP is unitary in the subspace PH, i.e., 


PA*PAP = PAPA*P =P, 
then each of the subspaces PH and (I — P)© is invariant with respect 


to A. 
In fact, 


(3.10) PA*AP = PA*PAP+ PA*QAP = P+ PA*QAP, 


where Q = { — P. Since the operator PA*AP is a contraction, and 
the operator PA*QAP = (QAP)*(QAP) is nonnegative, the equality 
(3.10) can hold if and only if this operator equals zero, i.e. QAP = 0. 
This means that the subspace P is invariant with respect to A. 
Similarly, from the equality 


PAA*P = PAPA*P + PAQA*P = P+ PAQA*P 
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we deduce that PAQ = 0, and consequently the subspace Q® is in- 
variant with respect to A. 

We shall say that a contraction A € R is simple, if it does not in- 
duce a unitary operator in any one of its invariant subspaces. 

It follows from result 1 that if A is a simple contraction, the oper- 
ator PAP will not be unitary in the subspace P for any orthopro- 
jector P. 


THEOREM 3.1 (LANGER |1]; Sz.-NaGy AND Fotas [1]). Let AER be 
a contraction. Then the set ©, of all vectors fE © for which 


[AF =|A*4=lfl = (n= 1,2,--+) 


forms the maximal invariant subspace of the operator A in which it in- 
duces a unitary operator. The subspace 9 is also invariant with respect 
to A, and A induces a simple contraction in it. 

Thus every contraction can be broken up into the orthogonal direct sum 
of a unitary operator and a simple contraction. 


Proor. In fact, if {€ H, then for any positive integer n 
|A*"A"f — i= |A*"A"f|* — 2| AFP + IF? < f1? — | A"f|? = 0, 


l.e. 

(3.11) A®AT=f (FE an= 1,2; +), 
Interchanging the roles of A and A*, we obtain 
(3.12) A"A*"f=f (fEDasn=1,2,---). 


It is easily seen that the converse is true; if for some vector fC © 
the relations (3.11) and (3.12) hold, then fE 9,4. Thus 9, consists 
of precisely those vectors f& © for which the relations (3.11) and 
(3.12) hold. It follows at once that $, is a closed subspace of 9. 

For any vector g = Af (fE 9,4) we have 


|A’g| =|A"*F| =| AZ] = |gl 
and 
|A“g| =|A*A*AF| =| A f| =| AF] = |g]. 
Consequently H4 is invariant with respect to A. One deduces sim- 
ilarly that 4 is invariant with respect to A*. 


By virtue of (3.11) and (3.12) for n = 1, the operator A induces a 
unitary operator in 64. If some subspace £ is invariant with respect 
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to A, and A induces a unitary operator in t, then according to re- 
sult 1 this subspace is invariant with respect to A*, and so t C 4. 
The subspace 4 is likewise invariant with respect to the operators 
A and A*, and for any fE $4 with |f| = 1 there is a positive integer 
n such that at least one of the numbers |A"f|, |A*’f| is less than 
unity. 
Consequently the operator A induces a simple contraction in 4. 


THEOREM 3.2. Let ACR be any contraction for which A 'ENR and 
A*A — IE ©. Then 


(3.13) det(A*A) <J]|as(A) |? 
J 


If, moreover, the operator A is simple or differs from the identity oper- 
ator by a completely continuous operator, i.e. A — IE ©., then the equal 
sign in (3.13) holds if and only if the system of all root vectors of the oper- 
ator A is complete in 9. 


Proor. Let © be the closed linear hull of all the root vectors of the 
operator A corresponding to the eigenvalues \j(A), and let P be the 
orthoprojector which projects the space © onto ©. Obviously Œ is 
an invariant subspace of the operators A and A ` !. Consequently, by 
Lemma 3.2, 


(3.14) det(A*A) = det(PA*AP + Q) det(P + QA*QAQ). 
The operator 
P+ QA*QAQ = I — (Q— QA*QAQ) < I 
is nonnegative, and so 
(3.15) det(P + QA*QAQ) <1. 


Taking into consideration (3.14), (3.15) and (3.2), we arrive at the 
relation (3.13). 
The equal sign holds in (3.13) if and only if it holds in (3.15), and 
this is the case if and only if 
(3.16) QA*QAQ = Q. 
In this case 
QA*AQ = QA*QAQ + QA*PAQ = Q + QA*PAQ, 


from which it follows that PAQ = Q and hence that Q is an invar- 
iant subspace of the operator A. Since, moreover, PS is invariant 
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with respect to A and A is invertible, A can be broken up into the 
orthogonal direct sum of two invertible operators. By virtue of (3.16) 
the operator corresponding to the subspace Q is unitary. 

If A is a simple contraction then Q = 0, and so € =. If A-—TI 
© ©., then the unitary restriction of the operator A to the subspace 
QD has a complete system of eigenvectors in QH. The theorem is proved. 

A theorem close to (but with a more complicated statement than) 
Theorem 3.2 was established by V. G. Poljackii [1]. In deriving his 
result Poljackii used the triangular models of ‘“quasi-unitary’’ oper- 
ators which he had obtained. In constructing these models he drew 
upon the deep investigations of V. P. Potapov [1] and Ju. P. Ginz- 
burg [1] in the theory of analytic matrix and operator functions. 

REMARK 3.1. A theorem similar to Theorem 3.2 can be formulated 
for dilations, i.e. for operators A € R having the property that |Af| 
=|f|. In this case inequality (3.13) goes over into the inequality 


det(A*A) 2 []|4j(A) |’, 
J 


where {\j(A)} denotes the complete system of eigenvalues of the op- 
erator A lying outside the unit circle. 

If A is an invertible dilation, then B= A will be an invertible 
contraction, and conversely. Therefore each of these theorems leads to 
the other. 


§4. Theorems on tests for the completeness of the 
systems of root vectors of dissipative operators 
with nuclear imaginary component © 


In this section we shall present three theorems on the completeness of 
the system of root vectors of a dissipative operator with nuclear imaginary 
component. The first two theorems contain Theorem 3.2 of V. B. Lid- 
skii as a corollary. 

The first of them guarantees the completeness of the system of root 
vectors of an operator A of the indicated type so long as the real 
component Aw has a “sufficiently sparse” spectrum on the positive 
or negative semi-axis, and the second—when the corresponding con- 
dition is fulfilled for the s-numbers of this operator. 

The third theorem shows that the completeness of the system of 


® The results of this section are due to M. G. Krein and are essentially taken 
over from his paper [9]. 
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root vectors holds if and only if the spectra of the operators A and Aw 
have ‘“‘distribution densities” of the same order. 
1. The following theorem is easily deduced from Theorem IV.8.2. 


THEOREM 4.1 (M. G. KREIN [9]). The system of root vectors of a com- 
pletely continuous dissipative operator A with nuclear imaginary component 


is complete in © so long as at least one of the following two conditions is 
fulfilled: 


(4.1) lim n (p; Ag) =0 or lim n- (p; Ag) = 


po p pa p 


0. 


We recall that n..(9; Ag) denotes the number of characteristic num- 
bers of the real component Ag in the interval [0,p] and [— p,0], re- 
spectively. 

Proor. The properties stated in the hypothesis of the theorem are 
invariant with respect to the operation of orthogonal projection. 
This requires clarification only for the conditions in (4.1). If P is an 
orthogonal projector and A = PAP, then Ag = PAgP, and on the 
basis of the minimax properties of the eigenvalues of a selfadjoint 
operator we can assert” that Aj (Ag) S Aj (Ag) and dj (Ag) 2 dj (Ag) 
(j= 1,2,---) (for this it is sufficient to represent the operator Ag 
as the difference of its nonnegative components and to use Lemma 
II.1.2). It follows that 


n, (p; Ag) Sn lp; Ag) (0 <p< œ). 


Therefore if Ag has one of the properties (4.1), Ag will have the 
same property. 

On the basis of Lemma 1.2, to complete the proof it remains to 
show that no dissipative Volterra operator A satisfying the condition 
0<spAy<~o can have one of the properties (4.1). For this we note 
that by Theorem IV.7.2 we always have, for such an operator, 

(4.2) lim ns(o; Aa) = 2 spå z. 
po p Gi 

The theorem is proved. 

REMARK 4.1. Obviously the operator Ag will satisfy one of the 
conditions (4.1) whenever it has only a finite number of eigenvalues 


Here we denote by Aj (A) Aj (A)) (J= 1,2,---) the sequence in decreasing 
(increasing) order of the positive (negative) eigenvalues of the operator A. 
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of the corresponding sign. More generally, the first (second) of the 
conditions (4.1) will certainly be fulfilled whenever the sum 


Dd, \n(Ag) ( >; (Aa) 


An> 0 An <0 


is finite. 
The following theorem is close to Theorem 4.1 in content and, in 
particular, in method of proof. 


THEOREM 4.2. The system of root vectors of a dissipative operator A 
with nuclear imaginary component is complete whenever 
(4.3) lim ns,(A) = 0. 


ProoF. Since for any orthoprojector P we have 
s,( PAP) S s,(A) (n = 1,2,---), 


the property (4.3) is invariant with respect to the operation of or- 
thogonal projection. 

On the other hand, if A is a dissipative Volterra operator with 
spA z > 0, then according to Corollary IV.7.2 


lim ns,(A) = : spA z. 
By virtue of Lemma 1.2, the theorem is proved. 

2. Analysis of the “accuracy” of the conditions of Theorem 4.1. 

a) The theory of the abstract triangular representation (see Brod- 
skii, Gohberg, Krein and Macaev [1]|) enables us to show that, given 
any selfadjoint operator H € ©,, we can construct in uncountably 
many ways a Volterra operator A with A > = H, and if H2=O, then 
A will satisfy the relation (4.2). 

This circumstance indicates that if we retain the condition spA y 
< œ in Theorem 4.1, no additional restriction on the dimension of the 
operator Ay or on the behavior of its spectrum permits a weakening of 
the condition (4.1). 

In passing, we recall that in §7 of Chapter IV we considered the 
operator J of integration in L,(0,1), an example of a dissipative Vol- 
terra operator with a one-dimensional imaginary component. 

b) On the other hand, if we discard in Theorem 4.1 the requirement 
that the operator A be dissipative (more generally, that Az <0 or 
= 0), then the theorem ceases to be valid. 
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Moreover, it turns out that there exist Volterra operators V with 
a two-dimensional imaginary component Vy, and a real component 
Væ having only one negative characteristic number and an arbitrarily 
sparse spectrum of positive characteristic numbers (sparse in the sense 
of small exponent of convergence). 

In fact, let o(t) (0<t¢<1;0(0) =0) be a nondecreasing function 
with an infinite number of points of increase, and let the Hilbert 
space © be realized as the space Lọ, of o-measurable functions f(t) 
(O <ts1) with o-integrable squares. The scalar product in Lz, is of 
course defined by 


(f,8) = f AOZO dot) 
Let us consider the Volterra operator V® in L, defined by 
(4.4) (VA =~ f -946 dows, 
for which, as is easily seen, 


(Vef)(t) = — ff |t — s| f(s) do(s), 
(4.5) 


1 l 
(Ve =- f, E-940 devs) 


It is obvious from (4.5) that the component V > is two-dimensional 
and that its trace is zero. 

The component Vg also has zero trace and therefore has eigen- 
values of both signs. We shall show that Vg has exactly one negative 
eigenvalue. To do this, we consider the selfadjoint operator T in Ly, 
defined by 


THO = f Git, s) f(s) do(s), 


where 


t(1 — s), its, 


G(t, s) = 
8) ars s xt, 


is the well-known kernel from the theory of string motion (the func- 


8 For o(t) = t this example of a Volterra operator was considered in §10, Chapter IV. 
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tion G(t,s) coincides, up to a scalar factor, with the Green’s function 
of a homogeneous string). 

Since G(t,s) is a positive definite kernel, the operator F is positive. 
On the other hand, since 


— }lt— s| = G(t,s) + (t— 4)(s—4) - 


Jal 


we see that 
(4.6) Vg =T + (-,e:) ei — (-, €o) 8o, 


where e,(t) = t — 1, eo(t) = 4. Thus the operator Vg is obtained from 
the positive operator T + (-,e,)e, by subtracting a one-dimensional 
operator from it, and consequently has not more that one negative 
eigenvalue (cf. Lemma II.1.2), and since sp Vg = 0, exactly one. 

The component Vg satisfies both of the conditions (4.1). Moreover, 
it is obvious from the relation (4.6) that the characteristic numbers 
of the operator Vg have the same asymptotic behavior as those of 
the operator I, in consequence of which (see M. G. Krein [4] and the 
authors’ book [7]) 


lim [jro va)] = lim | = m va)| 
1 L fee 
= pa f, Vo (zt) dt. 


(The derivative o’(t) of the nondecreasing function a(t) exists almost 
everywhere.) 

The limit in (4.7) will equal zero if and only if the function a(t?) 
lacks an absolutely continuous part. In particular, the limit in (4.7) 
equals zero in the Stieltjes case, i.e., when o(f) is a pure jump function 
whose jump points form a sequence tending to unity. 

The theory of inverse problems for a string (see M. G. Krein [6,7]) 
enables us to assert that for any «x $2 one can choose a pure jump 
function a(t) (of Stieltjes type) such that 


(4.7) 


lim nlo; Væ) _ lim & (es r) i 


K 


Thus by a suitable choice of the distribution function a(t) one can 
obtain any sparseness of the spectrum of the real component Vg. 
At the same time, for any choice of o(t) both components Vg and Vy 
of the Volterra operator V = V have (each) only one negative eigen- 
value, and the imaginary component also has only one positive eigenvalue. 
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3. Comparing M. S. Livšic’s theorem and Theorem IV.9.1 leads to 
the following result. 


THEOREM 4.3 (M. G. KREIN {9]). In order that the system of root vec- 
tors of a dissipative operator A (€ ©.) with nuclear imaginary component 
be complete, it is necessary and sufficient that 


(4.8) f MTA ap f HEA iy = 04), 
0 0 r 


FA 
as p— © avoiding some set of positive logarithmic length. 


Proor. If we denote by N(p;A) and N(p;Ag) respectively the two 
integrals in (4.8), then by Theorem IV.9.1, as p— œ avoiding an ap- 
propriate set of finite logarithmic length, 


N(p; A) — N(p; Ag) = 2 ap + 0(p), 
where 


= spAy— >, Im\,(A). 
fi 


Therefore the criterion (4.8) is equivalent to the criterion of M. S. 
Livsic (see Theorem 2.1). The theorem is proved. 

We leave it to the reader to formulate the result which is obtained 
by comparing Theorems 4.1 and 4.3. 


§5. Estimation.of the growth of the resolvents 
of operators of various classes 


1. If ÁA € ©, then according to (IV.1.2) the following bound is valid 
for D(A) = det(J — AA): 


|DaQ)| s JI a +]A] s(A)). 
J=1 
This bound enables us to obtain an important bound for the oper- 
ator (I — \A)71. 


THEOREM 5.1.” If A E G,, then 


” The same result was obtained independently by V. B. Lidskii [9]. His bound 
differed from (5.1) by an additional factor 2 in the right side. The authors obtained 
the bound (5.1) as the result of an analysis of a similar but less precise bound, ob- 
tained earlier by V. I. Macaev [4]. 
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(5.1) | (7 — MA) | Spa] yy LG + Nl stan. 

Proor. Choosing arbitrary unit vectors ¢, y and a positive ~, we 
form the operator 

A,=A+é(-,y) ¢ 
According to Corollary II.2.1, we have 
Sjal) Ss,(A) (J= 1,2, +--+). 

Since, moreover, 


8, (A,) $s,(A) +å, 


it follows that 
(5.2) [Da (A)| S (1 +]A] (sı(4) + DII (1+ |A|s;(A)). 
On the other hand, 
7 ay Da, (a) 
1 — rE((I — AA) ~'e, y) = det((I — A)(I — AA)™) = D` 
Thus 
1] Da, (A)| 
I= BENS as 
LACCI — AA) ~$, Y) | < =+ FD.” 


We strengthen this inequality by replacing | Da A)| by the right side 
of (5.2). Then, letting ¢ tend to infinity, we obtain 


II — +A) ~*9, ¥)| S = Di D L TI a +A s14). 


Since the unit vectors ¢@ and y are arbitrary, this inequality says 
the same thing as (5.1). 
2. If A is a Volterra operator, we shall denote by M,(r) (OSr< œ) 
the monotonically increasing function™® defined by 
M,(r) = max| (I — \A)~"| (- max| (J — A) 1); 


JA| =r |Al sr 


The growth of this function will be estimated later. 


10 The notation M a(r) is anologous to the current notation in the theory of 
functions. 
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If the Volterra operator A belongs to ©,, then DACA) = 1, and the 
bound (5.1) yields 


(5.3) M,(r) SJ] G + rs;(A)). 
j=l 
THEOREM 5.2 (V. I. Macaev |[4]).'” If A is a Volterra operator, and 
(5.4) s,(A) = O(n “°) (=o(n~")) 


for some p> 0, then 
(5.5) In M,(r) = O(r*’”) (= o(r’?)). 
If A E © then also 

° In M,(r) d 


peti a 


(5.6) 
0 

For the condition (5.4) replaced by the condition A € &,, the as- 
sertion (5.5), among others, was established by M. V. Keldys (for a 
reference to this see Allahverdiev [1]). Other proofs of Keldys’ as- 
sertion appear in a paper by V. B. Lidskii [9] and the book by Dun- 
ford and Schwartz [2]. 

ProoF. Let us first consider the case p <1. In this case, on the 
basis of well-known theorems of the theory of entire functions, it fol- 
lows from (5.4) that the entire function 

F(z) = [] (1 + 2s,(A)) 
j=l 
has order of growth p and, depending upon whether the first or second 
of the assertions in (5.4) holds, will be of normal or of minimal type, i.e., 


In Fa(r) = Or) or =o(r'?) (r= œ). 
These relations, together with the bound (5.3), yield the relations (5.5). 
If A € ©, then according to (5.3) and Lemma IV.11.1 we shall have 


” InM,(r) ” In F,(r) 


dr < Z p a 
rot = 7 roi dr = bpl A |5 (6, —_). 


Let us now consider the case p = 1. We choose an integer q (> 0) such 
that p, = p/q <1, and form the Volterra operator B = A’. Since 


0 


11 ; ! , ' 
’Macaev obtained this theorem in another way (as a consequence of certain 
deeper and more general results). 
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I-NB=(I1-dA)(I1+AA+---+A% 'A® 5), 
(I— MA) PSP 4A eee AY DT = BB): 
it follows that 


(5.7) M ,(r) < M,(r) Yr A4. 
k—0 


On the other hand, by Corollary II.2.2 we have 
s,(B) = 5(A) S Spaa lA) (nm =1,2,-++), 
and consequently, if one of the relations (5.4) holds, then 
Sa(B) = O(n~"?1) (or = o(n~™”:)). 
But then, by what was already proved, 
In Mg(r) = O(r?) =0(r?”9)) (r= œ). 


In conjunction with (5.7), this again yields (5.4). 
If A E€ ©, then BE G,,, and by what was already proved we will 
have 


” InMpgír’) dr = 1 {f° mnMp(r) 


dr < 


Taking (5.7) into account, we obtain (5.6). The theorem is proved. 

Of course, the first part of Theorem 5.2 can without difficulty be 
generalized to the case where, instead of the relations (5.4), one con- 
siders the relations 


Sa(A) = O(n™™PL(n) (or = 0o(n™™®L(n))), 


where L(v) (1 S» < œ) is a slowly varying function. 

We also note that the bounds (5.3) and (5.5) enable us to obtain a 
bound for the Fredholm resolvent A(A) = A(J — A) ' of a Volterra 
operator A in the norm corresponding to an s.n. ideal ©, since 


Ale SIAlel(I— AA) I. 


§6. Theorems on the completeness of the systems 
of root vectors of higher classes of operators 


1. By a well-known theorem of Hausdorff (see Stone [1]|), for every 
operator A © R the set of values of its quadratic form (Af,f) on the 
unit sphere |f| = 1 is convex. 

We shall denote the closure of this set by W,. With the help of 
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Theorem 1V.4.1, one can prove the following general assertion (see 
Stone |1]). 


LEMMA 6.1. Let AER and `E Wa; then à is a regular point of the 
operator A and 
1 
d(x, Wa) l 


where d(x, Wa) denotes the distance from the point > to the set Wa. 


IA -aD “| < 


ProoF. Leta be the point of W, closest to 4. Then à and W, will 
lie on opposite sides of the line passing through the point a and per- 
pendicular to the line segment joining the points \ and a. Then the 
region W, corresponding to the operator B= (A —al)e, where a 
= — arg(\ — a) — 7/2, is obtained from the region W, by means of 
the parallel displacement z—z — a and the rotation z—ze'*, and will 
thus lie in the upper halfplane and meet the real axis at the point O. 
Under the indicated motions, the point à goes over into the point pu 
= (A—a)e“= — |à — aļ|i. Since B is a dissipative operator, we have 


1 1 
(A —AD) +| =|(B-2zl)"| s ; 
| | =| a | [Ima] [A — a] 


The lemma is proved. 

2. If AER, then obviously the closure W, of the set of all the 
values (Af,f) (fE É) consists of the points z of the form ¢t, where ¢ 
CW, and 0 <t< œ. From the convexity of W, it follows that either 
W, coincides with some sector with apex at the origin of coordinates 
and angular measure 6,4 Sz, or it coincides with the entire plane (and 
in this case we shall write @, = 2r). 


THEOREM 6.1. Suppose that the following two conditions hold for A € ©.: 
1) 0a Sr/p, where p21; 
(6.1) 2) Sa(A) =0(n™™?) (n>), 
Then the system of all root vectors of the operator A is complete in 9. 


Obviously condition 2) of the theorem will be fulfilled if A € ©, 
(1<p< œ). With this restriction, the theorem is stated in the report 
by M. V. Keldys and V. B. Lidskii [1], and is a natural generalization 
of theorems established earlier by Lidskii for the cases p=1 and p 
= 2. The bound (5.5) has made it possible to strengthen this theorem 
somewhat. 
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Proof. Without loss of generality we may assume that the oper- 
ator A is dissipative. The properties 1) and 2) of an operator A, form- 
ulated in the statement of the theorem, are obviously invariant with 
respect to the operation of orthogonal projection (A— PAP). There- 
fore, on the basis of Lemma 1.2, to prove the theorem it suffices to 
show that a dissipative Volterra operator A which satisfies conditions 
1) and 2) is equal to zero. 

By Theorem 5.2 we have, for a Volterra operator A, 


(6.2) In| A(z)| = In| AU — zA)~'| = o(f2|?) (z— œ). 
On the other hand, since W4 C W,, according to Lemma 6.1 
IA — AD] < 1/d(à, W4), 
and consequently 
(6.3) |(I — zA)~!| < 1/d(1/z, W,) |z]. 


Let C, and C, be discs of radius 1 which are tangent to the first and 
second sides, respectively, of the sector W, at the point à = 0 and which lie 
outside this sector. We denote the union of C, and C, by C. It is easily 
seen that if à € C, then, given |A|, the value d(A, W,,) will be smallest 
when à lies on the boundary of C and when the chord, directed from 
the point O to A, forms an acute angle with one of the sides of the sec- 
tor W.. For this point A it is easily seen that 


dla, W4) = |à |?/2. 
It follows that 
(6.4) di, Wa) ZIAL AEO). 


The transformation z = 1/\ maps the region C into the exterior of 
some sector W’ of angular measure 84. Consequently, according to (6.3) 
and (6.4), 


| (I — zA)~"| < 2|2| (z€ W’) 
and 


(I—zA) '—I 
Z 


< oO 


sup |A (z)| = sup 
2G W’ 26 W’ 


In particular, the entire operator-function A(z) is bounded on the 
sides of the sector W’. Since, moreover, (6.2) is fulfilled, by the 
Phragmén-Lindeléf Theorem (see Titchmarsh |1]) the function A(z) 
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is also bounded inside the sector W’ and consequently over the entire 
plane. But then, by Liouville’s theorem, 


A(z) = A +24? + -= A. 
Hence A’ = 0, i.e., if g = Af, then Ag = 0. But since the operator A 
is dissipative, also A*g = 0, ie. A*Af=0 and Af=0 (fE H). The 
theorem is proved. 

REMARK 6.1. We shall show that if Theorem 6.1 holds for oper- 
ators A with 0,456 (0<@<~7), then its validity for operators A 
with @, > b follows. In fact, let A be an operator which satisfies the 
condition 


(6.5) larg(Af,f)| s0/2 (fE 9). 


In this case it is natural to define the power A* (0<« <1) by (see 
Kato |1], Phillips [1], Macaev and Palant [1]) 


A i 
af x (atan =i) di. 
T 0 À 
It is fairly simple to verify that 


larg(A'f,f)| S 0/2. 


One verifies directly that if ào = |Ao| e’* (¢ < 6/2) is a normal eigenvalue 
of the operator A then do = |ào|*e"’ is a normal eigenvalue of the operator 
A’, and the corresponding root subspaces £,,(a) and *,,(A*) coincide. 

One can also assert (see Macaev and Palant |1|) that if ACS., 
then A'E S. and 


So,(A") Ss Cs7(A) (n a 1, 2, ae *), 


where C is a constant depending only upon x. Therefore if the condition 
(6.5) is fulfilled for the operator A with 0 = 06, and if s,(A) =o(n *P) 
(n— œ) for p = 7/20, then for the operator B = A‘ we will have ðs 
<ô, and s,(B) =o(n’”’) (n— œ). Consequently every such oper- 
ator will satisfy the hypotheses of Theorem 6.1, which explains the 
assertion made. 

REMARK 6.2. Due to lack of space, we have not discussed the im- 
portant investigations of V. B. Lidskiř |7-9] on the possibility of sum- 
ming, by Abel’s generalized method, formal expansions of an arbitrary 
element fE © in the root vectors of an operator A satisfying con- 
ditions close to those of Theorem 6.1. In this connection, see also the 
paper by Macaev and Markus [5]. 
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3. Theorem IV.11.2 of V. I. Macaev and the authors enables us to 
obtain the following improvement of Theorem 6.1 for the case p> 1. 


THEOREM 6.2. Let ACG. and suppose that the following two con- 
ditions are fulfilled: 

1) 64 S x/p, where p>1; 

2) for some a one has, for the operator B = |e’ A| ,, 


(6.6) s,(B) =o(n ™?) (n— œ). 
Then the system of all root vectors of the operator A is complete in ©. 


The proof of this theorem repeats word for word the proof of Theo- 
rem 6.1, if one notes additionally that for a Volterra operator A the 
relation (6.6) implies the relation (6.1). 

Let us make some clarification of Theorem 6.2. Suppose, for definite- 
ness, that the operator A satisfies the condition (6.5). It is easily seen 
that this condition is equivalent to the following: 


|(A sf, f)| < (tan6/2) (Agf,f), 
and so 


(6.7) S,(A p) Ss (tan 6/2) s,(Ag) (n = 1, 2, ie -). 


Therefore, if the hypotheses of Theorem 6.2 are fulfilled for the given 
operator A with a = 7/2 (in this case the condition (6.6) assumes the 
form s, (Ag) =o(n7'”) (n— œ)), then by virtue of (6.7) the hypo- 
thesis of Theorem 6.1 will also be fulfilled. Thus in this case Theorem 
6.2 will not give anything new in comparison with Theorem 6.1. Con- 
versely, for a = 0 the condition (6.6) says that s,(A 7) =o(n~'"), and 
in this case we obtain an explicit strengthening of Theorem 6.1. It is 
easily seen that in general one obtains a strengthening of Theorem 6.1 
for values of a from the interval |a| < 84. 

Let us further make it clear that one has to exclude the case p = 1 
in Theorem 6.2, since for a Volterra operator A the relation 


Sa(A z) = 0(n~') (n— œ) 


does not imply the analogous relation for the operator itself (see the 
example in §7.4, Chapter IV). 

Theorem 6.1 and a fortiori Theorem 6.2 is “precise”: the condition 
(6.6) in it cannot be replaced by the condition 


s,(A) = O(n”) (n—> œ). 
Indeed, let us consider the Volterra operator T = J’ in L,(0,1): 
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1 


(J ‘f)() = To) 


Í (t — s)” ` f(s) ds (fE L,(0,1)), 
where vy = 1/p. Then one can show (see Remark 6.1) that on the one 
hand 


|arg(Tf, f)| S m/2, 
and on the other hand 
s(T)=O(n °) (n= œ); 
consequently 
s,(cosa To + sina T 7) = O(n~’) (n— œ). 


The authors owe this example to B. Ja. Levin and V. I. Macaev. 
As a simple corollary of Theorem 6.2, we obtain 


THEOREM 6.3. Let A E ©. be an operator with nonnegative Hermitian 
components and suppose that for some a the operator B= |e" A]> be- 
longs to ©: or (a more general condition) 


s,(B) = 0(1/Vn) (n= œ). 
Then the system of root vectors of A is complete in 9. 


Indeed, if the components Ag and Á > are nonnegative, then all 
the values of the quadratic form 


(Af, f) = (Aaf f) + (Aaf, P) 


belong to the first quadrant, and consequently 04 < 7/2. 

The last theorem is antedated by a simpler theorem of V. B. Lid- 
skii [4]. 

Suppose that A € ©, and that its Hermitian components are nonneg- 
ative; then the system of root vectors of the operator A is complete in É. 

We present an elementary proof of this theorem, found by V. B. 
Lidskir. By virtue of Lemma 1.2, the proof of the theorem reduces to 
proving that there does not exist a simple Volterra operator which 
satisfies the conditions of the theorem. 

Let us assume the contrary, namely that some operator A which 
satisfies the conditions of the theorem is simple and Volterra. Since 
by hypothesis A € ©, we have A*C ©. On the other hand, A’.along 
with A, is a Volterra operator, so that 


sp A* = sp(A% — A5) + 2isp(AgA z) = 0. 
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Since, according to Theorem III.8.3, the trace sp(A.¥A s) is a real 
number, we conclude that sp(A,A,) =0. But then, by the same 
theorem, the operators Ay and Ay commute (and moreover A gA y 
= 0). Thus the operator A is normal and consequently cannot be a Volterra 
operator (A equal to zero is excluded by the condition that A be simple). The 
contradiction which has been obtained proves Lidskii’s theorem. Following 
the appearance of L. A. Sahnovic’s theorem (see §11.3, Chapter IV), 
both of these authors noted that the condition A € ©, can be replaced 
by the condition fe” A]; E ©. 

4. Drawing upon rather complicated function-theoretic methods, 
V. I. Macaev established the following result. 


THEOREM 6.4 (V. I. Macaev {5]). The system of root vectors of a com- 
pletely continuous dissipative operator A is complete in © whenever 
-A 
(6.8) im i 47) _ 9 


2 
po Pp 


and at least one of the following two conditions is fulfilled: 
(6.9) n n+p; Ag) _ 0 -or lim n_(p;Ag) _ 0. 
ge p pve p 
Theorem [V.11.2 allows the condition (6.8) to be replaced by a more 


general one, namely the condition 


(6.10) lim n(p;cosaAg+ sinaA >} _ 
p 2% P 


0 


for some a. 

Formulated in this way, the theorem represents a substantial sharp- 
ening of Theorem 6.3. 

In particular, if we take a = 0 in (6.10), then we arrive at this test: 


THEOREM 6.5 (MACAEv [5]). The system of root vectors of a completely 
continuous dissipative operator A is complete in © whenever at least one 
of the following two pairs of conditions is fulfilled: 


lim ni(p;Ag) _ o and. iw n-(03 Aa) _¢ 


or 


lim ns; Ag) z0 and m (p; Ag) _ 


poo p a p 


0. 
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§7. Two lemmas on the resolvents of normal operators 


The first of these lemmas was, apparently, already used by M. V. Keldys 
|1| (ef. also D. È. Allahverdiev |1|). The second lemma, as formulated here, 
is presented for the first time, although its proof is entirely taken over 
from a paper by the authors [1]. There is a close connection between 
these two lemmas. 


LEMMA 7.1. Let HE ©. be a complete” normal operator, all of whose 
characteristic numbers, except possibly a finite number of them, lie ut- 
side the sector 


0 < argi <b (0 < 6, < b2 S 2r), 
and let TE ©.. Then for any «> 0 the limit relation 
lim| TI — (H) `| = 0 


{>o 


holds uniformly in the sector F; 
+e Sarg’ S6.—€. 
Proor. As is well known,” for a normal operator H one has 
|(H -D| = 1/dQ), 


where d(A) is the distance from the number à to the spectrum of H. 
Consequently 


| — ¢H) | =| s-*| /d(1yo). 


For sufficiently large {E F, the quantity d(1/§)' will be smallest, 
for fixed modulus | ¢|, when the point ¢ lies on the sides of the sector 
F.. In this case it is easily seen that 


|s"|/d(1/s) S 1/sine. 
Thus for sufficiently large ¢€ F, 
(7.1) |Q — ¢H)~™| < 1/sine. 


Choosing an arbitrary 5>0, we represent the operator T in the 
form T= K+ M, where K is a finite-dimensional operator, 


12 A normal operator H is said to be complete if it vanishes only on the zero vector. 


19 This is easily deduced from the spectral representation of a normal operator. 
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n 
K=} (-, y) 4, (el = 1,7 = 1,2, ---n), 
j=1 


and the operator M has small norm, namely 
|M] <5 ce 
According to the bound (7.1) we have, for sufficiently large EF, 
| M(I— ¢H)™| <|M|/sine < 6/2. 
Since by hypothesis H is a complete normal operator from ©., one 
has 
Š = u;(-,€;) €; 
(I Z ¢H) n= 5 7 2 , 
j=1 Bj $ 


where {e;} is a complete orthonormal sequence of eigenvectors of H, 
and {uj}? is the corresponding sequence of characteristic numbers of H. 
We choose a number N, and then a number R > 0 so large that 


o0 1/2 E € 
(7.2) ( > ‘1@e))!?) <> Geia eenn: 
j=N+ n 
(7.3) (x real | (We, ej) |’ N) <> (| ¢| 2 R; k = 1,2,-+-,n). 


Taking into account that for any fE © 


K(I — ¢H)- f= yy Ee) g, 


j=l k=) Bj 
we obtain 
IKO — (H) `f] 
n oo bb; 21/2 oo 1/2 
= (x |- (Vr €;) ) (S11) y 
kai \jai [Hi $ j=l 
and so 
/2 
|KO — ¢H)'f| s S(p j KAAI o) 
k=1 \j= 
Since 
, L =k 1 
B geo WS eae A pei: 


luj;— el Je pj" = a(1/t) | sine 
we conclude on the basis of (7.2) and (7.3) that 


204 COMPLETENESS OF THE SYSTEM OF ROOT VECTORS |CHAP. v 


|K(I — tH) ‘f| <alf[/2 (SE Fc] = R). 
Thus 
ITU — tH) s| KO -— tH) H +|MU— HH) <e 
(SE Fs|s| 2 R). 


The lemma is proved. 

Lemma 7.1 remains valid in the case where H is an arbitrary (even 
unbounded) normal operator which does not vanish on any nonnull 
vector. In this general case the lemma, in turn, follows from a more 
precise result. We shall formulate the latter only for the case of a self- 
adjoint operator H. 


LEMMA 7.2. Let H be an arbitrary selfadjoint operator, G any separable 
s.n. ideal, and B a closed operator with the following two properties: 

a) the domain %(B) of the operator B contains the domain D(H) of 
the operator H; 

b) B(H — Aol) € © for at least one regular point ^ of the operator 
H. 

Then for any sector F with apex at the origin of coordinates which does 
not contain any point A (\ +0) of the spectrum of the operator H, the 
limit relation 
(7.4) lim |B(H—AD le =0 


ACF; à> w 
holds uniformly. 


Let us clarify the connection between Lemmas 7.1 and 7.2. We re- 
mark that if H, is any selfadjoint operator which vanishes only at 
zero, and if TE ©., then the operator T(J — ¢H,)~' can be repre- 
sented in the form 


TU — tH) = B(H — D>, 


where B = TH,' and H = H,'. It is easily seen that the operators H 
and B satisfy the conditions of Lemma 7.2 for © = ©.. 
ProoF. From the equality 
BR()) = BR(Ao) + (A — do) BR(^o) RQ), 


where R(\) = (H — XI)", it follows that if the operator B has the 
property b), then BR(A) € È for any regular point A of the operator H. 
Let us assume, for simplicity, that the sector F has the form 
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eSargAS7—e (e > 0). 
The operator BR(z) can be represented in the form 
(7.5) BR(z) = BR(i) + (z — 1) BR(t) R(z) = BR(1) Q(2), 


where Q(z) = I + (z —1) R(z). The spectral representation of the op- 
erator Q(z) gives the formula 


j z—i °” À= i 
eo- f (+4) dE, = f -*—*an, 


where E, is the spectral function of the operator H. It is easily seen 
that if \ ranges over the spectrum o (H) of H and z ranges over that part of 
the vector F lying in the region |z| > 1, then the function | (A — 1)/(A — 2) | 
is bounded by some constant y, and consequently 


IROI sy  @EF;|z|>1). 
We now observe that for any fE 


(7.6) lim |Q*(2) f| =0. 
2E F;z— œ 
In fact, 
o2 potil 
| Q(z) f| -f nti] dlE, f, f) 
A+: 


<f H fesnr f f) Esn: 


For a given f, the second term can be made arbitrarily small by a 
suitably choice of N, and for fixed N the first term tends to zero as 
Z= &, 


For any finite-dimensional operator 


A-—2Z 


K= 3-4) 4 
we have 
KQ(2) = È C, Q* (2) Yi) 4, 


and consequently 
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IIKRO) |e SD) Q* vl lol. 
jel 


It follows from (7.6) that 
lim |KQ(z)|ə = 0. 


zE F;z— œo 
Finally, bearing in mind the equality (7.5) and the fact that the 
operator BR(i) (€ =) can be approximated arbitrarily closely in S- 
norm by finite-dimensional operators, we obtain the relation (7.4). The 
lemma is proved. 


§8. Theorems on the completeness of the system 
of root vectors of a weakly perturbed selfadjoint operator 


l. In §§2-6 we introduced various tests for the completeness of the 
system of root vectors of a nonselfadjoint operator A. All of these in- 
cluded the requirement that A be dissipative or the more restrictive 
requirement 0,4 < =. 

At the same time, already in the first fundamental work of M. V. 
Keldys |1] on the theory of the eigenvectors and associated vectors 
of nonselfadjoint operator bundles, an important test for the com- 
pleteness of the system of root vectors of a nonselfadjoint operator A 
was obtained, in which the above-mentioned requirement played no 
role whatsoever. 

Following M. V. Keldys, we shall say that an operator AC ©, has 
finite order, if it belongs to some space ©, (p < œ), i.e. if 


x sP(A) < © 
n=] 


for some p (< œ). We shall call the infimum of those numbers p for which 
this relation holds the order of the operator A, and denote it by p(A). 

Since, by definition, p(A) coincides with the order of the sequence 
[sa (A) so, we have (see Levin [1], Chapter I §4) 


-Z lnn 
PAN = n A 


Obviously 
p(A) = p(A*) and p(A + B) <s max{p(A),p(B)}; 
in particular, p (A) = max{p(A_»),p(A@g)}. 
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Some of the results of M. V. KeldysS presented below could be 
strengthened by using the following result. 


LEMMA 8.1 (GOHBERG AND KRreEIN |4]). If one of the Hermitian com- 
ponents of a Volterra operator A has finite order = 1, then the operator A 
has the same order. 


This result was first proved by the authors |4] (by means of the 
theory of the abstract triangular integral). Of course, it is a corollary 
of the stronger Theorem IV.11.1. 


THEOREM 8.1 (KELDys [1]). Let 
A=H(I+S), 


where H = H* and p(H) < œ, and SE ©.. If the operator A vanishes 
only at zero, then the system of its root vectors is complete in “©. For any 
arbitrarily small «e (> 0), all eigenvalues of A, except possibly a finite 
number of them, lie in the sectors 


(8.1) —e<argrA<eé> w—e<arga<r+e 


of angular measure 2e. If the operator H has only a finite number of 
negative (positive) eigenvalues, then A has no more that a finite number 
of eigenvalues in the sector 


w—e<argi<u-+e (—e<argd <e). 


Proor.’” It follows from the conditions of the theorem that the 
operator [+S vanishes only at zero, and consequently is invertible 
since S is completely continuous. It follows in turn that the operator 
H also vanishes only at zero, and consequently is complete. 

According to Lemma 7.1, for any «> 0 there exists a number r> 0 
such that in the region F., 


(8.2) eSlargé{]S7-«6 |sl2r 
we will have 

ITO — H) >i <¢ <1, 
where 7 = J] —(I1+S)'E€G.,. 


19 This proof differs inessentially from the proof by Keldys (see Keldys and 
Lidskit [1]). 


258 COMPLETENESS OF THE SYSTEM OF ROOT VECTORS [CHAP. V 


If the operator H has only a finite number of negative eigenvalues, 
then according to the same Lemma 7.1 the region F, can be enlarged, 
namely its definition can be replaced by 


(8.3) eSarg{(S27r—e, H zr. 


In what follows we shall assume that in the general case the region 
F, is defined by (8.2), and in the special case for which H has only a 
finite number of negative eigenvalues, by (8.3). 

Since the operator I — ¢A is representable in the form 


I~ ¢A=|U4+8)'- tH] +S) = (1- T- ¢H)(1+S), 
hence in the form 
I-sgA=(-—TU- tH) >I- sx) +S), 


it is invertible in the region F,. Namely, 


(8.4) (I— <A) `= (1+ S) U -— tH) (TU — tH) ‘Y. 
n=0 
Thus we have established the invertibility of the operator 1— ¢A in 
the region {E€ F, and hence proved the last two assertions of the 
theorem. ™® 
At the same time, from the equality (8.4) and the bound 


1 
IA — H| s—— (ERF) 
sın € 


we obtain the bound 


I +S) "| 


(8.5) LE Sea 


(< œ) (ER 

We now proceed to the proof of the first assertion of the theorem. 

As usual, we denote by © the closed linear hull of all the root vec- 
tors of the operator A. We have to prove that Œ = 9. Let us assume 
the contrary, that © # §. 

We denote by P the orthoprojector which projects onto ©. Ac- 
cording to Lemma I.4.2, the operator A, = QAQ (Q=I-—P) is a 


') We remark that the preceding argument, and consequently these two as- 
sertions, remain valid for any bounded (and even unbounded) complete selfadjoint 
operator H. 
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Volterra operator, and (J — ¢A,) ' is an entire operator-function. 
According to result 2 of §1, Chapter I, 


(I-A) =Q- RAP (EF), 


and consequently by virtue of (8.5) the operator-function (I — ¢A,)~' 
is bounded in the region F,. On the other hand, A, E€ ©, for p > p(B), 
and by Theorem 5.2 


(8.6) In| (J — tA) ~] =o(| ¢*) ({— œ). 


We now choose «< Ẹx/p. Since the operator-function (I — ¢A,)7' 
is bounded on the sides of the sectors 


larg ¢| Se, |r — args| Se, 


by the Phragmén-Lindeléf theorem it follows from (8.6) that the oper- 
ator-function (J — {A,)~' is bounded inside these sectors. Thus the 
entire operator-function (J — ¢A,)~' is bounded over the entire com- 
plex plane. It follows that (J — ¢A,)"'= I and 


A, = QAQ= QA = 0. 


But then A*Q = 0, i.e. the operator A* annihilates the entire subspace 
QV. This leads to a contradiction, since the operator A* = (I + S*) H 
vanishes only at zero. The theorem is proved. 

REMARK 8.1. When the conditions of Theorem 8.1 are fulfilled, one 
can also assert that the system of root vectors of the adjoint A* is complete 
in ©.’ In fact, the operator A, = H(I + S*) satisfies all the con- 
ditions of Theorem 8.1, and the operator A* = (I+ S*)H is similar 
to it: A* = (I+ S*) A (I+ S8*)™. 

We note, more generally, that if an operator A has a complete system 
of root vectors, then every operator similar to A, i.e. every operator 
W'AW (W,W''eG R), has the same property. It follows that Theo- 
rem 8.1 can be generalized to the case of an operator A of the form 
(I+ 8S) H(I + S), where SE GS. (J =1,2) and the operators I + S; 
(J= 1,2) are invertible. 


16 Tt does not generally follow from the completeness of the system of root vec- 
tors of an operator A that the system of root vectors of the operator A* is complete. 
As was observed by A. S. Markus, from results of H. Hamburger [1] there follows 
the existence of an operator A € ©, which has a complete system of eigenvectors, 
corresponding to the nonzero eigenvalues, while at the same time the orthogonal 
complement in R(A*) of the closed linear hull of all the root vectors of the operator 
A* is infinite-dimensional. 
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In fact, if we put I+ S= (1+ Sə)(I+ S,) and A, = H(I + S), then 
A=W 'A W, where W = (I+ S,) `. 

2. Theorem 8.1 is a special corollary of a general theorem of M. V. 
Keldyš on the n-fold completeness of the system of eigenvectors and 
associated vectors of an operator bundle of a specified structure. The 
following §9 is entirely devoted to this general theorem. For the special 
case n = 1 which interests us here, the theorem can be formulated as 
follows. 


THEOREM 8.2 (KeLDYŠ [1}). The system of eigenvectors and associated 
vectors of the linear bundle 
(8.7) LO) =1-T—-—)dH 
is complete in H, whenever H is a complete selfadjoint operator of finite 
order, and T is an arbitrary operator from ©.. 

Let us clarify the new concepts which appear in the statement of 
this theorem. 

A number ào is called a characteristic number of the bundle L(A) if 
the equation L(\))¢ =0 has a nonnull solution. Such a solution is 
called an eigenvector of the bundle L(A), corresponding to the charac- 
teristic number Xo. 


The vectors ¢1,¢0,°*:,@, are said to be associated with the eigen- 
vector po (L (ào) ġo = 0), if 
(8.8) $r — To, — \ H¢, = Ho,- (r = 1,2,---,k). 


We shall now show that Theorems 8.1 and 8.2 are equivalent, i.e., 
each is a consequence of the other. To do this we shall first clarify a 
number of general properties of the bundle (8.7) under the sole as- 
sumption that H is a complete selfadjoint operator from ©.. 

We may suppose without loss of generality that the operator J — T 
is invertible. In fact, replacing the parameter à by \-+ a in the bundle 
(8.7) obviously does not alter its eigenvectors and associated vectors, 
and only shifts the spectrum of characteristic numbers of the bundle 
by a. Under this shift, the bundle (8.7) goes over into the bundle 


(8.9) L(a +a)=I— T-—aH — dH. 


On the other hand. if we choose a such that |(J — aH)~'T| <1, the 
operator 
I— T—aH = (I ~aA) |I — (I—aH)'T| 
will be invertible. 
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Thus, assuming the existence of the bounded operator (I — T) ', 
we can write 


(I—T) ‘=I1+5S, 


where S is some completely continuous operator. 

It is obvious that multiplying any bundle L(A) from the left by a 
continuous and invertible operator U does not change its eigenvectors 
and associated vectors. We multiply the bundle (8.7) from the left by 
the operator U = (I — T)’; it then goes over into the bundle L(A) 
= I —}A,, where A, = (1+ 8S) H. 

Let Ay be a characteristic number of the bundle L(A), and do, di, 
-++,@m some chain consisting of an eigenvector and associated vectors, 
corresponding to the number ào, i.e. 


(I — \oA)) po = 0, (I ~ ħ`’A,) r = Apk- (k = 1,2,--+,m). 


The first relation shows that ¢ọ is an eigenvector of the operator A,, 
and the others imply the equality 
(I — MA) t pr = Al — AoA) "bp = 2 = Ail — Ay Ai) oo = 0. 


Thus ¢1,°°-,¢, are root vectors of A). 

Conversely, if ¢ is some root vector of order k of A,, corresponding 
to the eigenvalue Ao, i.e., if (J — A,)*¢ #0, (J — ¢A,)*t'¢ = 0, then, 
setting ¢, = ¢, 


ef Rad 
$k- = — 2 ( p ) (— Ao)? AR Ørk — Avde, 
p=1 


we will have 
(I — MA1) bs — Aige- = (I — Ay) t Ge = 0, 
and consequently 
A, (I — MA) "br = (Z — Xp A1)**" be = 0, 
(I — M’: = 0. 


Similarly, from ¢,_; we can construct the vector ¢,_2, and then from 
r-z the vector ¢,_3 and so on, until an entire chain of vectors Øk, ¢:_1, 
-++,) (*0), satisfying the relations (8.8),'” has been reconstructed. 


1) We remark that the chain $0, 1,°°', $k is a Jordan chain for the unbounded 
operator B= Aj = Hadr. 
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We have thus proved that the characteristic numbers of the bun- 
dle (8.7) coincide with the characteristic numbers of the completely 
continuous operator A,, and the linear hull of the eigenvectors and 
associated vectors of the bundle (8.7), corresponding to any charac- 
teristic number A) of this bundle, coincides with the root subspace 
of the operator A, corresponding to the same characteristic number. 
The dimension of this hull (root subspace) is called the algebraic mul- 
tiplicity of the characteristic number ào of the bundle (8.7). 

It follows (independently of whether or not the operator I — T has 
a continuous inverse) that the spectrum of characteristic numbers of 
the bundle (8.7) is discreet, i.e. every characteristic number has finite 
multiplicity and the only possible limit point of the spectrum of all 
these numbers is the point o. 

At the same time, we have shown that under the condition that the 
operator I — T is invertible, the completeness of the system of root 
vectors of the operator A, = (I+ S)H, where (I— T) '=I-+5S, is 
the same as the completeness of the system of eigenvectors and as- 
sociated vectors of the linear bundle L(A) = 1— T— dH. Here the 
operator A, can be replaced by the similar operator A = H(I + S) 
= (1+ S) `A (I +85). 

3. By analyzing the proof of Theorem 8.1 of M. V. Keldys, it is 
easily discovered that Lemma 8.1 on the connection between the com- 
ponents of a Volterra operator makes it possible to weaken the con- 
ditions in the theorem. Namely, Theorem 8.1 remains valid if, in its 
statement, the condition p(H) < œ is replaced by the weaker condition 
p({HS|,)< œ (|HS|, = (HS — S*H)/2i). With this replacement 
the original proof remains valid, if it is shown in addition that the 
Volterra operator A, = QH(J+S)Q which appears in the proof has 
finite order. 

The imaginary component of the operator A, is obviously the oper- 
ator Q(HS — S*H) Q/2i, which belongs to ©, for some p < œ. Since 
A, is a Volterra operator, by Lemma 8.1 p(A,) < œ. 

Theorem 8.2 for a linear bundle admits a similar generalization. 


THEOREM 8.3. Let HE ©. be a complete selfadjoint operator, and let 
TE ©... Then the system of eigenvectors and associated vectors of the 
linear bundle I— T— XH is complete in 9 whenever p(|HT|,s) < œ. 


Proor. We note that for the shifted bundle LA) = L(A+a)=I] 
— T, — AH the operator T, equals T + aH, and consequently T,H — HT} 
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= TH — HT™, if a is real. ‘Therefore we may assume without loss of 
generality that the operator I — T is invertible, and in this case the 
completeness of the system of eigenvectors and associated vectors of 
the bundle is equivalent to the completeness of the root vectors of 
the operator A = H(J—T)*=H(J+S). If HT-—T*HEG, for 
some p>0O, then H(I- T)—(1—T*)HEG,, and consequently 
(C—T*)"'H-—H(I—T)"'€G,. Hence 


HS — S*H = H(I + S) — (I + S*) H 
= H(I- T) ` — (I — T*) ‘HE &. 


But under this condition the completeness of the system of root vec- 
tors of the operator A has already been established. 

We remark, in conclusion, that V. I. Macaev [2] has shown by 
other means that Theorem 8.1 remains valid if in its formulation the 
condition p(H) < œ is replaced by the condition S € ©.. Therefore 
Theorem 8.2 remains valid if the condition p(H) < œ in it is replaced 
by the condition T€ ©,. In Macaev’s communication [5] one can find 
a number of other generalizations of the theorems of M. V. Keldys.’® 

4. In this case where both H and S are selfadjoint operators, 
Theorem 8.1 can be strengthened: 

1. The system of root vectors of the operator A = H(I + S) is com- 
plete in © whenever H and S are completely continuous selfadjoint 
operators and the operator A vanishes only at zero. 

We present a proof of this result. Under the specified conditions, 
the operators H and [+S are obviously complete. 

We introduce a new (possibly indefinite) scalar product in ©, setting 


(8.10) {fe}= (+S) fg) = (df.g) (J=1+S). 
With respect to this inner product the operator A will be selfadjoint: 


‘Afg}={f4g} (Age). 


If the operator J is positive’ (all eigenvalues of S are greater than 
— 1), then (and only then) the product {f,g} will be definite, i.e. 


19 In a recent communication A. S. Markus [5] presented the generalization of 
the theorems of M. V. Keldys to the case of a Banach space. This note and a paper 
by Ju. I. Ljubié [2] also contain other tests for completeness for operators in Banach 
spaces. 


19 For the bundle (8.7), to this case will correspond the case in which the oper- 
ator I— T (= (1+8)'') is positive. 
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If,f}>0 for f#0. In this case the norms |f| =/(f,f) and |f]: 
=VJ/I{f,f} are topologically equivalent. 

Taking (8.10) into consideration, we conclude that in this case the 
spectrum of the operator A will be real and that A will have a com- 
plete in © and indeed J-orthonormal system of eigenvectors ler, Le., 


(Jej er) = {ej er} = dz (j,k =1,2,---). 


The system {e;};/ will form a Riesz basis (see the definition in §2, 
Chapter VI). 

Let us consider the second possibility, where S has eigenvalues < — 1, 
and hence the scalar product {f,g} is indefinite.” In this case the 
space © can be broken up into the orthogonal sum 


© = 9,0 DH, 


of subspaces which are invariant with respect to S, where H, is the 
finite-dimensional subspace in which the eigenvalues of S are less than 
— 1, and 9, is the infinite-dimensional space in which the eigenvalues 
of S are greater that — 1. 

It is obvious that the form {f,f} will be negative on É, and posi- 
tive on ə»; moreover, the norms |f| and |f|, are topologically equiv- 
alent on D>. 

Thus the space © with the indefinite scalar product {f,g} can be 
regarded as a Pontrjagin space I,, where x is the dimension of H, (see 
Pontrjagin [1] and Iohvidov and Krein [{1}). 

Since A is a completely continuous selfadjoint operator in II, which 
vanishes only at zero, by a theorem of I. S. Iohvidov [1] the system 
of root vectors of A is complete in. 

This result, combined with results of Pontrjagin |1], also enables 
us to state the following result. 

2. Under the hypotheses of result 1, the space H can be broken up into 
the direct sum 


H=AL+MN 


of two subspaces which are invariant with respect to the operator A, where 
Y is not more that 2x-dimensional, and the quadratic form {f,f} is posi- 
tive on R, and such that the operator A has in R a complete J-orthonormal 
system of eigenvectors {e;\~, to which correspond real eigenvalues. 


20 The point à = — 1 is regular for the operator S, since 1+ S vanishes only at 
zeroand SE ©,,. 
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The form {f,f} will be nondegenerate on ¥ and will have precisely « 
negative squares. There are infinitely many ways of constructing a 
J-orthonormal basis in ¥ which, together with the basis {e;} of the 
subspace Jt, forms a Riesz basis (see §2, Chapter VI) of the entire 
space 9. 

The structure of the root subspaces of the operator A in £ will be 
determined by the well-known results on the structure of the root 
lineals of a linear operator, acting in a finite-dimensional space with 
an indefinite metric with respect to which it is selfadjoint (cf. Pon- 
trjagin [1], Iohvidov and Krein |1] and Mal’cev [1]). In particular £ 
will contain all root lineals of the operator A corresponding to nonreal 
eigenvalues. 

It is easily shown that if H is a positive operator, then the subspace 
g consists only of the null vector. 


§9. Theorems on the multiple completeness of the system 
of eigenvectors and associated vectors of an operator bundle 


1. The question of multiple completeness was raised by M. V. Kel- 
dys [1] in connection with the consideration, for vector-functions x(t) 
with values in ©, of an operator differential equation of the form 


d d” 
(9.1) (1-4-45 — + A} x= 0, 
where the A; (J= 1,2,---,n) are operators from ©.. 


As in the case of equations of the type (9.1) in finite-dimensional 
spaces, the general theory of equations of the type (9.1) is based on 
the theory of operator bundles: 


L(A) = I — Ap — AA, — +++ — N'A, 


If we seek a solution of the equation (9.1) in the form x(t) = e¢, 


where the vector ¢ from © does not depend on t, then we are naturally 
led to the equation 


L(Ao) (o E 0. 


The number ào is called a characteristic number of the bundle L(A), 
if the equation L(ào) = 0 has a nontrivial solution (= 0). This so- 
lution is called an eigenvector of the bundle L(A). 

If some function x(t) of the form 

jk k-1 


t t t 
(9.2) x(t) = e” (i tt i! pier Th wito) ; 
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where ¢;€ © (J= 0,1, --+,2; ¢) = 0), is a solution of the equation (9.1), 
then the functions 


will also be solutions of this equation. It follows that ¢, is an eigen- 
vector of the bundle L(A), corresponding to the value dp. 

It is easily seen that a function x(t) of the form (9.2) will be a so- 
lution of the equation (9.1) if and only if 


: OL (zo) z AL (Ao) 
L(A E — —— 0 
(ào) @ do Ti TE ——— $)-1 aes JAP do = 
(9.3) 
(p = 0,1, -++,k). 
The vectors ¢1,¢2,°°:,¢, are said to be associated with the eigen- 


vector ¢). The number k+ 1 is called the length of the chain do, 4,, 

-+,@,; it can be finite or infinite. The vector ¢ is said to be an eigen- 
vector of the bundle of finite rank r if the longest chain corresponding 
to the vector ġo has length r. 

A characteristic number ào of the bundle L(A) is said to be a char- 
acteristic number of finite algebraic multiplicity if the subspace 3 (L(Ao)) 
(of zeros of the operator L(\o)) is finite-dimensional and the ranks 
of all the eigenvectors ¢€ 3(L(A,)) havea common bound. *” 

It is obvious that in passing from the bundle L(\) to the bundle 
L,(\) = L(A +a) (a any complex number) the spectrum of the char- 
acteristic numbers of L(A) is obtained from the spectrum of L(A) by 
the shift \— à — a, and the eigenvectors and associated vectors remain 
the same. 

We remark that the method for proving the results presented below 
consists in reducing a polynomial operator bundle to a linear bundle. 

1. If for at least one point \ = ^ the operator 


2D As will be made clear from what follows, one has to understand, by the algebraic 
multiplicity of the characteristic number Ao of the bundle L(A), the multiplicity of the 
characteristic number Ao of the operator [,(1 — Lo)” ', which is constructed from 
the bundle L(A) by a method which will be indicated further on. 
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L(\y) = 1 - TNA (A,E ©.) 
J=0 
is invertible, then the set of characteristic numbers of the bundle L(A) 
consists of isolated points of finite algebraic multiplicity.” 

That the characteristic numbers form an isolated set of points fol- 
lows at once from Theorem 1.5.1. In fact, L(A) — J is an entire operator- 
function taking values in ©., and the operator L(A) is invertible; 
consequently by Theorem 1.5.1 the operator L(A) is invertible every- 
where with the possible exception of a set of isolated points, which 
are the characteristic numbers of the bundle L()). 

To prove that every characteristic number of the bundle has finite 
algebraic multiplicity, we rewrite (9.1) as a first-order equation. To 
this end we form the Hilbert space $, the orthogonal sum of n copies 
of the space H. Then the equation 


(9.4) L(g =f 
can be written in the form of a system 
EN. T OEE. . a — A, ge") = f, 
g” — yg® = 
g — yg = 0 


where g = g. Thus it is equivalent to the following equation in the 
space 
(9.5) L(g = T- Ly) g -abg =f, 


where g= {g0 |" ‘ED, f=({f,0,---0}@%, and the operators È, 
and Ly are defined in © by the matrices 


00---0 A, 
= e. e è où o & 8 © : Ly = 0 1---0 0 
ee’ 00---I 0 


22) A more general result was proved by A. S. Markus [1]. 
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From the equivalence of the equations (9.4) and (9.5) it follows at 
once that the linear bundle L(A) has the same characteristic numbers 
as the bundle L(A). 

Moreover it is easily shown that the vector ¢) = lop} t (€ $) 
will be an eigenvector of the bundle L), corresponding to the char- 
acteristic number Ap, and the vectors p = {09 l! (E $; p = 1,2, ---,k) 
will be associated with go if and only if ¢{” is an eigenvector of the 
bundle L(A) corresponding to the characteristic number A, the vec- 
tors ¢® (p= 1,2,---,k) are associated with ¢®, and 


D — t o (49+ T T TER T i) | 


. dt © t-0 


(J= 1,2, e», | — 1; p = L-2, -++,k). 


It follows in particular that the lengths of corresponding chains of 
associated vectors of the bundles È (A) and L(A) coincide. 

We may assume without loss of generality that the operator EL 
is invertible (in the contrary case we could go over from the bundle 
L(A) to the bundle L(\ + ào)). Therefore by virtue of §8.2 (see p. 261) 
it remains to show that all the nonzero points of the spectrum of the 
operator L,(1 — Lo)! are normal eigenvalues. 

We already know that all the nonzero points of the spectrum of this 
operator are isolated points. Since 


A, 0--- 0 
Dim | 0 Be | = Dial 
0 0O.---A, 


it follows that ree ©., and consequently all of its nonzero spectrum 
consists of normal eigenvalues. But then the nonzero spectrum of L, 
consists of normal eigenvalues. ”” 

Since L, (T-— L) ~= LT +Ê, where T= (1-—L,)'-TEG., 
according to Lemma 1.5.2 all points à (#0) are normal points of the 
operator L,(1 — L). The result is proved. 


29 We have used here the following elementary result, which the reader can easily 
establish for himself. Let Ag be an eigenvalue of the operator A, and hence Ao an 
eigenvalue of the operator A”. If Xo is a normal eigenvalue of A”, then Ao is a normal 
eigenvalue of A. 
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2. Let us associate, with every characteristic number ào of the bun- 
dle L(A) and every system ¢o,¢@),-°°,¢, consisting of a corresponding 
eigenvector and associated vectors, a system of nk vectors ¢%, con- 
structed according to the rules 


p? = $p (p = 1,2,---,k) 


and 


G) — d At (0) (0) t tP (0) 
$p serra dp + op ay o 


“1h 
(j= 1,2, ner) {aoe 1;p = 1,2, k). 


Following M. V. Keldys [1], we shall say that the system of all 
eigenvectors and associated vectors of the bundle L(A) is n-fold com- 
plete if the union of all systems of the form {¢)}§'' (p = 1,2,---,k) 
forms a complete system in the space $ consisting of the orthogonal 
sum of n copies of the space H. For the case n = 1 this concept reduces 
to the concept of completeness in the usual sense. 

Recalling the proof of result 1, we conclude that the system of 
eigenvectors and associated vectors of the bundle L(A) is n-fold com- 
plete if and only if the system of eigenvectors and associated vectors 
of the linear bundle L(A) is complete. 

We further note that for a differential equation (9.1) the n-fold 
completeness of the system of eigenvectors and associated vectors of 
the bundle L(A) means that there exists a solution x(t) of the equation 
(9.1) which is a linear combination of solutions of the form (9.2) and 
whose initial values x(0),x’(0),---,x 1(0) are arbitrarily close to any 
preassigned values. 


THEOREM 9.1 (M. V. KeLDYš [1|”’). Let H be any complete normal 
operator of finite order, and suppose that for some positive integer n the 
operator H” is selfadjoint. Then the system of eigenvectors and associated 
vectors of each of the two conjugate bundles 


i=0 


24 In this paper the theorem is formulated under more restrictive assumptions 
concerning the bundle K(A), namely 


KROQ] f= Bi eB Se aa HBri Hp 


where BBE ©, BER (J =1,2,---,2 — 1), and Hı is a complete selfadjoint 
operator of finite order. 

In the form which we have given, the theorem was announced in a paper by D.E. 
Allahverdiev [1]. 
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(9.6) K(A) =1—- T -AHT — ea H" T i AH" 
and 
(9.7) K*(\)) = I — Tf —AT#H — ---— yA" 'T*_,H" 1 — H", 


where T;© ©. (j = 0,1,---,n — 1), is n-fold complete in ©. For any 
«> 0, all the characteristic numbers of the bundle K()\), with the possible 
exception of a finite number of them, lie in the sectors 


me cangi<™ +. (k = 0,1,--+,2n — 1). 


We precede the proof of this theorem by the following lemma. 


LEMMA 9.1. Let HE ©. be a complete normal operator whose nth power 
H” is a selfadjoint operator, and let T€ ©. (j = 0,1,---,n — 1). Then 
for any «e (0 < « < 2/2n) there exists p 2 0 such that at all points à with 
|A| = p of the region F., obtained from the complex plane by removing the 
2n sectors» 


(9.8) |argz — rk/n| <e (k = 0,1, ---,2n — 1), 
the operator bundle 

K(N\ =I1-—7T)-—dHT,-— ---— d" OH" 'T,_, — AH” 
is invertible, and 


sup |K (N| < œ. 
AE Fe |Al Se 
Proor. We associate with the bundle K(a) the linear bundle K,(a) 
= 1—T—)dH with operators T and H which are defined in the 
orthogonal sum © of n copies of © by the matrices 


Be iat 0 H---0 0 

: 0 0---0 0 
Pa ALO Ael oa a 

eee 2 0 0---0 H 

T 0... 

eee H 0.---0 0 


The operator T is completely continuous, and the operator Ñ is 


25 If the operator H” has a finite number of negative eigenvalues, then the sec- 
tors (9.8) can be replaced by the following n sectors: 


|argz — 2rk/n| < e (k = 0,1,---,n — 1). 


SEC. 9| THEOREMS ON MULTIPLE COMPLETENESS 271 


a complete, completely continuous normal operator. Since A” = | ô H"|7 
is selfadjoint, it follows that all the characteristic numbers of the op- 
erator H lie on the rays arg\ = rk/n (k=0,1,---,2n — 1), and con- 
sequently at all points à (0) of the region F, we will have, for the 
operator (T — Ağ) = -X (A -a NDA, 


(9.9) (T — AÑ) S JA “| /d(1/d) S 1/sine, 


where d(1/A) is the distance from the point à`! to the closest of the 
rays argz = rk/n (k=0,1,---,2n — 1). 
According to Lemma 7.1, 


lim |T(2— dH) | =0. 


JE Fea Aico 
We chose a number p > 0 such that 
IT- ù) | =q<1 for |A 2p, AEF. 
Then at all points à of the region F, for which |à| 2 p, the operator 
I — T(T-— Ñ) will be invertible, and 


(9.10) sup \(r— TT AÑ) 73 < 


EF; || Ze 1 — 


(< œ). 


Since the operator ROA can be represented in the form KA) 
= (I— T(T—dH)~)(1— XÑ), it is invertible at all points \CF 
with|d| 2 p, and 

Ky() = (1—10) (T-X -iğ L 
It follows by virtue of (9.9) and (9.10) that 
sup IKA) < œ. 


AE Fall Ze 
The equation 
(9.11) K(\)g =f 
is obviously equivalent to the system of equations 


g” — Tog — Hg! = f, 
(9.12) gi? g Tig — Hg” = 0, 


g“ Taig” —AHg” = 0, 


(0) 


where g = g’, or, what is the same, to the equation 


(9.13) King =f, 
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where g = {g0 iz | f= {f,0,---,0} EH. It follows in particular that 
the bundles K(A) and K,() have the same characteristic numbers. 

If à is not a characteristic number of the bundle K(A), then the 
solution g of the equation (9.11) equals the first coordinate of the 
vector K, (A) f, and so 


lg) =K PNF sR WNA S| Bi 'Q)] If. 
Thus 
IKN] sI KEON | (jal 2p; XCF). 


The lemma is proved. 

PROOF OF THEOREM 9.1.” The last assertion of the theorem is an 
immediate consequence of Lemma 9.1. 

We may assume without loss of generality that the operator I — To 
is invertible (in the contrary case we could carry out the parameter 
shift \—2-+a on the bundle L(A), with a an appropriate number). 

As was already noted, the n-fold completeness of the system of 
eigenvectors and associated vectors of the bundle K(A) coincides with 
the ordinary completeness of the system of eigenvectors and associated 
vectors of the linear bundle K(X) = T — K,—AK,, where the oper- 
ators K, and K, are defined in © by the matrices 


To HT,---H" ! n- 1 0 0...0 H” 
R= 0 0> 0 Raroa 
0 O --: 0 00---I 0 


Since by hypothesis the operator I — Ty is invertible, the operator 
I — K, is also invertible. Consequently the problem reduces to proving 
the completeness of the system of root vectors of the operator A 
= (1+ 8) K,, where T+ S=(I— K,) |. 

Let us denote by Ho the orthogonal complement of the linear hull 
of all the root vectors of the operator A. According to Remark 1.4.2, 
the spectrum of the operator A= = QAQ, where Q is the orthopro- 
jector which projects & onto Do, is concentrated at zero. 

Since the subspace So is invariant with respect to A, for any point 
à at which the operator J — AA is invertible one has, by result 2, §1, 
Chapter I, the relation 


2 This proof uses certain arguments from a note by Ju. A. Palant [1]. 
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(9.14) (F—A,) '=QU- aA) ' +P, 


where P= [— Q. The operator-function R(A) = (1— AA,) |! is ob- 
viously entire. We shall show that in the region F., obtained from the 
entire complex plane by removing the sectors (9.8), one has the relation 


(9.15) | R(A)| = O(A”) (A> ~ AEF). 
Taking into consideration the equalities (9.14) and the relation 
(T— A) '= (F—v(T— K) 1K)! = (T-K, — aK) I- Ko), 
we obtain 
IRAI s| T- Kol IKOONIL. 
Thus (9.15) will be established once we have shown that 
(9.16) IK ‘A)| = OA" h AER, A> o). 


It is not difficult to see that the operator K~'(A) is defined in $ by 
the matrix 


KŘ a) 
KA) k '()M, wee KA) M, , 
AK H(A) I+AK``(NM, ... AK NM, , 


A IK (N AT VE 4 PK NM,- I+ TK (NM, | 
where 
M, = HIT; +AH T; + eA HTa 4+" /H" 
(j = 1,2,---,n— 1). 
According to Lemma 9.1, 
K *(A) = 0(1) (A> eo, AEF). 


Consequently it follows from (9.17) that the relation (9.16) holds, and 
with it the relation (9.15). 

The operator-function R(A) is an entire operator-function of order 
<np (p >p(H)). In fact, since HE G,, the operator 


HT, H°T,.--H" 'T,_, T)H" 
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belongs to S,, and with it the operator SK, = (T-— R) 'K K, be- 
longs to ©. Therefore 
= QA"Q = AK, + SK)" A = ARIQ + AMQ, 
where M € S,. Since the operator K? = ||6,H"|" also belongs to G,, it 
follows that Ai E ©&,. 
Taking Theorem 5.2 into account, we can now conclude that the 


operator-function (I — \"A”) “| is an entire operator-function of order 
<np. But it then follows from 


RA) = (T+ AA, + +--+" LAR) (TP nA} 
that the same will be true of the entire operator-function R()). 
Now, applying the Phragmén-Lindelof theorem to the operator- 


function A(A) in each of the sectors (of angular measure 2e) comple- 
mentary to F, (e < x/np), we obtain 


(9.18) | R(A) | = O(A”) (A œ) 
over the entire complex plane. Since 
R) = (IT-34) = T+A + WAT +, 


we easily deduce from (9.18) that A”~'=0. 
Bearing in mind that the operator A is representable in the form 


et Fe P Pe! et fat ret et T) eet et fat 


A = PAP + PAQ + QAQ = PAP + PAQ + A,, 


we obtain 


A”! = (PAP)™ + AP! + PBQ = (PAP ”- + PRO, 
where È is some completely continuous operator. From the last equality 
it follows that the range of the operator A?"~! is contained in the 
subspace P§. But since the range of the operator A, and consequently 
of the operator A”~!, is dense in §, the subspace $, consists only 
of zero. 

The theorem is proved for the bundle (9.6). The proof for the bun- 
dle (9.7) is analogous. 

REMARK 9.1. It was shown in §8 that in the theorem of M. V. Keldys 
concerning a linear bundle the condition p(H) < œ can be replaced © 
by the condition p({[TH|s) < œ. This last condition is fulfilled, in 
particular, if p(TH) < œ. Ju. A. Palant [1] has generalized Keldys’ 
theorem, showing that for a bundle of degree n the condition p(H) < œ 
can be replaced by the condition 
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p(HT) <œ (r=1,2,---,2—1), p(T)H") < œ. 


Another generalization of Theorem 9.1 to the case where the oper- 
ator A is normal and satisfies certain additional conditions was ob- 
tained by D. È. Allahverdiev [1]. 


§10. Tests for the completeness of the systems 
of root vectors of unbounded operators 


1. Let A be any closed linear operator having at least one regular 
point. A linear (in general, unbounded) operator B is said to be A- 
completely continuous if D(A) CD(B) (i.e. the operator B is defined 
on the domain D(A) of the operator A) and if for some regular point 
ào of the operator A the operator B(A — \)1)~' belongs to ©.. One 
can show, in an obvious way, that in this case the operator B(A — AI) ' 
belongs to ©. for every regular point à of the operator A. In part- 
ticular, if the point à = 0 is a regular point of the operator A, then the 
operator B will be A-completely continuous™ if and only if 


D(B)D> D(A) and BA'E ©.. 


The definitions of a root vector, a normal eigenvalue and a normal 
point given in Chapter I for a bounded operator can be generalized 
in a natural way to closed operators. 


LemMaA 10.1. Let L be any linear selfadjoint operator, and T any L- 
completely continuous operator. Then the sets of normal points of the op- 
erators L and A = L + T coincide. In particular, the entire nonreal spec- 
trum of the operator A consists of normal eigenvalues. For any «e > 0 there 
exists a number r = r, > 0 such that the entire spectrum of the operator A 
will lie in the union of the disc |X| Sr and the two sectors 


(10.1) —-e<ccargr<e, w-—e<argrA <a+e. 


Consequently if the point à = 0 is a normal point of the operator L, then 


only a finite number of points of the spectrum of the operator A can lie 
outside the region (10.1). 


Proor. For any point à from the domain of regularity p(L) of the 
operator L we have 


2 The definition of A-complete continuity can be given without any assumptions 
on the existence of regular points of A (see Gohberg and Krein [1]). 


® Hence the terminology ‘“‘A-completely continuous’ becomes natural. 
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(10.2) A-AIl=(14+ T(L—- Al) ')\(L—- Al). 


The operator-function T(L — AI) ', which can be represented in the 
form 


T(L—AI) (= T(L—-il) '—T(L—iD) (L—AD Vid), 


is holomorphic in the region p(L) and assumes values in ©.. More- 
over, by Lemma 7.1 the limit relation 
lim | T(L — AD) t| =0 
Aw 
holds uniformly outside the sectors (10.1). 
In particular, there exists a number r = r, such that 


IT(L— AD) | <1 


for points à outside the sectors (10.1) with |A| >r. For these à the 
operator A — Al will obviously be invertible. Moreover, on the basis 
of Theorem [1.5.1 it can be stated that the spectrum of A in p(L) 
consists of isolated normal eigenvalues. 

Finally, that the sets of normal points of the operators A and L 
coincide can be proved in the same way as the analogous assertion in 
Lemma 1.5.2. This proof is based on the fact that 


(A—AI) '— (L-AI '=(A—- AD) 'T(L—- aD EGS. 


for all `AE p(A) (\p(L). The lemma is proved. 

2. One says that a selfadjoint operator L has a discrete spectrum 
if its entire spectrum consists of normal eigenvalues, i.e. of isolated 
eigenvalues of finite multiplicity with a unique limit point at infinity. 
Obviously such an operator is always unbounded. If \) is a regular 
point of the operator L, then the operator (L — rl) | belongs to ©.. 


THEOREM 10.1. Let A = L+ T, where L is a selfadjoint operator with 
a discrete spectrum, and T is an L-completely continuous operator such 
that 29) 


”) Thus it is assumed in the condition (10.3) that the point à = 0 is not an eigen- 
value of the operator L. This restriction is not essential; if it is not fulfilled, then’ 
the condition (10.3) can be replaced by the condition p|(L- al) TCL - al) "$ oo, 
where a is any regular point of the operator L. It is easily seen that the last con- 
dition does not depend upon the choice of the real (or even complex) number a, 
regular for L, and corresponds to passing from the operator A to the operator A - al 
= (L — al) + T. 
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(10.3) P(L 'TL ')< œ. 


Then the entire spectrum of the operator A consists of normal eigenvalues. 
For any « > 0 all of them, with the possible exception of a finite number, lie 
in the sectors . 


—ex<argA<e, w-—exargri<anr+e. 
The system of root vectors of the operator A is complete in S. 


Proor. We may suppose, without loss of generality, that the point 
à = 0 is not an eigenvalue of the operator A (cf. the footnote). Then, 
representing A in the form A = (I+ TL`') L, we find that [+ TL ' 
vanishes only at zero. Bearing in mind that TL“! is completely con- 
tinuous, we conclude that I + TL~! is invertible and, moreover, that 


(+ TL) '=17458S, 


where S is some completely continuous operator. 
Thus the operator A`! admits the representation 


A-'= H(I+S), 
where H = L '. From the relation 
(I+ TL ')\(I+8)=I1 
follows 
S= —TL(I+S). 
Hence, by the condition (10.3), for some p (< œ) we have 
HS = — LTL (I + S) E€ &,. 


Thus by Theorem 8.1 and the additions to it which were made in §8.3, 
all the conclusions of Theorem 8.1 hold for the operator A '. 

Since the eigenvalues of A ' are the inverses of the eigenvalues of A, 
and the root vectors of A ' and A coincide, the theorem is proved. 

3. As a simple consequence of the theorem just proved, we obtain the 
following result. 

The system of root vectors of the operator A = L+ K is complete when- 
ever L is a selfadjoint operator with a discrete spectrum and K belongs to 
some Sp. 

This result can be strengthened in a new direction, namely the con- 
dition K € ©, can be replaced by the condition K € ©.. This follows 
from a general theorem of V. I. Macaev: 
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THEOREM 10.2 (Macaev [2|). Let A=L+ 7, where L is a selfad- 
joint operator with a discrete spectrum, and T is such that D(T) D D(L) 
and TL '€G,. Then all the conclusions of Theorem 10.1 hold. 


This theorem can be obtained from the result of V. I. Macaev, in- 
dicated in §8.3, in the same way as Theorem 10.1 was obtained from 
Theorem 8.1. 

After what has been said it is completely clear that from other 
theorems of the preceding sections one can obtain corresponding com- 
pleteness theorems for specified classes of unbounded operators. 

Other completeness theorems for unbounded operators are to be 
found in papers by M. A. Naimark [1], V. B. Lidskii [5] and others. 
All of these theorems can be applied to various classes of differential 
operators. 

We remark that on the basis of his Theorem 9.1, M. V. Keldys Í1] 
has obtained n-fold completeness for broad classes of ordinary and 
partial differential operator bundles. 


§11. Asymptotic properties of the spectrum 
of a weakly perturbed positive operator 


1. We shall present here certain of the results of M. V. Keldys on 
asymptotic properties of operator bundles. We shall consider only lin- 
ear operator bundles J — T — AH, under the assumptions that H isa 
positive operator, p(H) < œ, and the operator T belongs to ©...” 

Under these assumptions (cf. §8.2), after an appropriate parameter 
shift (A—A-+c) the spectrum of the specified bundle can be regarded 
as the spectrum of an operator A of the form A = H(I + S), where 
SES, and (J+ S)'ER. 

For such operators the following lemma, which plays a decisive role 
in the sequel, is valid. 


LEMMA 11.1. Let A= H(I + S), where SE S., (I+ S) ER, and 
H is a positive operator which belongs to the class ©, for some integer 
p > 0. Then 


sp(A?(A)) 
ee |, 
age sp (H?(d)) 


ImA=0 


OM. V. Keldys |1] published his results without proof. We have been able to 
find a proof of his theorem on the asymptotic behavior of the spectrum of a bundle 
for the case of a linear bundle. 
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where A(A) and H()) are the Fredholm resolvents of A and H. 


Proor. We have 


A(a) — H(A) = G/X) {7 — AA) — (I — A) 
— (I— A) 'HS(I— dH)" 
— (I— A) 'ATU — dA)" 


= — A(N TU -)A)", 


li 


where T denotes the operator S(I + S)~'. Hence 
(11.1) A(A) = H(A) + CQ)), 
where 

C(A)= (I+ TU - H) — I. 


According to Lemma 7.1, |T(7 — AH) '|—0 as A> — œ, Imad = 0, 
and consequently 
|\C()|-0 as à>- œ, ImdrA=0. 
Raising both sides of (11.1) to the pth power, we obtain 
11.3) AP(A) = (H(A) + H(A) C 
= H(A) + 2) H(A) COA) HA) CA) ++ He"), 


where the summation is extended over all the 2? — 1 choices of integers 
a, >0,-++,a,,>0, a, 20 (28rsp+1) such that a,+---+a,=p. 

We choose N (>0) such that |C(A)| <1 for à< — N. Then for 
à< —WN we find, from (11.2): 


|sp(A?(\) — H(A) | S$|A?Q) — HPQ) |, 
<A CO)| | HO) | 2] CO)| «+ -| AO) 12” 
< (2? — 1)| H(d) |5| C(A)| = (2? — 1) sp(A?(a)) | CQ) |. 
Hence 


sp(A?(A)) _ 
sp(H?(A)) 


and the lemma is proved. 


LEMMA 11.2. Under the conditions of Lemma 11.1 the limit relation 


° dn(r; A) = dn(r; H) E 
tJ, roel J, Gage fy Oe eee ee) 


1 


= O(|C(d)|) forxA— — ~,ImA = 0, 
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holds, where n(r; A) and n(r; H) are the distribution functions of the char- 
acteristic numbers of the operators A and H. 


Proor. Since, together with A € G,, also A(A)€ ©, and hence 
A’(A) E ©, we have 
= a 1 
11.3 p(A?(a ———, 
aa oe er Cag 2 (A) — A)? 


and similarly 


2 1 ” dn(r; H) ) 
L. ADD = DP —— =] ia). 


Since 


Í dn(r; A) € 1 

0 +h? & A| +9” 

we conclude, taking (11.3), (11.4) and Lemma 11.1 into consideration, 
that to prove Lemma 11.2 it remains to derive the relation 


> 1 
{= eas © ae SOP, ae ee 
(Imi = 0). 


According to Theorem 8.1, for any 6>0 almost all of the numbers 
u;(A) (J =1,2,---) lie inside the sector |argA| <6. Since „= œ is 
their unique condensation point, this means that as j— œ 

Reyj(A)— œ and argyu,(A)—0. 


Hence for any « >0 there exists N = N,>0 such that for ¢>|A| 
the inequalities 


( uj(A) +t ) : ai 
lu;(A)| +t 
will be fulfilled. Then for t>|A|* we have 


<E (J=N,N+1,---) 


“Of the inequalities |b;/aj| <« (J= 1,2,---,n) hold for the positive numbers | 
aj (J= 1,2,+-+-,n) and the complex numbers b; (j = 1,2,---,”), then 


& | Daj < 
= j=l 
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i emrel Base 
Sn (H(A) + 0° ~la (A)| + 8)? 
On the other hand, there is always a T,>0 such that for t> T, 


(11.5) 


—ll<e. 


= aan + t)? 3 ` (la;(A)| TFP) 
But then for t> T, the inequality (11.5) will hold with N replaced 
by 1. The lemma is proved. 

2. To obtain the basic theorem of this section it remains to call 
upon a result of B. I. Korenbljum [1]. 


LEMMA 11.3. Let g(r) and y(r) (0 <r < œ) be nondecreasing functions 
for which, for some p (> 0), the integrals 


_ ("° delr) 
RAD -Í (r+ 2)?’ 
(0<t< œ) 


are finite, and 


ee a 
ETO 


If o(r)— © as r— œ, and there exists a positive constant y <p such 
that, for sufficiently large r <s, 


$(s) ( s y 
then also 
0 
li : 


32) This result (and a still more general one) was obtained by B. I. Korenbljum [1], 
who generalized by his methods a Tauberian theorem of M. V. Keldys [1,2], in which 
more stringent requirements were imposed upon the function ¢(x) and the number p, 
namely it was required that there exist a derivative ¢’(x) such that a¢(x) < x¢’(x) 
< (x), where a and 8 are constants satisfying the conditions 0 <8<a+1 and 
p = |£] + 1. Keldys theorem, in turn, was a generalization of well-known Tauberian 
theorems of Hardy and Littlewood (see Hardy |1]). 
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For the proof of Lemma 11.3 we refer the reader to the original 
paper by Korenbljum [1]. 

Combining Lemmas 11.2 and 11.3 leads to the basic theorem of M. 
V. Keldys [1] in a somewhat refined form. * 


THEOREM 11.1. Let A = H(I +S), whereSEG., (I+ S) ER, and 
HE ©, ts a positive operator. If one can select a nondecreasing function 
o(r) (OSr< œ) with the following properties: 

1) for some y > 0, (11.6) holds for sufficiently large r <s, 


(11.7) 2) lim (n(r; H)/ẹ(r)) = 1, 
then 

_ nir; A) _ 
(11.8) lim AG. 1, 


where n(r;H) and n(r;A) are the distribution functions of the charac- 
teristic numbers of the operators H and A, respectively. 


Proor. We may assume without loss of generality that g(r) is a 
positive function, with ¢(0) = 0 (otherwise, choosing R > 0 such that 
(r) > 0 for r > R, we could then redefine the function ¢(7) on [0, R), 
setting ¢(r) = 0 for Ox r< R). 

Since, by virtue of (11.6), we have ¢(r) = O(r’) (r— œ), it follows 
that 


f° do) "endr > L 
TE e =P sero (0<t< œ). 


Hence (11.7) implies that 
” dn(r; H} = n(r; H) 
FO = f, C+ TP J, HEIS” 
and 


lim FO =]. 
t—+ a b(t) 


Thus H € ©, and according to Lemma 11.2 


339 This refinement arose automatically in connection with the replacement of Keldys’ 
Tauberian theorem by the Tauberian theorem of Korenbljum |1]. 
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Go 
lim Fo» 


where 


NE iii dn(r; A) 
GW -f (r+)? ° 


Consequently G(t)/®(t)-—>1 as t— œ, and the relation (11.8) is ob- 
tained on the basis of Lemma 11.3. The theorem is proved. 

We remark that for a nondecreasing differentiable function ¢(r) 
satisfying the condition 


~— @’ (r) 
eea ee eG) 
condition 1) of the theorem will always be fulfilled for any y >. In 
particular, the conditions (11.9) and (11.6) will be satisfied by every 
nondecreasing function ¢(r) = r'PL(r), where p > 0 and L(r) is a slowly 
varying function. 

REMARK 11.1. Theorem 11.1 remains valid if in its statement the 
condition that the operator H € =. be positive is replaced by the 
following two conditions: 

a) H is a complete selfadjoint operator, 

b) H has at most a finite number of negative eigenvalues. 

In this extended version Theorem 11.1 is equivalent to the following 
result. 

Le HE G,, be an operator having properties a), b), and let TES... 
If the distribution function n(r; H) fulfills the conditions of Theorem 11.1, 
then the limit relation 


_ nr; L) 
uae ae n(r;H) 
holds for the distribution function n(r;L) of the the characteristic num- 
bers of the bundle L(\) = 1 — T — dH. 

This result, roughly speaking, means that in seeking the asymptotic 
behavior of the characteristic numbers of the bundle L(A) one can 
discard the completely continuous term T. We shall show that, fol- 
lowing certain transformations of the bundle L(A), this result can be 
obtained as a corollary of Theorem 11.1. 

In fact, for the Fredholm resolvent H(— t) = H(I + tH) ' we have 
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uj(H(- t)) =a (H) +t. Therefore one can choose t positive and suf- 
ficiently large so that all the characteristic numbers of the resolvent 
H(— t) will be positive. Then the characteristic numbers of the bundle 


L,() = I—- T(— t) — \H(— t)(= 2 + tH) L(A — t), 


where T(— t) = (1+ tH) ‘T, can be obtained from the characteristic 
numbers of the bundle L(A) by the shift A— àA + t. 

On the other hand, choosing t so that the operator T(— t) has norm 
less than 1, one can assert that the characteristic numbers of the bun- 
dle L,(A) coincide with the characteristic numbers of the operator 


A, = A(—)U+S(— 9), 
where S(— t) = (J — T(— 0) +- I (CS..). 
It follows from the relation (11.6) that ¢(r—t)/¢(r) -1 as ro, 
and consequently the relation 
n(r; H,) 

Im = 

rio (7) 
is valid for the distribution function n(r;H,)=n(r—t;H). Thus 
Theorem 11.1 is applicable to the operator A,, and so 


_ Mr; Ay) _ 
oa sa nH) * 


Bearing in mind, finally, that n(r;A,;)=n(r—a;L) (rza), we 
obtain the relation (11.10) from (11.11). 

Theorem 11.1 also remains valid if the operator A = H(I + S) which 
appears in it is replaced by the operator A, = (1+ S,)H(J+S,), where 
SES. and (J+8S,;)'ER (J= 1,2). Indeed, such an operator, as 
was mentioned in Remark 8.1, is similar to the operator A, = H(I + Sə) 
-(14+8,) (A,= (J+ S8,) ‘AU +S,)), to which Theorem 11.1 is ap- 
plicable. This remark makes it possible to derive from Theorem 11.1 an 
asymptotic relation for the s-numbers of the operator A = H(I +S). 
However, one can independently prove a stronger assertion for the 
s-numbers of an operator of this form than that which is obtained on 
the basis of Theorem 11.1. 


THEOREM 11.2. Let HES, be an infinite-dimensional selfadjoint 
operator, let SC © „, and suppose moreover that at least one of the following 
two conditions is fulfilled: 


(11.12) 1) H is a complete operator and (I+ S) ‘C®; 
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(11.13) 2) lim |s, ,,(H)/s,(H) | = 1. 

Then for the operator A = H(I + S) one has the limit relation 
s,(A) 

(11.14) ia s (H) we 


It is not difficult to see that this theorem follows from Theorem 11.3. 


THEOREM 11.3 (M. G. KREIN). Suppose that the selfadjoint operators 
H = H* E G&G, and SE ©, satisfy at least one of the conditions 1), 2) of 
Theorem 11.2. Then for the operator A= H(I + S)H one has the limit 
relation 


. A,(A) 

oe ae 

In fact, if the operator A = H(I + S) satisfies the conditions of 
Theorem 11.2, then Theorem 11.3 is applicable to the operator A, = AA* 
= H(I+S,)H, where S,=S+S*+SS* (€G.), and the relation 
(11.14) is obtained as a consequence of the relation (11.15) for the 
operator A). 

ProoF. Let TAN be a complete orthonormal system of eigenvectors 
of the operator H: 


He; = s,(H)¢; (j= 1,2,---). 


We denote by £, (n = 1,2, ---) the linear hull of the vectors 1, ¢o, -+ +, dn- 
Then 


(11.16) .,(H?) = max (Ho, H¢) 


= 1,2,---; ¥)>=0). 
pett i (¢, $) Á i ) 


For all vectors ¢ (+0) of the subspace £ = R(H) we have 


(Ad,¢) (He, Ho) ( (SHẹ, =A ) 


Cire Gay” a) (Ho, He) 


Since if the vector ¢ belongs to the subspace Jt,_;= £ O%,-1, the 
vector y = H@ belongs to the same subspace, we conclude that the 
quantity 


(SH¢, H¢) 


_ | (Sy, ¥) | 
(H¢, H¢) 


vena (bY) 


€n = sup 
eTin 1 


tends to 0 as n= œ. 
Thus it follows from (11.17) that for sufficiently large n 
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(A¢g,¢) 20 ($ ERa). 


Taking into consideration, further, that A¢ = 0 for all ¢€ !+, we 
conclude that the operator A has at most a finite number of negative 
eigenvalues. 

We shall show that without loss of generality the operator A can 
be assumed nonnegative. To do this, we consider the Fredholm re- 
solvent 


A(— =A +tA) ? 
of the operator A. The eigenvalues \(A(— t)) and A(A) are related by 
(11.18) \ '(A(— 8) =A) +4, 


and thus for sufficiently large t the operator A (— t) is nonnegative. On the 
other hand, inserting the expression for A into the equality A(— t) =A 
— tA (— t) A, we obtain A(— t) = TH, where T = (J — tA(—0))H(U+S) 
EŠ.. But then 


A(-—t)=A—tAA(-—?t) = HU+S(— 0))dH, 


where S(t)=S—t(14+ S) H(I —tA(-—t)) H(J+ S) (€G.). The 
operator-function S(t) depends analytically on the parameter t, and 
consequently if the operator I + S (= I + S(0)) is invertible, then by 
Theorem 1.5.1 the number t (> 0) can be chosen so that at the same 
time the operator I + S(t) will be invertible. Finally, we note that by 
virtue of the relation (11.18) the limit relation (11.15) for the oper- 
ator A is equivalent to the same relation for the operator A(— 2). 
Thus we can assume that the operator A is nonnegative. Then 


ai (Ad, ¢) 
ENR -.] (9d, $) 


(Ho, Ho) ( 1 + (SHo, Ho) )] 
(Ho, He) 


An (A) 


IA 


su 
e (ġ, p) 


Hence, by (11.16) we obtain the inequality 
An(A) sS Aa (H°) (1 T En), 


and consequently 


(11.19) lim ——— 
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We note that so far in our proof neither of the conditions 1) and 2) 
of Theorem 11.2 has been used. 

Let us now assume that the property 1) is fulfilled, i.e. H is a com- 
plete operator and the operator I+ S is invertible. It follows from 
the equality - 


(Ad, ¢) = (24+ S)y,y), y = H, 


that the operator [+S is nonnegative. 
Let us consider the operator 


F= (I+ S)” H. 
Since F*F = A, one has for the operator 
A, = FF* = (I + SP H? + S)? 
the relations | 
(11.20) An(Ai) = si(F) =A,(A) = (n = 1,2, «+ +). 


Since the operator I+ S is invertible, (J+ S) = I+ S, (S,E S.) 
and (I+ S)? = (I+ S)~'”. Consequently 


H? = (I + S)? AU + S). 


Setting L = A!?(I + S,)'7, we will have H’? = L*L. But then, for 
H, = LL* we will have 


(11.21) H, =AĦU + S) Ar’, MH) = Mm’) (1 = 1,2,---). 


Putting A = H, and H? = A, in the relation (11.19) which has already 
been proved, we obtain 


` An (H) 

l <1. 

aes An (A) i 
Thus by (11.20) and (11.21) 

— An ( H’) 
(11.22) am x, (A) = 1. 


The relation (11.22) together with (11.19) yields (11.15). 

We now consider the case in which the operator I+ S is not in- 
vertible. In this case we may assume without loss of generality that 
the operator H is complete. In fact, the subspace R(H) (2 R(A)) is 
in this case a common invariant subspace for A and H, and A and H 
are inessential extensions of their restrictions A and A to R(H). 
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Since A = A (1+ PSP), where P is the orthoprojector which 
projects © onto (H), we may assume without loss of generality 
that (H) = . 

Let us denote by 3 the zero set of the operator I + S. It will be the 
zero set of the operator A,, so that 6; = 3(A,) = 3 +. Let Q be the 
the orthoprojector which projects © onto ®,; then 


A, = QAQ = (1+ S) P QR’ + S)*, 
which can be written as 
å = (14+ PA (I+ $), 


where A,, S, H are the restrictions of the operators A,, S and QH’Q 


to ©). 
All the conditions of the theorem, including the invertibility of I+ S, 
will be fulfilled by the operators A and A, which are related by 


A = H'?(1+ S) A". 


Therefore 


On the other hand, 
An(A) = An(A), 
and by virtue of Corollary [1.2.1 
Anr (H°) S M(H) < M(H’), 
where v is the dimension of 3. Thus we will have 


lim An(A) 
n-> o Anp (H°) 


By condition 2), it follows that 


21 


The last relation, together with (11.19), yields (11.15). The theorem 
is proved. 

REMARK 11.2. Theorem 11.3 admits the following generalization. 

Let GES, be an infinite-dimensional operator, and SE S. a self- 
adjoint operator, and suppose moreover that at least one of the following 
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two conditions is fulfilled: 
1) R(G) is dense in © and (1+ 8S) ‘ER. 


Sn4i(G) BIS 
2) m Sa(G) j 
Then the relation 
e 


na An(G*G) 


holds for the operator A = G*(I + $G. 
Naturally, for the case of a selfadjoint operator A Theorem 11.1 
admits the following strengthening: 


THEOREM 11.4 (M. G. Krein [10]). Let H (C G.) be an infinite- 
dimensional nonnegative operator, and A a selfadjoint operator of the 
form 


A= H(I+S), 


where SE &., and suppose moreover that at least one of the following 
two conditions is fulfilled: 


1) (2+ S) TER, 
2) lim (An41(4)/,(H)) = 1. 
Then 
(A) 
(11.23) lim (A) 


ProoF. Let us first consider the case 1), in which J + S is invertible. 
Without loss of generality we may suppose that the operator H is 
complete. In fact, from the equality A = H(I+ S)= (I+ S*)H it 
follows that the subspace R(H) is invariant with respect to the > Oper- 
ators A and J+ S*, and A [R(H)+]=0. Let us denote by A, H and 
S¥ the restrictions of A, H and S* to the subspace X (H). The oper- 
aror A can obviously be represented in the form A = (14+ S*) H. 
Since A and H are selfadjoint, we obtain A = Hl + S). oo Ee 
Sı = PSP, where P is the orthoprojector which projects © onto %(A). 


g9 By an oversight the requirement that one of the two conditions 1), 2) be ful- 
filled was omitted in [10]. 
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From the invertibility of the operator I + S* in © follows the inverti- 
bility of the operator 1+ S* and also that of the operator I+ Sı, 
in A (H). Thus if H were not complete we could pass to the consideration 
of the restriction A on the subspace R (F). 

By Theorem 11.2 the relation (11.14) holds for the operator A. This 
relation is equivalent to the relation (11.23), since by Lemma 7.1 all 
the eigenvalues of A, with the possible exception of a finite number, 
are positive, and consequently, starting with some n, (A) =s,(A). 

Let us now consider the case in which condition 2) is fulfilled, and 
the operator I + S is not invertible. In this case © = %+,, where 
ę is the root subspace of the operator S corresponding to the eigenvalue 
— 1, and 9, is an invariant subspace of S in which I+ S is invertible. 
Let Q be the orthoprojector which projects © onto ,. Its complement 
P = I — Q will have finite dimension », equal to the dimension of £. 

Since (J + S)Q= Q(I + S) Q, we have 


(11.24) QAQ = QHQQ(I + 5) Q. 


Let us denote by A,, H, and S, the operators induced in ©, by the 
operators QAQ, QHQ and S, respectively. The relation (11.24) means 
that 


A, = H (I+ Sı). 


Since H is positive, the operator H, is positive. Since moreover I+ Sı 
is invertible, we have, as was already proved, 


An (A1) B 1 
dn (H) 


Obviously \,(H,) = \,(QHQ) (n = 1,2,---), and the operator 
QHQ = (I — P) H(I — P) = H — P(H — HP) — HP 


(11.25) lim 


differs from H by an operator of finite dimension < 2p. 
Therefore (see Corollary II.2.1) 


(11.26) An+2, (H) = An( A) = n( 1), 


and similarly, we may without loss of generality assume that the op- 
erator A; is nonnegative: 


(11.27) Sn+2 (Á) S $,(Ai) $5,(A). 
Comparing (11.23), (11.24) and (11.25), we see that 
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: S,(A) ~-— §,(A) 
11.28 lim ——-—~— 21, hm ——— sl, 
ata oe NaH) se PaO 
and since, according to (11.11), 


n= © An+2(H) n— © An( Hf) 


(11.23) follows from (11.28). 

It remains now to take into consideration that A has at most a fi- 
nite number of negative eigenvalues, i.e. for sufficiently large n we 
have \,(A) = s,(A). This property of A follows from the fact that the 
operator A — A, is finite-dimensional, and, as was proved, A, has at 
most a finite number of negative eigenvalues. The theorem is proved. 

It is not difficult to see that if, corresponding to the operator H, 
there exists a function ¢(r) (0 <r< œ) which has properties 1) and 
2) of Theorem 11.1, then condition 2) of Theorem 11.4 will always be 
fulfilled, and the relations (11.23) and (11.8) will be equivalent. 


§12. Selfadjoint quadratic bundles *” 


i. In the linear theory of small damped oscillations of systems with 
an infinite number of degrees of freedom, an important role is played 
by the properties of quadratic bundles L(\) of the form 


L(A) = I+AB+ °C, 


where C is a positive completely continuous operator and B is a non- 
negative bounded operator. 

Everywhere henceforth, if no mention is made to the contrary, we 
shall assume that the first condition and also the condition 


(12.1) B= B*E R 


hold. 
Since the equation L(A) = 0 is equivalent to the pair of equations 


y = ìġ, 


the spectrum of characteristic numbers of the bundle L(A) coincides 


22) The content of this section is taken from the work of M. G. Krein and H. K. 
Langer [1] and [2] (§§2, 7). 


292 COMPLETENESS OF THE SYSTEM OF ROOT VECTORS [CHAP. V 


with the spectrum of characteristic numbers of the operator & ,, acting 
in the space O = 9 @® (the orthogonal sum of two copies of the 
space H) and defined by 


lo“ | ae 
I 0 

Moreover, on the basis of the general considerations of §9 one can 
also assert that the algebraic and geometric multiplicities of any char- 
acteristic number of the operator &/, and the bundle L(A) are the 
same, and that the two-fold completeness in © of the system of 
eigenvectors and associated vectors of the bundle L is equivalent 
to the completeness of the system of root vectors of the operator % 
in Ò. 

Instead of the operator & ,, it will be convenient for us to deal 
with the operator 

— B — cive 


x = Cv 0 ’ 


which acts in the same space ©. Further introducing the operators 


I 0 -B —Cc” 
to oF]? zz @ 1 
we will have 
(12.2) ASG, L= SG, 
and consequently 
(12.3) SHL = BY A G=GH. 


It is easily seen that the operators Y,, YW, S, FY and their adjoints 
vanish only at zero. 

If {x;}) (120) is some Jordan chain for the operator %/,, corre- 
sponding to the eigenvalue À, i.e. 


(12.4) D4 Xp = AX, LY xX; = AX, + Xj (7 = 1,2,---,l), 


then the vectors y; = “x; (J =0,1,---,l) constitute a Jordan chain 
for the operator <&, corresponding to the same eigenvalue \, i.e., 


(12.5) Ly, = AYo, Ly; = AY; + Y)-14 (J= 1, 2, --+,l), 
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In fact, the last relations are obtained from the relations (12.4) by 
termwise application of the operator ‘“ (taking into account the first 
of the equalities (12.3)). 

Conversely, suppose that the relations (12.5) hold. We put 


Xo = G Yo, Xj =À (G y, ~ Xj. 1) (J a l; ua -,t). 


By virtue of the first of the equalities (12.2) we obtain y,= “%; 
(j = 0,1,---,l). Therefore, using the first of the equalities (12.3), we 
can rewrite the relations (12.5) in the form 


S( Xo — AXo) = 0, FL E AX; — Xj 1) =0 (J= 1,2, -++,0). 


Since the operator vanishes only at zero, the relations (12.4) follow. 

We have thus proved that the operator “ maps every root sub- 
space °,(%,) of the operator @&, onto the root subspace °,(@) 
of the operator & in a one-to-one fashion: S L, (Z) =%,(@). 
At the same time, we have proved that ¥%,(@&%) = °%,(@,). Since 
NY ) = 9 and (4) =, it follows that the completeness of the 
system of root vectors of one of the operators % and &, implies 
the same completeness for the other operator. 

It follows that the system of eigenvectors and associated vectors of the 
bundle L(A) ts two-fold complete if and only if the system of root vectors 
of the operator & is complete. 

Incidentally, in deriving this assertion it was nowhere used that 
B= B*. 

2. Under the assumption (12.1) we will have 

—B0 1 0 —Cc” 
CE" egy TOPO Them ù 
It is not difficult to see that the spectrum of the selfadjoint operator 
YW zg is situated symmetrically about zero and moreover that 


(12.6) AFC 2) = + MC?) = +a C) (n = 1,2,---). 
We note that the operators &% and & * are similar: 
| I 0 
(12.7) H*=Y'LHY, where Y= MER 
\ 


Since our further considerations will be partly concerned with the 
case B€ ©., we shall say, for clarity, that a point \ = ħọ is a regular 


294 COMPLETENESS OF THE SYSTEM OF ROOT VECTORS | CHAP. V 


point of the bundle L if the operator L(àọ) is invertible. We denote 
the set of regular points of the bundle L by p(L). Its complement is 
called the spectrum of the bundle L and is denoted by a(L). 

I. The spectrum o(L) is symmetric with respect to the real axis, i.e., 
o(L) = o(L). Every nonreal point \)€o(L) is an isolated characteristic 
number of the bundle L(A) of finite algebraic multiplicity.°° The root 
lineals £, (L) and v5 (L) have the same dimension and, moreover, the 
same structure. 

The first assertion follows from the equality L(A) = [L(A) |*, which 
follows from the conditions B = B*, C = C*. 

It is obvious that a sufficiently small neighborhood of zero consists 
of regular points of the bundle L. For nonreal à, the operator I + AB 
is invertible, and for such A 


L(A) = (I +B) + TQ)), 


where T(A) = \°(1 +.B) 'C is a holomorphic function with values 
in ©... Therefore on the basis of Theorem 1.5.2 we can assert that 
the nonreal part of the spectrum o(L) consists of isolated character- 
istic numbers. 

If ` is a nonreal characteristic number of the bundle L, then it 
will be a characteristic number of the operator &/, and consequently 
of the operator &@. Since WY » € ©., `o will be a normal eigenvalue 
of & and the root lineal £, (&) will be finite-dimensional. Hence 


dim £ (L) = dim £,,(@&%,) = dim fa (Z) < o. 


To prove the third assertion in I we remark that by virtue of (12.7) 
the root lineals £l (4%) and &5, (YW) = WLx(H*) (oF Ao) have 
the same dimension and the same structure (the operator %~' maps 
every Jordan chain for from *’;,() into a Jordan chain for 4 * 
from Va (<%/*)); therefore the root lineals 


Loli) = SF L(G) and L l) =e a “Li LD) 


have the same dimension and the same structure with respect to the 
operator ¢%,, from which the third assertion follows. 
II. If B= 0, then the spectrum o(L) lies in the left halfplane Red S 0. 


sa Every real point oE o(L) such that — ào l does not belong to the condensed 
spectrum (see Chapter H, §7) of B has this property. We mention in passing that 
every point Ao for which — Ao : belongs to the condensed spectrum of B lies in the 
spectrum o(L). 
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In fact, if a = Reà >Q, the relation 


iBar -1 


AULA) |y = 
| ( lg = BE Ja? 


is fulfilled; it follows that the operator L(A) is invertible. * 

3. If BE S., the spectrum o(L) consists only of isolated charac- 
teristic numbers of finite algebraic multiplicity with a unique limit 
point at infinity, if there are infinitely many of them. In this case the 
spectrum o(Z) can turn out to be empty. Indeed, let B= Z + Z*, C 
= Z*Z, where Z is a Volterra operator. Then for any A the operator 


L(A) = (I +dZ*) (I + AZ) 


is invertible. 

If B= B*¢ S., then the spectrum o(L) always contains some real 
point. 

But it turns out that for any operator B= B*E % the following 
result is valid. 


THEOREM 12.1. The set of nonreal characteristic numbers of the bun- 
dle L can have at most one limit point, which is infinity. If {X,(L)}¥ 
(w < œ) is the complete sequence of characteristic numbers of the bundle L, 
arranged in order of increasing modulus (|\,(L)| S|A.(L)| < ---), then 
for any function f(r) (0<r< œ; f(+0)=0) for which the function 
fle) (— œ <t< œ) is convex one has the inequalities 


(12.8) Èi (aor) s DAVE) Getin: 


In particular, if w= œ, then 
(12.9) Ea XD) ) sii (VA; (C) (= spf(C*®)). 


If it is assumed that the function f(e’) is strictly convex and the 
right side of (12.9) is finite, the the equal sign will hold if and only if 
the operators B and C commute and B? < 4C. 


3) In fact, if A= Ag+iAyv, where Ag 26I (6>0), then the operator Ag 
is invertible, and from the relation 


Ag +iAg =AW(I+iAg” Ax AQ) AL 


it follows that the operator A is likewise invertible. 
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Let us clarify the route by which this theorem is obtained. Since 
Y*=1, the equality (12.7) can be rewritten as YY = GY .This 
equality shows that the operator © is selfadjoint with respect to the 
indefinite scalar product [x,y] = (Z x,y) (x,y E ©). This circumstance, 
together with the complete continuity of the operator & s, allows us 
to apply to the operator & the generalization of a well-known theorem 
of Pontrjagin, obtained by H. Langer [3] (cf. also M. G. Krein [11]). 
From this one deduces the existence of an operator Z, € ©. such 
that 


(12.10) 24 BZ,4+C=0, ZZ, <c, 


and having the following spectral properties: the set of all nonreal 
characteristic numbers of the operator Z, coincides with the set of 
all characteristic numbers of the bundle L, lying in the upper half- 
plane, and for every point à of this set the root lineals ¢’,,,(Z,) and 
t (L) coincide. 

From the second of the relations (12.10) it follows that 


(12.11) (ZÐ sV (J = 1,2, +++). 


Thus the first assertion of Theorem 12.1 is obtained from the in- 
dicated spectral properties of the operator Z, and the fact that Z, E€ ©... 

The second assertion, i.e. the relations (12.9), are obtained by ap- 
plying Lemma II.3.4 to the operator Z,, taking the bounds (12.11) 
into account. 

4. If B20, the operator Y is R-dissipative, i.e. Re% 20, and 
consequently the operator i% is simply dissipative, and Theorems 2.1 
and 4.1 are applicable to it. 

Noting that 


sp B = — spz, 


and considering the relations (12.6) and the relation between the oper- 
ator % and the bundle L(A), we arrive at the following result. 


THEOREM 12.2. Let B20 and spB< œ. Then 
(12.12). — J Re (1/);) S spB, 


where the summation is extended over all characteristic numbers A; of the 
bundle L (taking into account their algebraic multiplicities). The equal 
sign in (12.12) holds if and only if the system of eigenvectors and asso- 
clated vectors of the bundle L is two-fold complete. This two-fold com- 
pleteness holds whenever lim n°, (C) = 0, in particular when sp(C'””) < œ. 
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In connection with the relations (12.6) we remark that Theorem 
11.6.1, being applicable to the operator &, enables us to make the 
following general assertion. 

If B= B*ES, then 


s Ès) (n = 1,2,---,w), 


1 

Re 
jr dj dj (L) 
where fà; (L)} (w S œ) is the complete sequence of all the charac- 
teristic numbers of the bundle L, not lying on the imaginary axis, and 
ordered according to the absolute value of their real parts: |ReAj(ZL)| 
<|Red3(L)| < 

5. If B= 0 the spectrum o(ZL) lies on the imaginary axis. We shall 
show that for a “small” (in a specified sense) operator B= B* the 
spectrum a(L) will lie in small vertical sectors containing the imaginary 
axis; here certain additional conditions regarding the operator C will 
guarantee the two-fold completeness of the system of eigenvectors and 
associated vectors of the bundle. 


THEOREM 12.3. Let B = B*, and suppose that for some x (0 <x < 2) 
one has B? < «°C. Then the spectrum o(L) lies in the vertical sectors 


r 
argA +- 


(12.13) 9 


< 61, 


where sin; = «/2 (0<6,< 7/2). If 0<«S1 and moreover 
(12.14) An(C) = o(n-*’*), 


where sin = x (0 <0 < 2/2), then the system of eigenvectors and associated 
vectors of the bundle L is two-fold complete. 


ProoF. Suppose that for some complex A and ¢€ © (|¢| = 1) we 
have L(\) ¢=0. Then, solving the quadratic equation (L(A) ¢,¢) = 0 
with respect to A, we find that 


“t= 4 (— (Bo, 4) + iv 4(Co, 6) — (Bo, 4)”). 


Since 
(Bo, 6)” S| Bollo? = (B's, 6) < (Co, @), 
it follows that . 
Im(1/A) = V4 — «2 (Co, 0)", 
|Re(1/d)| < 4 «(C¢, 9)”, 
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from which 
[Rea /Imà]| S «/2V/1 — (x/2)”. 


The first assertion of the theorem follows. 
Let us consider the operator 


C- B? — BO? 
C? B C 
For this operator, for any x = x, ® 2E, 
Re( Æx, x) = ((C — B’) xı, xı) + (Cx, x2) 
(12.16) = (1 — Kê) (Cx, x1) + (Cx, x2) 
> 2V/ (1 — è) (Cx,, x1) (Cz, x2) 


(12.15) A = — K’ = 


and 
| Im (Æx, x) | = 2| Im (C Bx, X) | < 2| (Bx, C'/*x,) | 
(12.17) < 2/ (Bx, x1) (Cx, x2) < 2x V (Cx, x1) (Crp, x2). 


Thus for all positive x < 1 the operator Æ is R-dissipative, and for 
K< I 


| Im (£x, x)|/Rel( £x, x) SK/VI= E (xX #0). 
Consequently 
(12.18) 0 S|arg (£x, x)| S8. 
On the other hand, it follows from (12.17) that 

| Im (£x, x)| = | (£ zx, x)| S«((Cx,, x1) + (Cx2, x2)), 
L.e. 
C O0 
0 C 


From (12.15) it follows at once that O < Æg <s Z. Therefore if C, 
and consequently £ , satisfies the condition (12.14), then the operators 
V(X z) and Æp will satisfy this condition; hence 

Sa £) =o(n-*’") (n= œ). 


Thus the operator . satisfies the conditions of Theorem 6.1 re- 
garding the completeness of the system of root vectors. Since W* = — A, 


~E SAs sE, where ¥ = 


SEC. 12| SELFADJOIN'T QUADRATIC BUNDLES 299 


there follows the completeness of the system of root vectors of the 
operator “%, and hence the second assertion of the theorem is also 
proved. 

6. It is interesting to compare the basic (second) assertion of Theo- 
rem 12.3 with what is obtained by applying to the bundle L(A) the 
general results of §9. 

According to the theorem of M. V. Keldys and its generalization, 
given by Ju. A. Palant, one can assert (regardless of whether or not 
B= B*) that the system of eigenvectors and associated vectors of the bun- 
dle L(A) = I + AB + \*C is two-fold complete whenever B = TCP (TE ©.) 
and at least one of the operators T, C has finite order. 

Whenever these conditions are fulfilled the entire spectrum of the 
bundle L, with the possible exception of a finite number of points, 
will lie in the vertical sectors 


|arg\ + 7/2| <e, 


for any arbitrarily small e. 

On the other hand, the condition B? s «°C means that | Bf| < «| Cf] 
(f€) which, in turn, is equivalent to B = TC’”, where TER and 
IT| Sk. 

Thus if the conditions of Theorem 12.3 are fulfilled then B= B* 
= TC", where C has finite order (p(C) <œ) and T is a bounded oper- 
ator with a sufficiently small norm (to a degree determined by the 
quantity p(C)). 

7. Theorem 11.1 enables us to establish the following asymptotic 
result for the bundle L being considered. 


THEOREM 12.4. Let B= TC’, where TE ©., and suppose that there 
corresponds to the operator C a function g(r) (0<r< œ) such that 


a s (¢) (O<r<s< w,ya constant) 
and 
n(r; C) 
im = 1 
roo (Pr) 


Then for the distribution function n (r; L) of the set of characteristic 
numbers, lying in the upper halfplane Im) > 0, of the bundle L we have 
the following asymptotic relation: 


(12.19) lim V5 D _, 
rae (r) 
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Proor. From B= TC"? it follows that B= B* = C'*7™: hence, 
for the case being considered, the equality (12.15) assumes the form 
C— TCT* —TC 


= (b= I+ SF *), 
CT C ( E (I + ) 


where 
0 T C 0 
0 0 0 C 


Obviously “EC ©.. Since Y*= S * = 0, the operators 1 — Y and 
I+ SY * are invertible. Taking into consideration that n(r; £) = 2n(r; C), 
we conclude that Theorem 11.1, in the extended formulation indicated 
in Remark 11.1, is applicable to the operator Æ. Thus 


_ nr; sæ ) 
12.20 lim ———— = 1, 
T 
and since n(r; Æ ) =n(r; £?) = n(vVr; £) = n(v Tr; L) = 2n, (VT; L), 
(12.19) follows from (12.20). The theorem is proved. 
8. The bundle L(A) is said to be weakly damped if 


(12.21) (BAA <4hA(CEA (FEO, f#0). 


When condition (12.21) is fulfilled the selfadjoint operator B be- 
longs to ©.. In fact, let P, (n=1,2,---) be the orthoprojector 
onto the linear hull of the first n eigenvectors of the operator C, so 
that 


— a 
wee — 


> 


Qoa] SAni(C), where Q,=1-—-P, (n= 1,2,---). 
It follows from (12.21) that for any fE © with |f| =1 
(BQ,f, Q,f)? sS 4(Q,f, Qf) Anyi (C) < 4àn+1 (C), 

from which 

[Qa BQ,| = | B — BP, — P, B — P,BP,| < 4n (C) —0 (n— œ) 
and so BE ©.. 

The condition (12.21) means that for any {#0 (f€ ©) the quad- 
ratic (in A) equation (L(A) f,f) =0 does not have real roots, and so 
L(A) f #0 for f #0 and Imà = 0. 


Thus if the bundle L is weakly damped, then its entire spectrum con- 
sists of isolated nonreal characteristic numbers of finite algebraic mul- 
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tiplicity, with only one possible limit point at infinity. 

It can be shown that this result admits a converse. 

This fact, in particular, is in agreement with the fact that if B? < «°C 
(0 <x <2) (and consequently the spectrum o(L) lies in the sectors 
(12.13)), then the condition (12.21) is fulfilled. Indeed, in this case 


(BLA s (BEADAD SACLAIEA <4A(CLA (CEA CA 49). 


We remark further that for commuting B and C the condition (12.21) 
is equivalent to B* < 4C, which we have already encountered (cf. §12.3). 

9. Let us introduce certain new definitions. Let ¢ 9 be some eigen- 
vector of the bundle: L(\»))¢) = 0. Then three cases are possible: the 
quantity |\»|* can be equal to, greater than or less than the ratio 
(po, #0)/ (Cpo, do). Corresponding to these cases the eigenvector ġo will 
be called neutral, of the first kind or of the second kind. 

Since Ay is a root of the quadratic equation 


((L(A) do, 40) =) (Coo, po) A? + (Boo, do) A + (0, 60) = 0, 


for nonreal \) we always have |Ao|* = (do, ¢0) / (Coo, oo). Thus the eigen- 
vectors of the bundle L corresponding to nonreal characteristic num- 
bers are always neutral. 

If all the eigenvectors of the bundle, corresponding to a given char- 
acteristic number ào, are of the same kind (first or second), then L 
has no associated vectors corresponding to the number Xo. In this case 
the characteristic number is said to be definite and, according to the 
case involved, a characteristic number of the first kind or second kind. 
The bundle L is said to be strongly damped if 


(12.22) (BEA >2V FACEA (fE,f #0). 


This condition indicates that for any {#0 the quadratic equation 
(L(A) f, f) = 0 has two distinct negative real roots. It is easy to conclude 
from this, that: ™ 

1. Every characteristic number of a strongly damped bundle is negative 
and definite. 

It is somewhat more difficult to the prove the next assertion: 

2. To any strongly damped bundle L there corresponds a number | > 0 


38) In the algebraic case (> finite-dimensional) results 1 and 2 were established 
by the American worker in theoretical mechanics R. J. Duffin [1] in his original 
work, devoted to strongly damped oscillatory systems with a finite number of degrees 
of freedom. 
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such that 


(12.23) (BANA 2 A/D FP) (FE) 


and every characteristic number of the first kind of the bundle L will be 
< — l, and of the second kind, 2 —1l (and <0). 

The relation (12.23) shows that for a strongly damped bundle L the 
operator B is always uniformly positive, and therefore B € ©.. This 
circumstance enables us to make the following addition to result 2. 

3. The spectrum o(L) of a strongly damped bundle consists of char- 
acteristic numbers of the first and second kind of finite algebraic multi- 
plicity, and those negative numbers à (> — l) for which the number — 7? 
belongs to the condensed spectrum of B. 

To prove the second part of the following result requires rather 
subtle arguments. 

4. The set of characteristic numbers of the first kind of a strongly 
damped bundle L can be arranged in a complete nonincreasing sequence 
{An (L)} which tends to — œ. One can associate with this sequence a 
sequence of eigenvectors {¢\| of the bundle L which forms a Riesz basis ® 
of the space H. 

If the condensed spectrum of B consists of a single point 6 (> 0), 
i.e., 


(12.24) B=61+T (TE S.), 


result 4 can be supplemented by the following result. 

5. If the condition (12.24) is fulfilled, then the spectrum o(L) of the 
strongly damped bundle L consists of a complete nonincreasing sequence 
{An (L)} of characteristic numbers of the first kind, tending to — œ, a 
complete nonincreasing sequence {a (L)} of characteristic numbers of 
the second kind, tending to — 8, and the number — 8 itself. One can associate 
with the sequences {AP (L)} and {AP (L)} sequences of eigenvectors 


{on and {on} (LAP) on” Z 0, n = l, 2, nae SR = l, 2), 


each of which forms a Riesz basis of the space H. The union of the se- 
quences {p} and {f} yields a two-fold complete system of eigenvectors 
of the bundle L. For the sequence {)} (L)} we have the asymptotic formula 


39 An operator B is said to be uniformly positive if Bz 6I, where è> 0. 
oe Regarding the notion of a Riesz basis, see Chapter VI §2. 
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hn’ (L) = aa L (1 + 0(1)) (n— œ). 

It turns out that the second assertion of this result can be strengthened 
as follows. Suppose that the operators C™? and T belong to the same 
s.n. ideal ©. Then there corresponds to the strongly damped bundle L 
an operator S € © and two orthonormal bases {yj} and {y®} of the 
space such that the operator I + S carries them into complete sequences 
{on} and {P} of eigenvectors of the first and second kind, respec- 
tively, of the bundle L. In particular, if spC < œ and TE ©, then 
the bases {¢;)} and {4} will be Bari bases (bases which are quad- 
ratically close to orthonormal bases; cf. Chapter VI, §3). 

We remark that result 5 admits certain generalizations to the case 
in which the operator B has the form (12.24), and the condition (12.22) 
of strong damping is not fulfilled. 

Moreover, all of the results 1—4 admit generalizations to the case 
in which the operator B = B* has a strictly positive condensed spec- 
trum and the condition (12.24) is not fulfilled. We note that in this 
general case the spectrum o(L) contains at most a finite number of 
nonreal characteristic numbers and, more generally, at most a finite 
number of characteristic numbers to which correspond neutral eigen- 
vectors, and all of these numbers have finite algebraic multiplicity. 

10. Recently S. G. Krein |1] showed that the problem of small 
oscillations of a viscous fluid, lying in a fixed vessel and having a free 
surface, leads to the equation 


(12.25) y = pGy + (1/n) Ay, 
where G, HE ©., G>0, H20, and uw is a complex parameter. 
The substitution „u = — \ — a (a > 0) transforms the equation (12.25) 


into the following: 
(a°G+al+ H)y+a(2aG+ I) y+ A? Gy = 0. 


For any operator H = H* (€ R) (neither of the conditions HE ©., 
H 2 0 is necessary) the operator F =a°G+H+al will be uniformly 
positive for sufficiently large a. Choosing such an a and making the 
change of variables x = F’*y in the equation (12.25), we transform 
it into the equation L,(\) x = 0, where 


L.A) = I+ ABa? Cao Bo= Fo *QaG+ I DF 1/2 
C, = F- 1/2 QF- ue 
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If HEG., then F—al€@.; hence F'*- a IEG. and so 
B, E aI = Ga. 
The bundle L, will be strongly damped if and only if*’ 


(12.26) 4 (Gx, x) (Hx, x) < (x, x) (xE, x0). 


In fact, condition (12.26) for the bundle L, indicates that for any 
f = 0 the quadratic equation (L,(A) f, f) = 0 has two distinct real roots, 
and this property is invariant under all the transformations which 
bring us back to the bundle H — \I + X? G. 

If condition (12.26) is fulfilled, all of the preceding theory is ap- 
plicable to the equation (12.25). If, moreover, HE ©., then the oper- 
ator B, satisfies the condition (12.24) with 8 = 1/a, and 4,(C,)/\,(G) 
—1/a (by virtue of Theorem 11.3). 

All this enables us to obtain a number of essential additions to the 
work of Askerov, Krein and Laptev |1]. For example, in the case where 
the condition (12.26) and the conditions G, HE ©., G > 0 are fulfilled, 
one can assert the existence for equation (12.25) of two Riesz bases 
consisting respectively of eigenvectors of (12.25) of the first and second 
kind, *” and that for the corresponding complete sequence p\” S uP <->: 
of characteristic numbers of the first kind of (12.25) one has the 
asymptotic formula 


u? = An (G) (1 + 0(1)) (n— œ), 


and if H > 0, then also for the corresponding sequence of characteristic 
numbers of the second kind one has 


uy = d,(H) (1 + 0(1)) (n— œ). 


Thus the asymptotic behavior of the characteristic numbers of the 
first kind are determined by the characteristic numbers of the equation 
y = „Gy, and the asymptotic behavior of the characteristic numbers of 
the second kind, by the eigenvalues of the equation Hy = Ay. 

Under the asumptions G, HE ©., G>0 one can also assert the two- 
fold completeness of all the eigenvectors of the bundle (12.25). However, 


4) We remark that for H <0 inequality (12.26) is automatically fulfilled. If H 
=H, — H. (H, 20), then the inequality (12.26) will be fulfilled, for example, 
if4|G| |H,[ <1. 

42) Tt is not hard to see how the concept of an eigenvector (characteristic num- 
ber) of the first or second kind is carried over to the equation (12.25). 
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G. I. Laptev has indicated an ingenious method which makes it possible, 
under very general conditions, to transform the equation (12.25) into 
a form to which Keldys’ criterion for two-fold completeness is applicable. 

The equation (12.25) can be rewritten in each of the following two 
forms: 


1 1 
y+-(G—HA)y= (a+) Gy, 
H H 


1 i 1 
(G—H)y+-y= (x += | — Hy. 
H u/s p 
The substitutions z = y/u and à = u + 1/ųu reduce these equations to 
the form 
y+ (G — H)z=)Gy, (G — H)y + z = A Hz. 


In operator form, this system can be written in the form of a linear bundle 


()= (arse 0 O) O tala) G) 


to which Keldys’ theorem on the two-fold completeness of the eigen- 
vectors and associated vectors is applicable, in the case where the oper- 
ators G and H are complete and have finite orders. We remark that G. I. 
Laptev’s transformation is also applicable to equations of a more general 
type: 


(12.27) y= Ty + uGy + (1/4) Hy, 


where TE ©.. In this case the transformed equation will have the form 


G) = leta r) G) C a) G) 


CHAPTER VI 


BASES. TESTS FOR THE EXISTENCE OF BASES, 
CONSISTING OF ROOT VECTORS OF A DISSIPATIVE OPERATOR 


As soon as one has established the completeness of the root vectors of 
some nonselfadjoint operator, there immediately arises the question of 
whether one can form a basis from the root vectors of this operator. 

There are only a few investigations in this direction. The most simply 
formulated results concern dissipative operators with completely con- 
tinuous imaginary component. This chapter is devoted to them. 

It turns out that if the spectrum of a dissipative operator of the 
type indicated is sufficiently “compressed”? towards the real axis, then 
one can form, from the eigenvectors of this operator, a basis for their 
closed linear hull, and hence, under specified conditions, a basis for the 
entire space. 

In accordance with the degree to which this spectrum is “compressed” 
towards the real axis, the indicated basis can turn out to be a basis of one 
kind or another in the sense of its closeness to an orthonormal basis. 

In view of the absence of textbooks in which one might find a dis- 
cussion of the basic theory of bases in a Hilbert space, we have considered 
it advisable to devote several sections to the discussion of bases. 

In putting together this chapter we have been aided substantially by 
A. S. Markus, particularly in. those parts of §§5 and 6 where results of 
his are discussed. 

§1. Bases of a Hilbert space 


1. A sequence {¢;}; of vectors of a Banach space $ is called a basis 
of this space if every vector x€ H can be expanded in a unique way 
in a series 


(1.1) x= > cd; 
j=l 


which converges in the norm of the space 8. In this expansion the - 
coefficients c; are obviously linear functionals of the element xE B: 


(1.2) C; = WV, (x) (J = 1,2, ou -). 
Moreover, by a well-known theorem of Banach (see Banach [1] or 
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Ljusternik and Sobolev |1]), these linear functionals are continuous 
(Y, B*; 7 = 1,2,---) and there exists a constant C, associated with 
them such that 


(1.3) lal siy s Cle 


We shall apply these general results to a basis }¢,} of a Hilbert space 
X = H. In this case the relations (1.2) can be written in the form 


(1.4) C, = (x, 4) (We O47 = 1, 2, vee), 
Setting x = ¢, (k = 1,2,---), we obtain 
(Prk, Y) = Sp (j,k =1,2,---). 


Let us recall that two sequences {x,} and {w,{ with elements from 
Ð are said to be biorthogonal, if 


(x), wk) = Sop (j,k = 1,2.---). 


For a given sequence {x}; € © a biorthogonal sequence {w,}; GC Ņ 
exists if and only if each element x, (J = 1,2,---) lies outside the closed 
linear hull ¥, of all the other elements x, (k =j). If this condition is 
fulfilled then the biorthogonal sequence { w,}; will be uniquely determined 
if and only if the system {x,}; is complete in ©. In this case the or- 
thogonal complement Y+ = ) © Y, (j = 1,2,---) is one-dimensional, 
and the element w, is determined by the conditions w, € \;*, (w,,x,) = 1 
(J = 1,2,---). 

Thus for every basis |¢,{;° the biorthogonal sequence {y,{; is defined 
uniquely. 

From the equalities (1.1) and (1.4) it follows that any vector f which 
is orthogonal to all the vectors y, (J = 1,2, ---) equals zero. Consequently 
the sequence biorthogonal to a basis is always complete in ®©. 


THEOREM 1.1 (S. Banacn |1]). The sequence {y,\; biorthogonal to a 
basis {¢;tr of a Hilbert space © is also a basis of $. 


Proor. Any vector f€ Q can be expanded in a series 
f az > (f, ¥,) $; 
j-1 


which is convergent in the norm, and so for any xE © the numerical 
series 


GaS Ga) 
J=1 


converges. Thus 
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tosin (AE ew) FES). 


j=l 


A = w 


This means that the sequence of projectors {Q}; defined by 
(1.5) Q,x = On o) vy; (n = 1,2, ---; xE), 
j=l 
converges weakly to the unit operator. From this it follows (see Ahiezer 
and Glazman |1]|) that the sequence of projectors {Q,} is bounded: 
sup |Q,| = C< œ. 
By virtue of the completeness of the sequence {y;};° in ©, for any 


«>0O and vector x€ one can find numbers c° (j = 1,2,---,N,) 
such that 


N, 
(1.6) |x T > cy; <é, 
Jai 


and so, for the vector 


N, N, 
Qn (x — Zer) = Qax — 2 P4; (n>N. 
j=i j=1 
we have 


Ne 
(1.7) (Q Dic Py] <C n>N). 


j=l 


It follows from (1.6) and (1.7) that for n > N, 
(Qax — x| < (1+ Che. 


Thus any vector x € © can be expanded in a series 
x= Dey; 
j=l 
which converges in the norm, and the coefficients c; (J = 1,2,---) are 
uniquely defined by 
Cp (x; ġ;) (7 =1,2,-->). 


The theorem is proved. 
2. We shall say that a sequence {¢;} of vectors from © is almost . 
normalized if 


inf|¢,| >0 and sup|¢,| < œ. 
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1. If the basis {¢,};" of the space © is almost normalized, then the bi- 
orthogonal basis|y;}; is almost normalized. 
In fact, according to (1.3) 


1 


——— > 0 
sup | ¢,| 


inf |¥n| = 
and 
sup |¥,| SC aa 
rn Ant | | 


§2. Bases equivalent to orthonormal bases (Riesz bases) 


1. Let {¢;} be an arbitrary orthonormal basis of the space $, and A 
some bounded linear invertible operator. Then for any vector fE 
one has 


A'f= (A 7,6) ¢; = >, (f, A* 'o;) Pj» 
j=l j=1 
and consequently 


f = 3 (f, X) Yj 


where 
(2.1) y, = Ad, y= A*t; (7 = 1,2,---). 

Obviously 

(Wj, xe) = O% (j,k = 12,2" ")s 
Therefore if 
(2.2) f = È cibi, 
jal 

then 


c;= (f,x)) (7 =1,2,---), 


1e. the expansion (2.2) is unique. 

Thus every bounded invertible operator transforms any orthonormal 
basis into some other basis of the space É. A basis {y,} of the space 
H which is obtained from an orthonormal basis by means of such a 
transformation is called a basis equivalent to an orthonormal basis (in 
the terminology of N. K. Bari [1], a Riesz basis). 

Suppose that the bounded invertible operator A transforms the ortho- 
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normal basis {¢,} into the basis {y,{. Then, according to (2.1), the 
operator A* ' transforms the basis {¢,} into the basis {x,} which is bi- 
orthogonal to |y, tr. Consequently a basis which is biorthogonal to a basis 
which ts equivalent to an orthonormal basis is itself equivalent to an ortho- 
normal basis. 

Since 


(2.3) sup |¥,| <|A] and inf]y,| z 


every basis which is equivalent to an orthonormal basis is almost normalized. 
From this it is easy to deduce that if the basis {ẹ4,}? is equivalent to an 
orthonormal basis, then the sequence of unit vectors 


TA (y, = ECARE i Pe ++) 


also forms a basis equivalent to an orthonormal basis. 
In fact, the relations 


Be, = ¢,/|¥,| (J= 1,2,---) 


obviously define a bounded linear invertible operator. Consequently, the 
operator AB is invertible and 


A Bọ, = ¥,/|¥,| =y, (J= 1,2,+-+). 


2. We shall formulate a number of characteristic properties of bases 
equivalent to orthonormal bases. 


THEOREM 2.1 (N. K. Bari |2]). The following assertions are equivalent. 

1) The sequence {y;}; forms a basis of the space ©, equivalent to an or- 
thonormal basis. 

2) The sequence |; }; becomes an orthonormal basis of the space $É 
following the appropriate replacement of the scalar product (f,g) by some 
new one (f,g),, topologically equivalent”) to the original one. 

3) The sequence \y,\; is complete in ©, and there exist positive constants 
aa, such that for any positive integer n and any complex numbers yı, 
y3, +*+, Yn One has 


n 
2 YY 
jJ-1 


n n 
(2.4) a2 lvl? S ? saD, Iyl 
j=l j=ì 


P The scalar products (f,g) and (f,g), are said to be topologically equivalent if they 
generate topologically equivalent norms, ie. if there exist positive constants ¢),¢C2 such 
that 


anf) shfiselhf (fE 9). 
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4) The sequence {y,};" is complete in $, and its Gram matrix 
(2.5) ECAI fi 


generates a bounded invertible operator in the space l,” 
5) The sequence {y;};° is complete in §, there corresponds to it a com- 
plete biorthogonal sequence |x,}?, and for any fE Sone has 


LIG, DIDP e. 


Proor. Assertion 1) implies 2). In fact, let A be a bounded linear 
invertible operator which carries the basis {y,};° into some orthonormal 
basis {¢;};°. Then it is easily seen that the scalar product 


(f.g): = (Af, Ag) 


is topologically equivalent to the original one, and 


(Vi, Ya) = (Ay;, Api) = (6, Oy) = Dyk (j,k = Ls 2, S +). 


Suppose that the sequence {y;}? becomes an orthonormal basis of the 
space © if the original scalar product in © is replaced by some topo- 
logically equivalent scalar product (/,g),. Then from the relations 


alf PH SPa SASF) (FE), 


where ¢;, C2 are positive constants not depending upon f, it follows that 
for any complex numbers Yi, Y2, ***, Yn (n = 1,2,---) we have 


n n 2 n 
c2 ly" s ZYY sei? 2 Il’. 
J= J= j= 


Moreover, the sequence {yj}? is complete in 9, and consequently as- 
sertion 2) implies assertion 3). We shall next show that 3) implies 1). 

Let {¢;}? be an arbitrary orthonormal basis of H. We define operators 
A and A, on the linear hulls of the sequences {¢,};° and {y;};° respec- 
tively, putting 


A (>) =) viv; and A. (Xa) = D1). 
J J J J 


According to (2.4), 


[4 (E>) 


< ql? 


2 YjÊj | 
J 


and 


2?) The equivalence of assertions 1) and 4) was proved independently by R. P. Boas [1]. 
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A, (x ws) 2 vv 


Since both sequences {¢;}; and {y;}ļr are complete in , each of 
the operators A and A, can be extended by continuity to a bounded 
linear operator defined on the entire space §>. It is easily seen that 
AA, = A,A = l, i.e. the operator A is invertible and A’ ‘= A, Con- 
sequently {y;} is a basis equivalent to an orthonormal basis. 

Thus the equivalence of the first three assertions is proved. 

Let A be a bounded linear invertible operator which carries some 
orthonormal basis {¢;}" into the basis {¥;};7. Since 


(A*A pjp) = (Ad, Add = (Yit) (2 =1,2,---), 
it follows that to the operator A*A there corresponds, in the basis | ¢,;}/", 
the matrix (2.5). Thus 4) follows from 1). We shall show that 4) implies 3). 
Suppose that the matrix (2.5) generates a bounded invertible operator 
in l, and let {¢,};/ be an arbitrary orthonormal basis of the space ©. 
Then the operator H defined in © by 


H (Eas) F Ler (Wis Yj) ar (£ |aj|? < 2 | 


; 


< a, 1/2 


is obviously a bounded linear positive invertible operator. 
One can verify without difficulty that for any complex numbers y,, 
Y2» °° *%s Yn 


2 Yi¥j 
j 


or 


2 
T (# (Eve), Ev) 
J J 
2 2 
Lyi Pr a (Eve) | . 
J J 
It follows at once that 


HPE yl s [Eu <|HID |r? 
J J J 


Consequently 3) follows from 4). 

Making use of the auxiliary results established at the beginning of this 
section, and of the equivalence of the assertions 1) and 3), it is easily 
deduced that assertion 5) follows from assertion 1). We shall prove, 
finally, that assertion 5) implies 1). Let us consider the convex functional 


p(f) = (Ziwval)” (FE 9). 
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Since this functional is the supremum of the continuous convex functionals 
n 1,2 
p) = (DIW) FE 9), 
gal 


by a lemma ef I. M. Gel’fand (see Ahiezer and Glazman |[1|) the func- 
tional p(f) is continuous, and consequently there exists a constant 
cı > 0 such that 


P(f) Self 
or 
(2.6) È thal? sell fl 
= 
One can similarly prove that there exists a constant c,>0 for which 
(2.7) D IDPs fl 
Let {¢;};° be an arbitrary orthonormal basis. We define operators A, 


and A; on the linear hulls of the sequences {¥;};° and |{x,};" respec- 
tively, setting 


A» (= vh) = 2 vid} and A; (= vx) = DY) ¢)- 
J J J J 
According to (2.6) and (2.7) 


A, (Erw) s C2 
J 


Dy; | 
j 


and 
i 


As (Zax) SC, 
j 


DL Vix; 
J 


Since both sequences {y¥;};° and {xj} are complete in ®©, each of the 
operators A, and A; can be extended by continuity to a bounded linear 
operator defined on the entire space H. A direct verification shows that 


(4, (Zvw) A3 (Ena) ) = (Erv Eria), 
j j k 
and so 


' (Af, A8) = (f8) (fee 9) 
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and 


(ASA,f,g) = (1,8) (Lge). 
It follows that AA, = J. 

Moreover, the range of the operator A, is obviously dense in 9; 
consequently A, is invertible. 

The theorem is proved. 

3. A basis of the space © is said to be a permutadle (unconditional) 
basis, if for any permutation of its terms it remains a basis of Ñ. 

If the basis {y;}/ is permutable, then obviously the basis {xj}? bi- 
orthogonal to it is likewise permutable. 

Every orthonormal basis is permutable. Moreover, it is easily seen that 
any basis which is equivalent to an orthonormal basis is permutable. 
This property is characteristic for bases which are equivalent to ortho- 
normal bases. For the proof of this result we need: 


LEMMA 2.1 Let }x,},\" be a sequence of vectors of a Banach space B. If 
the partial sums of each series )\x,, obtained from the series 2 pee BY 
means of a permutation of its terms, form a bounded set, then 


n 


(2.8) sup Ara 


€ Xj 
nla sì =] 


J= 


Proor. Let f be an arbitrary functional from B*. It follows from 
the hypothesis of the lemma that the partial sums of the series 


(2.9) I) 
j=l 
are bounded for any given permutation of its terms. Consequently the 


series (2.9) is absolutely convergent. 
The convex functional 


pI) =} Ifl FEB”) 
j=l 
is the supremum of the sequence of continuous convex functionals 
PAA) = Dd | fx) |, 
j=l 


and consequently, by a lemma of I. M. Gel’fand (see Ahiezer and 
Glazman |1]) the functional p(f) is continuous, i,e. 
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pf) self (fe 8”), 


where c > 0 is a constant independent of /. 
Thus for any positive integer n and arbitrary numbers « (|«| <1; 
j=1,2,---,n) we have 


n 


2. ef) 


j l 


se|fl, 


and consequently 


The lemma is proved. 


LEMMA 2.2. If the sequence | g;| of vectors from satisfies the hypothesis 
of Lemma 2.1, then 


(2.10) 2 lg’ < æ. 
j—=1 


ProorF. For any two vectors f,h € © we can always choose a number 
€ of modulus unity such that 


H lal Ss aah 
In fact, if we put 
e = exp(iarg(/,h)), 
then 
[f+ hl? =| FP + IAL? + 21(64)] 2 1A +1 al’ 


We easily conclude that there exists a sequence of numbers « 
(je) = 1; 7 =1,2,---) for which 


Dlg S| ÈE sg (n = 1,2,---). 
J=1 j l 
Recalling the preceding lemma, we obtain (2.10). The lemma is proved. 


Lemmas 2.1 and 2.2, among other results, were proved by W. Orlicz |1]. 


THEOREM 2.2 (E. R. Lorca |1]). In order that a basis |ẹ4,}} of the 
space \) be equivalent to an orthonormal basis, it is necessary and sufficient 
that it be permutable and almost normalized. 


316 BASES [CHAP. VI 


Proor.” The necessity of the hypotheses of the theorem has already 


been noted. We shall prove their sufficiency. 
Let f be an arbitrary vector from ©. Then 


(2.11) tas Pau: 
j=l 


where fx;}i is the basis biorthogonal to {y;}?, and the series (2.11) 
converges for any permutation ofits terms. Hence, according to Lemma 2.2, 


DlAx lly? o. 
j=l 
Taking into account that the basis {¥,};° is almost normalized, we obtain 
> lf. x) |? <œ, 
j=l 


Since the basis {x;} biorthogonal to the almost normalized permutable 
basis {y,} also has these properties, we also have 


IF yl? < œ, 


iM: 


< 
Il 


By Theorem 2.1 (see assertion 5)) it follows that the basis {ẹ;} is equiv- 
alent to an orthonormal basis. The theorem is proved. 
4. We formulate two definitions. 
Two sequences of vectors {g;} and {f;} are said to be quadratically 
close if 
2 lg- fil? < œ. 
Ja 
A sequence of vectors {g;} is said to be w-linearly independent” if 
the equality 


—" 


2 68; = 0 
j=l 


” This theorem, together with some generalizations of it, was independently proved 
in an ingenious way by I. M. Gel’fand |1|. The possibility of an elementary derivation 
of Theorem 2.2 by means of Lemma 2.2 was brought to our attention by V. Ja. Kozlov 
in 1956 (cf. also B. E. Veic |1}). 


* All further assertions in which the concept of w-linear independence enters remain 
valid if in the definition of this concept the condition (2.12) is replaced by the condition 
that not all of the c; equal zero. Replacing one definition by the other will in certain cases 
strengthen the assertions, and in other cases weaken them. 
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is not possible for 


(2.12) 0<)> iola < œ. 
jl 


If the sequence | g,} is almost normalized, then condition (2.12) is equiv- 
alent to 


0<)> |g? < œ, 


j=l 


THEOREM 2.3 (N. K. Bari [2]). Any w-linearly independent sequence 
{g;} which is quadratically close to some basis {y;}" which is equivalent 
to an orthonormal basis, is itself a basis equivalent to an orthonormal basis. 


Proor. Let A be a bounded linear invertible operator which carries 
some orthonormal basis {¢,};° of the space © into the basis {y}: 


A¢j= Wj (7 = 1,2,-->). 
We define an operator T, putting 
T (Lew) = Lot — g,;) (2 Iof < = | ; 
Obviously T is a bounded linear operator, and 
Ths E lv- g 
Moreover, it follows from 
EIT? = Elus (< œ) 


that TE Co. 
The equation (A — 7)¢=0 has a unique solution, zero. In fact, if 
Ad = Tẹ, then from 


(A — T) = È (¢,6) v — Z (0, 6) Wi — &) =È (4,4) 8) 
J J J 
it follows that 


2 (¢, ¢;) 8j =, 0, 


and so ¢=0 by the w-linear independence of the sequence {g;}r. 
The operator A is invertible, and the operator T € ©, is completely 
continuous; since the operator A — T annihilates only the zero vector, 
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it also is invertible. Bearing in mind the obvious equalities 
(A — T) =£, (J= 1,2,---), 


we conclude that the sequence | g,{;" is a basis equivalent to an ortho- 
normal one. The theorem is proved. 

REMARK 2.1. If we discard the condition of the w-linear independence 
of the sequence {g,}, then for a sequence {g,} which is quadratically close 
to a basis equivalent to an orthonormal basis, the following assertions 
hold. 


For each relation 


(2.13) $ Cg, = 0 
j-1 
always 
2 KAK <%. 
j=l 


Among the relations of the form (2.13) one can find a finite number p 
of linearly independent ones 


(2.14) S Cy 8, = 0 (k= 1,2,--+,p), 
jel 

in terms of which every other relation (2.13) will be linearly expressible. 
The number p coincides with the dimension of the orthogonal complement 
of the closed linear hull XN, of the sequence {gj}. If the vectors g, 
(k = 1,2,---,p) are, by virtue of the relations (2.14), linearly expressible 
in terms of the remaining g; (J ~j,k =1,2,---,p), then the sequence 
|g,}{ can be made into a basis equivalent to an orthonormal basis by 
replacing the vectors g, (R= 1,2,---,p) by any other vectors g; 
(k = 1,2,-+-,p) which form a basis in a subspace which is complementary 
to Jt, with respect to ®©. 

REMARK 2.2 (GOHBERG AND MARKUs |1|). Theorem 2.3 and Remark 
2.1 remain valid if in their formulation the condition of the quadratic 
closeness of the sequences }g,} and {y,} is replaced by the following 
condition: the Gram matrix 


Il (g, — v8 — volli 


generates a completely continuous operator in the space /,. An assertion 
is also valid which in a certain sense is the converse of this one: if for any 
orthonormal basis {¢;} of the space © the sequence ja¢;+ h, |r (a> 0) 
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is either a basis equivalent to an orthonormal basis, or else can be made 
into such by replacing a finite number of its terms by the same number 
of other vectors, then the Gram matrix 


KORDI Wir 


of the sequence {h;}; generates a completely continuous operator in the 
space l. 

REMARK 2.3. The class of bases which are equivalent to orthonormal 
bases is very large, and the problem of constructing at least one nor- 
malized basis of the space H which is not equivalent to an orthonormal 
basis proved to be not easy. It was solved by K. I. Babenko [1], who 
showed that the sequence 


fla +; )[x]te™™ br (—} <a<h3a0) 


is such a basis in the space L,(— 1,1). Recently this result was generalized 
by V. F. GapoSkin Í1]. 


§3. Bases quadratically close to orthonormal bases (Bari bases)” 


1. From Theorem 2.3 of N. K. Bari it follows in particular that each 
w-linearly independent sequence of vectors which is quadratically close 
to some orthonormal basis of the space © is a basis of H. In the 
terminology of M. G. Krein |7], such a basis is called a Bari basis. 

According to the theorem of Bari, every basis which is quadratically 
close to an orthonormal basis is equivalent to an orthonormal basis. 
It is obvious that for any permutation of the elements of a basis which 
is quadratically close to an orthonormal basis, one obtains a basis of the 
same type. 

1. If {y,}? is a basis quadratically close to an orthonormal basis, then 
the sequence TAH (4; = y;/ lW; 7 = 1,2, ---) is also a basis quadratically 
close to an orthonormal one. 

In fact, if {¢@;}? is an orthonormal basis quadratically close to {y;{/, 
then putting, = exp i0, (J = 1,2, ---), where 0, = arg(y;, ¢) (J = 1,2, ---), 
we obtain 


Thus 
lv; — gel S$ 2(1 — | (¥,, 6) |") = 2min |g; — thl? < 2| 6; — vlè, 
t 


5 : ! . i a 
In this section we discuss, in a somewhat modified form, the content of a paper 
by M. G. Krein |7]. 
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and so the sequence {y,}; is quadratically close to the orthonormal 
basis fed, mn ; 

It is easily seen that among the bases which are equivalent to ortho- 
normal bases, the Bari bases are distinguished by the following test. 

2. In order that a sequence {y,\; be a basis of the space © quadratically 
close to an orthonormal basis, it is necessary and sufficient that there exist 
an orthonormal basis |¢, |i of © and an operator T € ©, which satisfy 
the following two conditions: 


1) To; = Y, — 4, (J=1,2,---), 


2) the operator [+ T is invertible. 

In fact, if {y,};° is a basis quadratically close to an orthonormal basis 
lji, then there exists a bounded invertible operator A which carries 
the basis | ¢,} into {y,}. For the operator T = A — I one has 


To, = ¥; — oj (7 =1,2,-+>). 
Consequently 


(3.1) DIT)? =L ly- el< o, 
J j 


ie, TE S. 

Conversely, it follows from the conditions 1) and 2) that {y,}i° is a 
basis of the space , and from the condition T € ©, it follows that the 
basis {y,} is quadratically close to the basis } 4, }. 

As a corollary of result 2 we obtain: 

3. If the basis \y,}; is quadratically close to an orthonormal basis \¢;}1'; 
then the biorthogonal basis {x;}{ is quadratically close to the basis {¢;}č, 
and consequently the bases {y,}; and }x,{; are quadratically close. 

Indeed, let 1+ T (TE ©, be an invertible operator which carries 
the basis {¢,{i° into {y¥,;{i. Then from the relations 


(pe (1 + T*)x;) = (2 + Torx) = (Wrex) =ô (2 = 1,2,+--) 
it follows that 
¢,= (I + T*)x, (J = 1,2,---). 
Since the operator T, = (1+ T*) '— I belongs to Go, the equalities 


(I+T)¢=x (= 1,2,--+) 
imply the quadratic closeness of the bases {x;} and {¢, ji. Since 


ly — xl? S$ 24 el tl 41) (7 = 1,2,---), 
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result 3 is proved. 

2. Let {¢4,|; be any sequence of linearly independent vectors of the 
space §). Then all the Gramians D(y3, Y2, -**, Yna) = detl (V, Va li 
(n = 1,2,---) are positive. On the basis of a well-known inequality 
of Hadamard (see F. R. Gantmaher [1], Chapter IX, §5), 


D (Yi, Yo ao "Wns m) = D (Y1, Yo s; 5 Yn) D (Vass; +, Wnim)s 


choosing m = 1, we conclude that for the case in which the sequence 
ty} is normalized (|y,| = 1), the sequence of positive numbers 
D(Yi, Y2, +*+, Yn) is Nonincreasing, and thus there always exists the limit 


E lim D (4;, Yas 2 *, Wn) = 0. 


It is easily deduced that this limit A does not change under any per- 
mutation of the unit vectors y;(j = 1,2, ---). 

The limit A can be regarded as the square of the volume of the 
parallelepiped spanned by the infinite number of unit vectors y, 
(7 =1,2,->>). 


THEOREM 3.1. In order that a sequence of unit vectors {y,;}; which is 
complete in © form a basis quadratically close to an orthonormal basis, 
it is necessary and sufficient that the volume of the parallelepiped determined 
by them be positive, i.e., that 


(3.2) A= lim D(W1, Ya, +++, Yn) > O. 


Proor. Let {y;}; be a normalized basis quadratically close to an or- 
thonormal basis. We denote by {x;}; the system biorthogonal to {¥,}/. 


As was proved, }x;}; is a basis quadratically close to an orthonormal 
basis, and 


(3.3) 2 ly- xl < œ. 
j=1 


The unit vector e, = x,/|x,| is orthogonal to the closed linear hull 
M, of all the y, with k =j; consequently the distance 6; from the unit 
vector y; to M; (7 = 1,2,---) can be calculated from the formula 


ô = (ype) = |x (0<6,51;7=1,2,---). 


Since |y; — xl” =lx|°- 1 (J=1,2,---), it follows from (3.3) that 
the series >| (ô; ° —1) converges, and along with it the series >| (1 — ô) 
converges. Obviously ô, < d; (J = 1,2,---), where d; denotes the distance 
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from the unit vector y, to the linear hull ¥, , of the vectors yi, Vz... Y r 
Thus 
(3.4) I E < @. 


j=l 


On the other hand, asis known, d} = D, / D,-ı, where D; = D(¥i,¥2, - ++, ¥;)- 


Thus 
oo D- 
1 — =~ ) < œ, 
x ( D, 


and this inequality is a necessary and sufficient condition for the existence 
of a positive limit lim] ]?(D,/D,_,) = lim D, (D)=1 by definition). 
Thus the necessity of condition (3.2) is proved. 

We prove its sufficiency. As was just made clear, condition (3.2) is 
equivalent to condition (3.4), or, since 0<d;<1, to the condition 
>; (1 — dj) < œ. Making use of the process of triangular orthogonali- 
zation, we construct an orthonormal basis ¢; (J = 1,2,---), where 


(3.5) pj = aya a Cipo + daa + CW (J JA 1, 2; “ss -), 
and 
(3.6) ci > 0 (J=1,2,...). 


Then ġ E V d, = ($; v;) and 
(3.7) lé; a yl” = 2(1 gi ($j, vj) oe 2(1 = d;) (J 7 1,2; A -), 


so that the condition >_,|¢,— ¥,;|7< œ will be fulfilled. 

It remains to show that the vectors y; (J= 1,2,---) are w-linearly 
independent. Let us assume the converse, i.e., that for certain c; 
(j =1,2,---), not all of which equal zero, the condition > ;c,;y; = 0 
is fulfilled. Without loss of generality we may assume that c, = 1. We 
will then have 


en = | Yi + Cope + +++ + en¥n|° 0 for n—> œ. 
On the other hand, 


En = min;| Yı + EW + ps + Envn|° = D (41, Yo, = -, Yn) / D (Y, ee -, Yn), 


and since, by virtue of Hadamard’s inequality, D (Y2, --+,%n) S | Yol ©- -| Pnl 
= 1, it follows that D (Y1, Y2, --+, Yn) S en. We have arrived at a contra- 
diction with condition (3.2). The theorem is proved. 

An analysis of the proof of Theorem 3.1 shows that we have at the same 
time established another theorem: 
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THEOREM 3.2. In order that a sequence of unit vectors {y,}; which 
is complete in © be a basis of the space © quadratically close to an 
orthonormal basis, it is necessary and sufficient that there exist a sequence 


txj{i btorthogonal to {y,\;7, and that these sequences be quadratically 
close. 


3. For the proof of certain properties of Bari bases we need the following 
lemma. 


LEMMA 3.1. Let A be a bounded linear invertible operator. If A*A — I 
belongs to Š, then the operator (A*A)'* — I also belongs to ©, and for 
any unitary operator U the inequality 


(3.8) IA — U|,2|(A*A)'?—- 1, 


is fulfilled. Equality holds in this relation if and only if U is the unitary 
operator from the polar decomposition of the operator A, i.e. 


U = A(A*A)~ “. 


ProoF. Let H = (A*A)'*— I; then the polar decomposition of the 
operator A will have the form A = U,(/+ H), where U, is a unitary 
operator. From the equality 


H((A*A)!? 41) = A*A — 1, 


by virtue of the fact that the operator (A*A)™”?+ I is invertible, it 
follows that the operator H belongs to the ideal Go». 

To prove the relation (3.8), it is sufficient to consider the case of a 
unitary operator U for which A — U € ©&,. If we denote by V the unitary 
operator U;'U, then 


|A — U|j;=|14+ H~ V= sp (H +I- V)(H +I- V*)], 
and consequently 
|A — U| = sp H + spC, 
where 
(3.9) C=2I + 2H — V— V* — H V* — VH 


is a selfadjoint operator from ©,. 
Let {x,} be a complete orthonormal system of eigenvectors of the 
operator H: 


Ax; =A,(A)x, Gy. xe) = dp (j,k =1,2,---). 
Then | 
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apC = 2 ER 
It is easily seen that by (3.9) 
(Cxi x) = 2((H) + 1) [1 — Re(Vx;,x)] = (7 = 1,2, +++). 
Since 
(3.10) 1 — Re(Vx;, x;) = 0 (j = 1,2,---), 
we have spC 2 0, and so the relation 
|A — U|? 2 sp H’, 
which coincides with (3.8), holds. 
The equal sign in (3.8) holds if and only if it holds for all the relations 
(3.10), i.e., 
Re( Vx;, xj) = 1 (j = 1,2,---). 


Bearing in mind that | (Vx;, x;)| S$ 1, we obtain ( Vx; x) = 1 (J= 1,2, ---). 
It follows that 

Vxj = x; (j= 1,2,---), 
i.e. V = I, or, what is the same, U = U,. The lemma is proved. 


THEOREM 3.3 In order that a sequence {y;};" which is complete in be 


a basis quadratically close to an orthonormal basis, it is necessary and sufficient 
that 


1) the sequence {y;}; be w-linearly independent, and 
2) the matrix 


(3.11) I (vive) — dll? 
be of Hilbert-Schmidt class, i.e. 


cw 


(3.12) D>, | va) — S|? << œ. 


pR=1 


ProoF. The necessity of the first condition is trivial. To prove the 
necessity of the second condition, we consider a bounded linear invertible 
operator A, having the property T = A — I € Gy, which carries some 
orthonormal basis {¢;}? into the Bari basis {¥,;}r. Then 


(y;, Ya) = (Ag,, Apa) a (A *Ad@;, Pr) (J, k T 1,2, a -). 
Consequently 
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(Yj, ve) = Dik = (Bẹ, pr) (j,k = eee ne ‘), 
where B= T+ 7*+ T*T€C G., and thus 


D |i 40 — ba)? = 2 | Bol? = sp(B*B) < œ, 


jk=1 j=l 


i.e. the matrix (3.11) is of Hilbert-Schmidt class. 

Let us prove the sufficiency of the hypotheses of the theorem. Starting 
from any orthonormal basis { ¢;};° of the space H, we form the selfadjoint 
operator G with matrix (3.11), i.e. 


(CI + G)¢,, ph) = (vj, ve) (j,k =1,2,---). 


It follows from the condition (3.12) that G E ©,. 
We define an operator A on the linear hull of the vectors { ¢;};, putting 


A (È cjø;) = DC, 
j-l1 j=l 


where thec, (J = 1,2, ---,n;n = 1,2,---) are arbitrary complex numbers. 
Then it is obvious that 


n 


IAF = È Wwe = OEA s aG 


Jk=i 


for any f = È j- cje; 
Thus the operator A can be extended by continuity to the entire 
space ©. Denoting this extension by the same letter A, we can write 


(3.13) Af = UOL (FES). 


The operator / + G vanishes only at zero. In fact, if 
(I + G) (Zee) = 0 (Xlel?< »), 
j J 
then by (3.13) 
A (Zee) = Leh; = 0, 


and so C =C,=:-- =Q. 

From this and the complete continuity of the operator G it follows 
that the operator J + G is invertible. Consequently there exists a constant 
6 > 0 such that 


fl’ s UOL (Ee). 
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Thus 
ôlfl slaf FED). 


In view of the denseness in © of the range of the operator A, this last 
relation implies that A is invertible. 

By (3.13), A*A — I = G (E€ ©); consequently, according to Lemma 
3.1, (A*A)'* — IE ©.. Thus 


|A — Ulz= |(A*A)"?— I|? < œ, 


where U is the unitary operator defined by U = A(A*A) !?, 
We form an orthonormal basis {w} of the space , putting w; 
= Ug; (J = 1,2, ---); then 


(s o) 


2 ly- ol’ = Qe (4 — UNO? = |A — Uļi < œ. 
J=ì j=1 
The theorem is proved. 
4. Let us remark that for the orthonormal basis {w;}, constructed in 
the proof of the preceding theorem, one has the relation 


2 [Yi — w;|” = 2 (v1 =+ Aj — 1)’, 
j=l j=l 
where \;=A;(G) (J = 1,2,--+). 
It turns out that the basis {w;}) is, among all orthonormal bases, 
maximally close to the basis {y;}i, i.e., we have the following theorem. 
THEOREM 3.4. If TA £ is a basis which is quadratically close to an 


W 


orthonormal basis, and {¢;}i is an orthonormal basis, then 
(3.14) Dl — al? 2 U(V1+A,— 1 
j=1 j=1 


where {r;} is the complete system of eigenvalues of the operator which is 
generated in the space l, by the matrix 


| (V; Yr) m A || is 


The equal sign in (3.14) holds for one and only one orthonormal basis, 
characterized by the condition that all of the matrices || (¢;, Ya) ||? (n = 1, 2, ---) 
are positive definite:® 


“In the paper by M. G. Krein [7], instead of the condition (3.15) there is incorrectly 
written ($j, Vk) =. (4j, pk) (J, k = l, 2, rR -). 
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(3.15) | (¢,, Vr) | i = 0. 


ProorF. Let | x,}; be an arbitrary orthonormal basis and let A be the 
bounded invertible operator which carries the basis {x;} into the basis 


wif: 
(3.16) Ax,=¥, (j= 1,2,---). 
Then 
(A*Ax;, xe = (W, ve) (j,k =1,2,---), 


so that to the operator A*A there corresponds, with respect to the 
basis {x;}, the matrix || (¥;, Ya) |’. Therefore, according to Theorem 3.3, 
A*A — I € ©. Obviously A (A*A — 1) = d, (7 = 1,2, +--+). 

Let us associate, with every orthonormal basis {¢;}? of the space ©, 
the unitary operator U which carries the basis {x;}ř into the basis 
f$, tr. Then 


yj — 6, = (A — U)x,, 
and so 
> Ivy — ol? => |(A — U)x,|? = |A — Ul. 
j-1 J=1 
Applying Lemma 3.1 to the operators A and U, we obtain 


(3.17) Do iw- el’ = |(A*A)”? — Ij: (=XWvi +i — n?) : 
j=1 j=l 
By the same Lemma 3.1, the equal sign in (3.17) will hold if and only if 
oj = wj = Ux, (7 = 1,2,---), 


where U is the unitary operator defined by U = A(A*A)~'”. Since 
w= Ux, (J = 1,2,-++), where U = A(A*A) '? (=AS7™'), and A is 
the bounded linear invertible operator defined by (3.16), we have 


(Lew; Dew) = (Lex. Dew) = (Lex. DeSA“y) ’ 
J=1 j=l j=1 j=1 j-i j=1 
and so 
(Sew; Dew) = (Lens (Lex) ) . 
j=l j=l j=1 j=l 


Thus the relation (3.15) expresses the fact that the operator S is nonnegative. 
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To complete the proof of the theorem, it remains to show that an ortho- 
normal basis {¢,}; which satisfies the condition (3.15) is maximally 
quadratically close to the basis {y,}. Let us consider the bounded linear 
invertible operator A which carries the orthonormal basis {¢;} into the 
basis {y,}. Then the condition (3.15) indicates that the operator A is 
positive definite. Since 


(A*¢,, br) = (Ag,, A ¢,) om (Y; vr) (J, k z= 1:2; on -), 
there corresponds to the operator A’, with respect to the basis 1 oj}, the 
matrix || (y;, Va) || r. It follows that A — I € ©, and 
WA-D=VAj+1-1  (j=1,2,-->), 


where {\;} is the complete system of eigenvalues of the operator which 
is generated in the space l, by the matrix | (y; Va) — zli. Obviously 


Vinee lae es Oia 
j=l j=l yo 


The theorem is proved. 


§4. Tests for the existence of a basis, 
consisting of eigenvectors of a dissipative operator 


1. The following result is due to I. M. Glazman |1]. 

Let \y; |i be a system of eigenvectors, corresponding to distinct eigenvalues 
4, (J = 1,2,---) of a dissipative operator. Then the system {y;{ forms a 
basis of its closed linear hull, equivalent to an orthonormal basis , ” whenever 


`- Im)A;Im 2, 
Jk=ì |A; — Ael 


JR 


(4.1) < œ 


The first result of this type, but under more restrictive conditions, 
was obtained by B. R. Mukminov |1]. His proof was based on the tri- 
angular model of a dissipative operator, constructed by M. S. Livšic, and 
was rather complicated. Glazman’s proof is elementary and starts from 
a simple idea, further development of which led to the results presented 
in this section. To obtain these results an auxiliary result is needed. 

2. Let {A;} be the system of all distinct nonreal eigenvalues of an 
operator A € R with completely continuous imaginary component, and 


In essence Glazman’s proof contains all the elements necessary for a stronger 
assertion: under the condition (4.1), the system {yj} forms a basis of its closed linear 
hull, quadratically close to an orthonormal basis. 
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let £, be the corresponding root. subspaces. According to ‘Theorem 1.5.2 
the numbers à, are isolated and the subspaces Y, are finite-dimensional. 

We choose a number r,{> 0;k = 1,2,---) such that the disc |à — Al 
<r, does not contain any A, ~ d,. Then, as is known (see §2, Chapter I), 
the formula- 


1 


Qn IA- Abl -Fk 


P= (A~AI) ‘dd  (k=1,2,..-) 


defines a projector (not necessarily orthogonal) onto the root subspace Yp; 
POS =, and P,Y,=0 for jk. 


1. A sequence {y;}, made up of bases of all the subspaces Ẹ,, is w-linearly 


independent. 

In fact, if 

Dy, = 0, 
J 
then 
Mk, 1 
F; (Eev) zg 2 CY 
J jrmpsl 


where the y, (jJ = m,+1,m,+ 2,-+--,m,,1) form a basis of the subspace 
fa and consequently c;=0 (j = 1,2,--:). 

It follows from result 1 that a sequence made up of bases of all of the 
eigenspaces of the operator A corresponding to nonreal eigenvalues is 
a fortiori w-linearly independent. 

3. We shall denote the eigenspace of the operator A, corresponding 
toits eigenvalue A, by 3x 


THEOREM 4.1 Let A be a bounded linear dissipative operator, with a 
completely continuous imaginary component, which has a sequence of ewen- 
values {A} (A, Æ Ar for j = k). If 


: l Im; Imà 
(4.2) » min (N;, Na) a aa” 
jkl | Aj -— Arl 
JR 


where n, = dim 8 ,(3, = 3,,), then a sequence made up from orthonormal 
bases of the subspaces 3,(j =1,2,---) forms a basis in its closed linear 
hull 3 which is quadratically close to an orthonormal basis. If the weaker 
condition 


5) All terms in the sum (4.2) for which ImA;ImA,= 0 are taken as equal to zero, 
independent of whether the quantity min(n,,m,) is finite or infinite. 
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~ imà lmà 
pk 1 |X, ~~ Arl” 
J#k 
is fulfilled, then this sequence forms a basis in 3 which is equivalent to an 
orthonormal basis. 


(4.2) 


PROOF. Let us first of all recall (see §1, Chapter V) that for a dissipative 
operator every eigenspace .4; corresponding to a real eigenvalue Aj; is 
orthogonal to all other eigenspaces. Therefore we may assume without 
loss of generality that all the numbers A, (J = 1,2,---) are nonreal, and 
consequently that all the eigenspaces are finite-dimensional. 

Applying the Cauchy-Bunjakovskii inequality to the nonnegative 
bilinear form (A s, 4), we obtain 


I(A s, p) |? S (A o6, o) (A s 4,4). 


If ¢ and y are unit vectors from the subspaces 3, and 3, respectively, 
then 


(A 6, Y) = (1/2i) |(A¢, Y) — (6, AY) | = (1/20 (A; — Ax) (OY) 


and 
(A -¢,¢) =Im(A¢,¢)=ImaA,; (Avy,y) = Ima. 
Thus 
(4.3) (y) |? < 41m), Imr |à — Al (= cy). 


Let us denote by ¢, (r = 1,2,---,n,) and y, (q = 1,2,---,n,) ortho- 
normal bases in the subspaces 3; and 3, respectively. Then for the 
vectors ¥ = >, (br Va) Va (E34) and ¢-€ 3, we will have 


Rk 
Ck Z |od = >. | (vq. 6) 1? (r= 1,2,---,n,). 
g=1 


Consequently 
ny Mp 


J 
> | (Vys $r) |? = IL Cig. 


r=] q=l 


Interchanging the roles of the subspaces 3; and 3,, we obtain the 
same inequality with n; replaced by n, whence 


4Im À, Im A; 


ny Mp 
(4.4) > 2. |e) |? S min(n,, n) aa 
r=1 g=1 [Aj — Arl 


Let Æ denote the Gram matrix of the sequence of vectors consisting 
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of the union of orthonormal bases of all the 3,. Then it follows from 
(4.2) and (4.4) that the matrix «y — I is of Hilbert-Schmidt class. By 
virtue of Theorem 3.2 and result 1, this completes the proof of the 
first part of the theorem. 
To prove the second part, we introduce the matrix 
SX jk = || Wor 0) Ul p-12 -n (j,k = 1,2,---). 
q: 1,2,+++,7j 
This matrix generates some operator A, which maps the coordinates 
of the unitary space E,, into the coordinates of the unitary space 
En; nj = dim E,,;] = 1,2, ++. 
Obviously the matrix <y; can also be regarded as the matrix in the 
bases {¢,} and {y,}, respectively, defining the projector P; which or- 
thogonally projects the subspace 3; onto 38;: 


Pit (Xo) = $ n, Vu; 


where 


n, = >, (by VE, (a = 1,2,--++,n,). 


It follows at once that 


(4.5) | <7 je | = max | (¥, p) | . 
loi=,¥|-1 
¥O 3p 3, 
Let f, be the Hilbert space of sequences of vectors x = {x}? 
(x;E Eni J = 1,2,---) with the norm 


The spaces , and l are equivalent. In fact, with every vector X = {x}? 
(E Ya), where x; = f Xj, X2, ***, Xn}, we associate the vector 
x= ENTENI -etg Xing Xt” } Ek. 
Obviously | x| = | x}. 
The matrix 


A = Zul) jeg 


generates a bounded linear operator y in the space g, for which, by 
virtue of (4.3) and (4.5), one has the bound 
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IM -Hs E poa s E ee (< &). 
Jk;jæk DRI AR 
It follows that the same bound holds for the operator A which is 
generated in l, by the Gram matrix _/: 


(Dp 


(4.6) LÁ -IPs Do ey. 
DRE LHR 
It is obvious that the second assertion of the theorem will be established 
if we show that for sufficiently large N the union of orthonormal bases 
of all the 3; with J > N forms a basis in its closed linear hull which is 
equivalent to an orthonormal basis. Therefore we may assume without 
loss of generality that 


ImaA,;Im > 
5 Cik 7 4> Le <l. 
jk;jÆk LR] xR | Aj — Ae 
On the other hand, if this condition is fulfilled, it follows from (4.6) 
that the matrix Æ generates a bounded linear invertible operator in k. 
The theorem is proved. 


COROLLARY 4.1. Suppose that, starting with some integer N, all root 
subspaces \',, (jJ > N) of the bounded linear dissipative operator A with 
A,€ Š. consist only of eigenvectors, and suppose that the system of all 
root vectors of A is complete in SD. 

Then when the condition (4.2) ((4.2’)) is fulfilled, a sequence consisting 
of orthonormal bases of all the \',, forms a basis of the space © which is 
quadratically close to an orthonormal basis (equivalent to an orthonormal 
basis). 


§5. Basis of subspaces 


1. A sequence {3t,} of nonzero subspaces %,C is said to be 
a basis (of subspaces) of the space Ñ, if any vector x € © can be expanded 
in a unique way in a series of the form 


(5.1) Cae 
k=1 


where xE Jt, (R= 1,2, -->:). 

If the subspaces Ji, (k = 1,2, ---) are one-dimensional, then they form 
a basis of the space © if and only if unit vectors ¢,€ Jt, (k = 1,2, ---) 
form a vector basis of . 

A substantial portion of the results on vector bases carries over 
to bases of subspaces. 
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Similarly to the way in which Banach’s theorem (on the continuous 
dependence of the coefficients in an expansion with respect to a basis 
upon the element) lies at the basis of the results on vector bases, the 
starting point of the generalization to bases of subspaces is the following 
result. : 

1. Let {M,}P be a basis of subspaces, and let N, be the operator which 
associates with the vector x its component x, from the expansion (5.1). Then 
{N.}¢ forms an orthogonal system of continuous projectors, i.e. N,N, 
= ô Np, and 


n 


DM: 


k=1 


(5.2) sup < œ. 


Let us consider a new norm || x|, defined in the space by 
DE? 
k=l 


Just as for the case of vector bases (see Banach [1| or Ljusternik and 
Sobolev |1]), one can verify without difficulty that the space © is 
complete in the new norm. Since 


(5.3) |x| Six] (xE ), 


according to a well-known theorem of Banach |1| (Chapter VII §3), there 
exists a constant c > 0 such that 


(5.4) |x|] Se|x|. 


(xE H). 


|x|] = sup 
n 


It follows in particular that 

J j-1 
Dd. Xk 2, Xe 
k=l k-i 


Let us consider the operator N, (k = 1,2,---), which associates with 
every vector x € its component x, from the expansion (5.1). This linear 
operator is defined on all of the space ©, is bounded by virtue of (5.5), 
and N; = N,. Consequently N, is a bounded projector which projects 
all of © onto R, The expansion (5.1) is equivalent to the expansion 


(5.5) | x,| = + S 2c|x|. 


x= > Nix, 
k=1 
i.e., the series >_, N, converges strongly to the unit operator. We further 
note that the relation (5.2) follows from (5.4). 
2. It is obvious that every system of pairwise orthogonal subspaces 
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[Nahe which is complete” in © is a basis of ©; in this case the corre- 
sponuing projectors N, are orthoprojectors. We shall call such a basis 
an orthogonal basis. 

It is easy to show that every bounded invertible operator A transforms 
any orthogonal basis of subspaces {‘))i,} into some other basis {‘,};' 
of the space ©. A basis of subspaces {t,} which is obtained from an 
orthogonal basis by means of such a transformation is said to be equivalent 
to an orthogonal basis. 

A characteristic property (Theorem 2.2) of bases which are equivalent 
to orthonormal bases is preserved for bases of subspaces which are 
equivalent to orthogonal ones. To prove this we need the following 
auxiliary result. 


Lemma 5.1 (G. W. Mackey |1]).'” Let Ni, No, ---,N, be pairwise or- 
thogonal projectors in $: 


N, Ng = dN; (j,k =1,2,---,n). 


If 
(5.6) sup DaN, | =C, 
k= il Jk -1 
then for any fE Ņ© 
n 2 n n 2 
c? SMA] SEIN Se| DNS |. 
k- 1 k=1 k=] 


Proor. By direct verification one can see that 


n 


. ] 
LIMP = sr laNift+ ---+eNfl? (FE 9), 
k=1 
where the summation on the right side extends over all systems {«,}/, 
where «a= +1 (R=1,2,---,n). From this relation there follows the 
existence, for every fE 8), of systems {e4 }i and {ef |i (eg = = 1; & = +1; 
k = 1,2,---,n) such that 


n 


Sanl. 


k=1 


it 


(5.7) 


2 n 
s Ze |N.f|° Ss 
k=1 


k=l 


"Completeness means that the closed linear hull of these subspaces coincides with % . 
’ Bases which are equivalent to an orthogonal basis were considered by M. K. Fage |1| 
(he called them reciifiabie). 


'D This lemma is also given in a paper by J. Wermer [2]. 
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Consequently, if we denote the sum )|,N, by N, then on the basis 
of (5.7) and (5.6) we will have 


n n 9 
EINS (E ENNI < c?| NEL? 
k=1 k=1 
Since 
n 2 
(x 4N) Sr N, 
k=1 
we have 


2 
< 


Nf S 


(È 4N) f 


k=1 


n 2 n 2 
$ am, | [È amr ; 
k=1 k=1 
It follows, by virtue of (5.6) and (5.7), that 

INFP SPEE INAP FES). 
k=1 


The lemma is proved. 


THEOREM 5.1 (I. M. GEL’FAND |1]). In order that a sequence {RN;} of 
subspaces be a basis of the space © which is equivalent to an orthogonal one, 
it is necessary and sufficient that for any permutation of its elements this 
sequence remain a basis of ©. 


ProoF. The necessity of the hypothesis of the theorem is obvious. We 
prove its sufficiency. Let N, (k = 1,2, - --) be the projector which projects 
the space © onto K, parallel to the closed linear hull of all the subspaces 
N; (J #k). If {Ny } is any permutation of the sequence {N,}, then by 
the hypothesis of the theorem and inequality (5.2) the partial sums of 
the series >| N, are bounded. Consequently, according to Lemma 2.1, 


n 


> Ni 


k=1 


sup =C< oo, 


Nep= tl 


Thus by Lemma 5.1, for any vector fE © one has 
n n 2 
2 Nf > Nif 
k=1 k=1 


2 n 
(5.8) cc? <> INF? Se? 
k=1 


Let us choose an orthogonal basis {i;} in the space ©, subject to 
the condition 


dim M; = dim N; (7 = 1,2,---), 
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and denote by A, an isometric mapping of Yt, onto R, We define a 
linear operator A on the linear hull of all the subspaces Pt, putting 


Ag = > A, Pid (gE), 
ko 


where P, is the orthoprojector which projects © onto the subspace 
Mm, (k =1,2,---). Setting f = Ag in (5.8), we obtain 


c '|Ag] Slol Sel Adl. 


Thus the operator A can be extended by continuity to a bounded 
invertible operator. Obviously AI, = Ny, and consequently {N} is 
a basis equivalent to an orthogonal one. The theorem is proved. 

3. We need a number of definitions. 

A sequence {}t,}; of nonzero subspaces is said to be w-linearly in- 
dependent if the equality 


> x, = 0 (ENR; k = 1,2, ---) 
k=1 
is not possible for 
0< >> |x|? < ~. 
k--1 


If P and Q are the orthoprojectors onto subspaces Wt and N respec- 
tively, then, as we know (see §3, Chapter I), the number | P — Q| is in a 
certain sense a measure of the deviation of the subspaces M and N from 
one another. Therefore the following definition is natural. 

Two sequences of subspaces {M}? and {N} are said to be quad- 
ratically close if 


>» |P- Ql’ < D, 
k l 


where P, and Q, are the orthoprojectors onto the subspaces W, and N, 
respectively. 

Let us remark that two sequences { J, {; and {N}? of one-dimensional 
subspaces are quadratically close if and only if one can choose unit vectors 
LEM, and y,EG RN, such that the sequences {x,};/ and {yz}; are 
quadratically close in the sense of the definition in §2.2, i.e. >> | x, — y|? < œ. 

In fact, for the case being considered” 


"9 The relation (5.9) can be obtained directly without difficulty; it can be obtained 
in a completely simple way on the basis of result 4 (p. 340). 
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(5.9) |P- Q|” = 1 -- | (xn yd |”. 
Since 
(5.10) |x, — yilt = 2(1 — Re(x,,y,)), 


and for a with |a| <1 
1 — |a]? S 2(1 — |a|) < 2(1 — Rea), 
we have 
|P — Qal” S |x — yil”. 


Therefore from the quadratic closeness of the sequences {x}? and {yi}? 
(for some choice of unit vectors xE WM, and y€ N) follows the quad- 
ratic closeness of the sequences {M}r and {Na . 

If, conversely, the sequences {M} and {N} are quadratically 
close, then, choosing unit vectors xE M, and yE N, such that 


(Xr, Ya) > 0 (k = 1,2,---), 
by virtue of (5.9) and (5.10) we obtain 
| te — Yel? = 2(1 — (Xr, Yk) S 2(1 — (Xr, Ya) ) = 2| Pe — Qil. 


oO 


Thus the sequences {x,};° and {y,};° are likewise quadratically close. 
Henceforth we shall for simplicity restrict ourselves to the consideration 
of finite-dimensional subspaces (cf. Remark 5.3). 
The following theorem is the analog of Theorem 2.3. 


THEOREM 5.2 (A. S. MARKUS |2]|). An w-linearly independent sequence 
{Nati of finite-dimensional subspaces which is complete in © and quad- 
ratically close to some basis {WM}? of the space H which is equivalent to an 
orthogonal basis, is likewise a basis of the space © equivalent to an orthogonal 
basis. 


Proor. Let {©}; be an orthogonal basis of the space © which is 
transformed by the bounded linear invertible operator A into the basis 
{IN,}7. We choose a number n sufficiently large that 


2 |P- Q< (AIA D 3, 
k=n 
and put 
B= } (Qk — Pi) ARs, 
k=n 


where P,, Q, and R, are the orthoprojectors which project © onto the 
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subspaces M, Jt, and Q, respectively. Obviously 


|x|? s (5 Q= Pal 14] Rax! ) 


IA 


A| È 19 — Pal? do [ Rex|? 
k=n k=n 


IA 


A| È |Q — Pal? |x|? 
k=n 


Thus 
|B| < |A |7, 
and therefore the operator A + B is invertible. It is obvious that for 
Q, (k zn) 
(A + B)x = Q,Ax. 
Since 


IP- Qi] <1 (k 2n), 


the projector Q, maps the subspace M, isomorphically onto N, (see 
Lemma I.3.1). Consequently the operator A + B maps the subspace 0, 
isomorphically onto the subspace Jt, (k 2 n). 
Let us denote by Q (Jt) the direct sum of the subspaces © Si, (Rk = 1, 2, 
,n— 1) (N,(R=1,2,---,n —1)) and ny Š (Ñ) the closed ee 
hull of the subspaces Q, (R=n,n+1,---) (N,(R=n,n+1,---)). 
Obviously 


(5.11) Qe OG =8. 

We shall show that 

(5.12) NE R=. 

For this it is obviously sufficient to establish that 
NAN =0. 


Let us consider an arbitrary vector xE NN) Ñ. Since x ENR, we have 
n--1 

(5.13) L= Y X (x,E Ny). 
k=1 


On the other hand, since x € N we have x = (A+ B)y, yE 5. Rep- 
resenting y in the form 
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y=} y (EL, 


kan 


we obtain 
(5.14) <= xe x = (A+ B)yE Me. 


From (5.13) and (5.14) and the w-linear independence of the sequence 
{Na} it follows that x,=0 (k = 1,2,---), and so x = 0. 


Since (A + B)SQ = MN, by (5.11) and (5.12) we have dim © = dim R, 
and therefore the subspace Q can be decomposed into the orthogonal 
sum of subspaces Q, (k = 1,2,---,n — 1) such that dim D; = dim N, 
á = 1,2, ---,n — 1). Let C bea linear invertible mapping of the subspace 
Q onto the subspace N which carries the subspace O; onto the subspace 
N;. We denote by C the linear operator which coincides with A + B on 
the subspace © , and with Ĉ on the subspace Q . The pouneee invertible 
operator C transforms the A basis Ô „Å p- Ên 
Q n41 +++ into the sequence Ri, Na, ---. Consequently {Nj}; is a basis 
of the space © equivalent to an orthogonal basis. The theorem is proved. 

REMARK 5.1. In contrast to that which holds for vector bases (Theorem 
2.3), the condition of completeness for the sequence {Np} in Theorem 5.2 
cannot, generally speaking, be discarded. This condition is superfluous 
if dim KR, = dim Mt, (k= 1,2,---). 

4. By the minimal angle between two subspaces M and R is meant the 
angle (M,N) (OS S 7/2), defined by 


cos¢(M,N) = sup | (x,y). 
set 


We shall present some auxiliary geometric results connected with the 
concept of the minimal angle. *? We again denote by M and N subspaces 
of the space 9. 

2. If 


M+ N=H 
and M is the projector which projects © onto WM parallel to R, then 
sing(M, N) =| MI]. 
In fact, 


13) Results 2 and 4 are taken from a paper by V. È. Ljance [1], and result 3 from a 
paper by Krein, Krasnosel’skii and Mil’man |1]. 
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|M| ‘= inf inf \z| = inf inf |x — y| 
TA Mz=x a at yen 
ae x = 


= inf |x — Qx| = inf (1 — | Qx|’)"%, 
xe xEM 
|x} =1 jx| =1 

where Q is the orthoprojector onto the subspace N. Since 


(5.15) |Qx| = sup | (x,y) |, 
a 
¥ = 


it follows that 


[M| = (1— sup | (x,y) |9} = sing (M, N). 
! J 


MeRi 
3. If 
(5.16) MHR =696, M =M- and N, =H Rt, 
then 


b (MM, N) = o (MR, R). 
We first of all note that by (5.16) 
M + N= 9. 
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Let us denote by N, the projector which projects © onto R, parallel 
to M, and by M the projector from result 2. If x and y are arbitrary 


vectors from ©, then, putting 


x= atx, (AEM, LEN), yeunt+ye (y,E Mi,ye€ M1), 


we obtain 
(Mx, y) = (x,y) = (x1, y2) = (x, My). 
Thus N, = M* and therefore, by result 2, 
sing(M, N) = | M| = |N;| >= sing( MR, Ni). 


4. If 
M =M- and Ni M, = H, 
then 
(5.17) |P — Q| = cosg(%, Mı), 


where Pand Qare the orthoprojectors onto the subspaces IM and Nt respectively. 


Since 
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((P — Q)x,(P — Q)y) = —(U - Q)x, Qy) = —(QU — &) x,y) =0 
for x€ M and yE Mı, we have 
(5.18) |P — Q| = max (|P — Q|m,.|P— Rlm), 
where we have put 
[Aly = ap tee 
It is obvious that 
(P= Ol a= Olas 
and since by (5.15) 
Ql m = Sup | (x,y) | = coso (R, Mı), 


xE M LYER 
jx] =|y| =1 
we obtain 


(5.19) | P — Q| m, = cose (N, Mı). 


Replacing in the last equality M, by M and N by Nı=N +, and, 
correspondingly, P by I — P and Q by I — Q, we obtain 


(5.20) |P — Q|m = coso (R, M). 


Since by result 3 the right sides of the relations (5.19) and (5.20) 
are equal, the relation (5.17) follows from (5.18). 

5. It follows from Theorem 5.2, in particular, that every w-linearly 
independent sequence of finite-dimensional subspaces {%;};° which is 
complete in © and quadratically close to some orthogonal basis of the 
space 9, is a basis of . 

By Theorem 5.2 every basis which is quadratically close to an orthog- 
onal one is a basis equivalent to an orthogonal one. 

The following theorem is a partial generalization of Theorem 3.3. 


THEOREM 5.3 (A. S. Markus [2]). Let {%,}? be an w-linearly inde- 
pendent sequence of finite-dimensional subspaces which is complete in 
and such that 


(5.21) >, coo (NR, Ny) <. 
jke 
J#Æk 


Then {N}? is a basis of the space quadratically close to an orthogonal one. 


PRooF. We choose a positive integer n such that 


842 BASES |CHAP. VI 
(5.22) Dd cos’ o(t, NR) =qg<1 
Jek=n;jøæk 
and introduce the subspaces 
Q= Nat Nayt HNR (R=n,n+1,---) 
and 
Mi=N, Me= QOL (R=n+1,n+2,-->). 


Let us furtu.er denote by Wi, Dio, --:, DPt,_-1 some n — 1 subspaces which 
extend the sequence {M}; to an orthogonal basis {M}r of the space 
©, and by P, and Q; the orthoprojectors onto the subspaces M, and R, 
respectively (k = 1,2,---). 

Since the operator P, — Q; equals zero on the subspace © © Q, (k2 n), 
we have 


Pk — Q| =| Pk- Qla, 
and therefore, by result 4, 
(5.23) | Pk— Q,| = cos (Nr, Q r-1) (k=n+1i,n+2,..-). 


By Theorem 5.2 the theorem will be proved as soon as it is established 
that the sequences {M} and {N} are quadratically close. For this, 
by virtue of (5.23), it suffices to show that 


> coso (N x Qr) < œ. 


k=n+1 


Let x and y be arbitrary unit vectors from the subspaces N, and Q,-ı 
respectively. We represent the vector y in the form 


k—1 
y=} ajx; (x,;EN,;,]x,;| = 1; j=n,n+1,---,k—-1). 


j=n 
Since 


2 


k—1 k-1 = 
Dax) | = È (Xp X) apa; 
j=n 


pj =n 
k - k—i 
-¥ lal’ T 2; (Xp, Xj) Apaj 
j=n p,j=n 
pj 


1/2 k-1 


2D lal’ (F lena) È la 


J=n , 
py] 
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and 
| (xp, x) | £ cosp N,), 
it follows from (5.22) that 


k—1 k-1 
12> lal’-gdo lal’, 
jen j=n 
or 
k- 1 
2 lal s 0-a). 
y=n 


On the other hand, 


2 -1 


k—1 k 
<E lwl E I z) 
J=n J 


=n 


k- 1 
I(x, y) |? = | Do (x, x) aj 


j=n 


k—1 
< (1 — q) $ cos’ (NR N). 


` 


Jan 


Thus 


k—1 
cos’ (Ne, Ce-i) S (1—0) S cos’o(N,, N) (kzn) 
jJ=h 
and therefore 
` 2 1 a 2 q 
2, cos’ o(Nr, Qr) $= (1 —G)7" DS cos*o(N,, N) S$ ———.. 
k=n+1 2 kj=n 2(1 ae q) 
k#£j 

The theorem is proved. 

REMARK 5.2. In contrast with the case of vector bases (Theorem 3.2), 
the condition (5.21) is not necessary in order that the system {R,}; form 
a basis of subspaces quadratically close to an orthogonal one. The ne- 
cessity of condition (5.21) can be established under the additional re- 
striction l 


sup dim, < œ. 
k 


REMARK 5.3. In Theorems 5.2 and 5.3 the condition of the finite- 
dimensionality of the subspaces N, (k = 1,2, ---) can be discarded (the 
proofs remain unchanged), if the condition of the w-linear independence 
of the sequence {¥t,}P is replaced by the following stronger condition: 
for any k the minimal angle between the subspace X, and the closed 
linear hull of all the other subspaces Xt; (J = k) is positive. 
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6. We shall present some simple results which establish connections 
between bases of subspaces and vector bases. 

5. If the sequence of subspaces | N,}? is a basis of the space %> equivalent 
to an orthogonal one, then any sequence |¢ġ;}?, obtained as the union of 
orthonormal bases of all the subspaces Jt, (k = 1,2, ---), is a basis of the 
space © equivalent to an orthonormal one. 

In fact, let A be a bounded linear invertible operator which transforms 
some orthogonal basis { W}? of the space into the basis {N,} r. We 
represent an arbitrary vector x€ © in the form 


[s 2] 


r= DX (x EC Ue k = 1,2,.). 


kel 
Obviously 


(5.24) c 'x[?s do al? scel? (€=[Al?]A 13 
k=} 


Expanding every vector x, with respect to the given orthonormal basis 
of the subspace K, (k = 1,2, ---), we obtain an expansion of the vector x 
with respect to the sequence |¢;}r: 


nie 2 %), 
j=l 
where, by (5.24), 
ex]? sD lal? sex’. 
j=l 


From the last relation and Theorem 2.1 it follows that {¢,};° is a basis 
of the space H equivalent to an orthonormal one. 

If the sequence of subspaces {3t,};" is a basis of the space © which 
is quadratically close to an orthogonal basis, then although, by result 5, 
any sequence of vectors obtained as the union of orthonormal bases of the 
subspaces N, (k = 1,2,---) will be a basis of the space © which is 
equivalent to an orthonormal basis, it will not, generally speaking, be a 
basis which is quadratically close to an orthonormal one. 

We shall give a sufficient condition under which such a sequence of 
vectors is a basis quadratically close to an orthonormal basis. 

6. If {N,}P is an w-linearly independent sequence of finite-dimensional 
subspaces which is complete in ©, and if 


(5.25) > min (nj, Ng) cos’¢(Nj, We) < © (n; = dim N,), 


Jik=1;jæk 
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then the union of orthonormal bases Øri, pros +++, din, Of the subspaces SNR, 
(k = 1,2,---) forms a basis of the space © which is quadratically close to 
an orthonormal one. 

To prove this result we shall make use of the method applied above 
in the proof of the first part of Theorem 4.1. 

Putting 


ny 
ġ = > (Pko Pip) bin ( ER) (j,k = l2; engg = 1:2; oo, Ny), 


p-l 


we will have 


ny 
cos’ ¢(N,, Na) = | ($, beg) |” = >» | (Pkg Pp) |” (q = ie = -, My). 


p=1 


Thus 


nk ny 
> > | (Digs bp) |? < ngecos (N; Na). 
q=l p=1 
Interchanging the roles of the subspaces Jt; and Ng, we obtain the 
same inequality with n, replaced by n; in the right side. Consequently 


nk fy 
(5.26) > > | (digs Pip) |? < min(n,, na) cos’ $(N,, N a). 
q-1 p--l 
Let us number all the vectors ¢, (k= 1,2,---;q¢=1,2,-+-,my4) in 
succession and denote the sequence thus obtained by {¢,}/°. It follows 
from (5.25) and (5.26) that 


2 (dnd) |< œ. 
jk-1;jæk 
Since the sequence {¢;},° is complete in and w-linearly independent, 
by Theorem 3.3 it is a basis of the space © which is quadratically close 
to an orthonormal one. 


§6. Tests for the existence of a basis 
consisting of the root subspaces of a dissipative operator 


This section generalizes the results of §4, in that here we consider 
not only eigenvectors, but also root vectors of the operator, and besides 
vector bases, also bases consisting of root subspaces. 

1. Let @ be a root vector of the operator A corresponding to the 
eigenvalue A. By the order m, of the root vector ¢ we shall mean the 
smallest positive integer m such that 
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(A — AL)" = 0. 
By the order of the eigenvalue \ of A we shall mean the number 


m, = sup Mps 
EV)» 


where t, is the root subspace of A corresponding to the eigenvalue À. 
Obviously m, is the smallest positive integer m for which 


(A —~AN™Y, = 0. 
We denote by v, the algebraic multiplicity of the eigenvalue A of the 
operator A, 1.e. 
v, = dim}’,. 
Asis known, always M, S n, 


We shall prove two auxiliary results which establish certain bounds for 
the root vectors of a dissipative operator. 


LEMMA 6.1. Let ¢ be a root vector of the dissipative operator A corresponding 
to the eigenvalue A. Then 


(6.1) Im (A¢, ¢) S$ m,ImA]l4|’, 
(6.2) (A — Alo] SV 2Imàv m, (m, — 1) | 6]. 
Proor. Let N be the linear hull of the vectors 
pe = (A — Al)*o (k=0,1,---,m—1;m=™m,). 
We denote by A the restriction of the operator A to the subspace Ñ. 


Obviously sp A = mA, and so spAy = mIm4. Since the operator Åy is 
nonnegative, 


|A > | <spAz=mImi, 


from which follows (6.1). 
To prove (6.2) we first consider the case in which the vector ¢, having 
order r( S »v,), is orthogonal to the subspace 3 ((A — Al)"""). Then 


(¢,¥) = (¢, Ay) = 0, 
where y = (A — Al) ¢. Thus 


5 
2i 


(6.3) (476,0) = 5 Ag, V — (6, AV] = zll 


and 
(6.4) (A z¢,¢) = Im(A¢,¢) = ImAj4|’+ (Y, 4) = Imàjel’ 
According to the Cauchy-Bunjakovskii inequality, 
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(6.5) (A +9, Y) |? S| (A +9, ¢)| - | (A ov») |; 
consequently, by (6.3) and (6.4), 
(6.6) 1\yl*sImAl¢|*Im(Ay,y). 


Since m, = r — 1, according to the bound (6.1) already proved we have 
(6.7) Im(Ay, 4) < (r — 1) Imaly|”. 
Comparing (6.6) and (6.7), we obtain 
Iy] $2Vr—1Imajal, 
i.e. 
(6.8) \(A — AI) ¢| S2/r—1Imalgl. 


Any root vector ¢ of order m(¢€ 3 ((A — AI)”)) can be represented 
in the form 


a 2 $j 
J=l1 
where. 


¢;€ 3((A —dAD)) OB(A — a)i) (7 = 1,2,---,m), 
and consequently by virtue of (6.8) 


(A -a Del SE |(A - AD) 6 S$ 2Ima DE Vj — 114 
j=l j=l 


s2tmx( Yi) JD lol?=V2imav mm- Dje]. 
a 


j=l 
The lemma is proved. 


LEMMA 6.2. Let ọ and y be root vectors of the dissipative operator A 
corresponding to the eigenvalues d, and àz, respectively. Then 


2 Im A,Imi. 
(6.9) l(¢,v)| < s EYEE EATEN Sa E tol vl, 
[Ai — Ag] j=0 
where n = m, m = my, 
2V2 (n — 1) Im), E E 2V2 (m — 1) Imàz 
|A; — Aol [Ai — Aol 


ProoF. It is easily verified that 


= a, = 


1 = 
(A wo, y) = 57 lO a Ao) (¢, y) F ($1, y) a ($, Yı) IF 
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where 
=(A—dA,J)@ and y = (A — Ml)y. 
Hence by the ae inequality (6.5) we have 
| (1 — Ax) (¢, 4) + (61, Y) — (¢, 4) |? < 41m (Ag, ¢) Im (Ay, y). 


Thus according to (6.1) we have 


(6.10) | (ài — do) (¢, ¥) | < 2\/mnIm), Im), |¢| |y] +1(o1,¥)| +I, vl. 


We shall carry out the rest of the proof of (6.9) by induction on m, 
and m,. 

We shall first show that if the relation (6.9) holds for all root vectors 
$ E€ Vand y E L, for which m, =n —1, my =m or m,=n, m, =m — 1, 
then it also holds for m, = n and m, = m. 

In fact, let m,=n and m, =m: then m, =n—1 and m,=m-— 1, 
and so, by the induction hypothesis, 


s VG —Dnin vt S af LD Obl l 
| Ax — Àa] 


| (pis y) | s 


By virtue of (6.2), 
loi] $V 2ImAV n(n — 1)jẹl; 


consequently 
OME ianen 
(6.11) | Ay poe Mal 
Since 


9/2(n — 1)Im)\/JA; — dol =a, and a,_; S4,, 
it follows from (6.11) that 
(6.12) | (¢1,¥) | </nmIm),Im), Sus bilol iyl. 
j=1  k=0 


In the same way we derive the relation 
n—l m 1 

(6.13) l(¢,¥)| $V nmImaA, Im), >> aj >> dF 4 ly. 
j=0 k=l 


Comparing (6.10), (6.12) and (6.13), we obtain 
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2\/nm Im), Ima. 
| (¢, ¥) | <2Vnmimà, 2 
|r, A: Aol 


jE m—1 [oe m | 
x (1 + -$a bh +5 Dad > Oh) lol Yl, 
2 5-1 2520" hel 


k=0 


from which the bound (6.9) follows in an evident way. 

In an entirely analogous way one can prove that if (6.9) holds for the 
case m, =n — 1, m,=1, then it holds for m, =n, m, = 1. In this case 
the proof simplifies, since y; = 0. 

Finally, for m, = m, = 1 the vectors @ and y are eigenvectors of the 
operator A corresponding to the eigenvalues à; and à, respectively, i.e. 
¢,=¥, = 0. Therefore in this case the inequality (6.9) follows from 
(6.10). We mention, incidentally, that for the last case the inequality 
(6.9) was also established in the proof of Theorem 4.1. 

The lemma is proved. 

As an immediate consequence of Lemma 6.2 we obtain the following 
result. 


THEOREM 6.1 (A. S. Markus [2|). Let \, and ^, be two eigenvalues of 
finite order of the dissipative operator A. Then for the minimal angle between 
the corresponding root subspaces $,, and £,, one has the bound 


coso (£, Lag) eeN mys, 1m»; Im Ay 2 ai Dd, a 
|Air — Ay| y=0 k—0 
where 
a, = 2V 2(m,, — 1) Im à;/ lài — Ag| (k = 1,2). 
2. The basic result of this section is the following theorem. 


THEOREM 6.2 (A. S. Markus |2]). Let A be a bounded dissipative operator, 
with Ag E © a, which has a sequence of eigenvalues {d,}7 (A, Æ dj, k #J). If 


- Im A; Im 
> om mA,;Im, 


6.14 m = (m, = m,;) 
l ) jik=1;jæk i |Aj — Awl? $ : 
and 
(6.15) E E E 

jik ve |Aj— Ad 2V2 


then the sequence of corresponding root subspaces {Q,,}? forms a basis of 
its closed linear hull © which is quadratically close to an orthogonal basis, 
and any sequence |¢,};', obtained as the union of orthonormal bases of the 
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subspaces t, (k = 1,2,---), forms a basis of the subspace © equivalent 
to an orthonormal basis. If the condition (6.15) and the strengthened condition 


= Im);Ima 
(6.16) 2 min (nij, Vak) mome e E, À; = 4 œ M) 
jke lijak [Aj — Arl 
hold, then the sequence {,}7 is a basis of the subspace € which is quad- 
ratically close to an orthonormal basis. ™® 


ProoF. Just as in the proof of Theorem 4.1, we may suppose without 
loss of generality that the numbers åA; (J = 1,2,---) are nonreal. In this 
case all of the subspaces °,; are finite-dimensional. 

It follows from condition (6.15) that the set of numbers 


my—1 
Mpr= >, ak (Jk = 1,2,--+57 Rk), 
r=] 


where 


_ 2/2 (m; = 1) Im); 


Qik (j,k = 1,2,-°-;7 Æ k), 


[Aj — Aa 
is bounded. Consequently by Theorem 6.1 
(6.17)  coso(&,, &,) < M? av mene (j,k =1,2,+-37 = k), 
J Ak 


where M = sup; M ir- 
Thus if condition (6.14) is fulfilled, then 


>. cos’ ¢(%,,, Li) < om, 
Jk=i;jæk 
and so in this case, by Theorem 5.3 and results 1 of §4 and 5 of §5, the 
sequence of subspaces {°,,| forms a basis of € quadratically close to an 
orthogonal one, and any sequence {¢;}r which is the union of ortho- 
normal bases of all of the subspaces *’,; (J = 1,2,---) forms a basis of 
© equivalent to an orthonormal one. 


If condition (6.16) is fulfilled, then by (6.17) 


2, min (vxj, var) cos” (Rajs Par) < œ, 
pk=l;j 


1® See the footnote to Theorem 4.1. 
If sup;m; < œ, the condition (6.15) is superfluous. 
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and consequently, according to results 6 of §5 and 1 of §4, the sequence 
| ġ, |) forms a basis of the subspace Ẹ which is quadratically close to an 
orthonormal one. The theorem is proved. 


REMARK 6.1 The theorem remains valid if in its hypotheses (6.14) and 
(6.16) the lower limit of the summations, which are equal to unity, are 
replaced by any finite limits. 

REMARK 6.2. From the point of view of generalizing well-known results 
of linear algebra, it would be more natural to choose in every root sub- 
space {',, a basis of vectors forming Jordan chains, and to clarify con- 
ditions under which the union of these bases forms a basis of the subspace 
Œ. However, as simple examples show, already in the case m,,2 3 
(k = 1,2,---) no conditions imposed only upon the eigenvalues i, 
(Im dA, > 0) of the dissipative operator A and on the corresponding num- 
bers m,,, v,, (k = 1,2,---) are sufficient for the indicated union of chains 
to form a basis of the subspace ©. 

REMARK 6.3 It is not difficult to see that the proof of Theorem 6.2 
remains valid for a closed operator A of the form A = G+ iH, where G 
is a selfadjoint operator, and H is a nonnegative completely continuous 
operator. For this case it is sufficient, in order that the conditions (6.14) 
and (6.15) be fulfilled, that H € ©, and 


inf [Aj — Ap = ô( > 0). 
k 


j,k; j # 


In fact, since 


j=l 


j=l 


it follows that 
= ImA;Im) = 
l >» moma eS ô ? (sp H)’ 
pR=lij xk | Aj = Az 
and 
lim ™-™% Lo, 


ea | Aj B A| 
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of an operator A with imaginary component from the ideal Gq, 83 
Brodskii, M. S., viii, ix, 149, 155, 180, 187 
Bundle, 
operator, 265 
eigenvector of, 265 
characteristic number of, 265 ~ 
quadratic, 291 
regular point of, 293-294 
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spectrum of, 294 
strongly damped, 301-302 
weakly damped, 300-301 


Calkin’s Theorem, 66 
Carleman, T., vii, ix, 171 
Cartwright, M., 189, 203, 211 
Cauchy, A, L., vii 
Cayley transform, 231 
Chain of orthoprojectors, 197 
maximal, 197 
eigen-, 197 
Characteristic determinant 
Dau), 168 
bounds for the modulus of, 168 
rules for calculation of, 169 
DIP’ (u) = det P’ (I — pA) (regularized), 167 
Da(u) = det(] — uA) of an operator A E€ G, 157 
property of being an entire function of genus zero, 157 
Characteristic number of an operator, 265 
of finite algebraic multiplicity, 266 
Characteristic operator-function of a dissipative operator, 180 
Characteristic regularized determinant of the real component of a dissipative Volterra 
operator, 183 
Characterization of the operators from ©, and SP for a regular sequence I, 143 
Classes of functions (A .) and (A .), 188, 204ff 
Classes of operators &p (0 < p < 1), 65 
Closed linear hull Œ 4 of all root subspaces, 16 
Closedness of the set of Volterra operators, 17 
Complete normal operator, 252 
Condition for the invariance, with respect to a given operator A, of the subspace of 
values of a projector, 1-2 
Condition for the real component of a Volterra operator with nuclear imaginary component 
to belong to the ideal Go, 192 
Cone in a Banach space, 152 
adjoint, 152-153 
pointed, 152 
reproducing, 152 
Cone 
k, 74 
Rn, 147 
SW of nonnegative selfadjoint operators from the s.n. ideal G, 153 
x * adjoint to_&, 154 
Conical norms 
| |x;p, 158 I YW se; p 154 | les and | |n; g, 155 
Conjecture of Krein-Macaev, 221 
Construction of regular binormalizing sequences with the help of slowly varying func- 
tions, 144 
Continuous dependence upon the operator A from ©, 
of the eigenvalues, 18 
of the s-numbers, 30 
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Contraction, 178, 231 

simple, 235 

spectrum of, 234 
Convergence of the series È p. in” sž(A) for an operator having an lth derivative, 121-122 
Convergence of the series $ n-in"sp(A) for an operator with a kernel having a first 

derivative in the mean, 120 

Criterion for an operator to belong to an ideal Gy (first), 87; (second), 132-133 
Cross-norm, x 
Cross-space, 65 


Decomposition of a space into a trivial subspace and a subspace on which an operator 
is simple, 223 
Definite characteristic numbers of the first and second kind, 301 
Determinant (see also Characteristic determinant) 
det(/ — A), 157 
det‘? (I — A) (regularized), 166 
det(/ — A), 168 
von Koch, 170 
Diagonal-cell operator, 51 
belonging to an ideal Gs, 82 
Dimension of an operator, 7 
Discreteness of the set of eigenvalues of an operator bundle, 266-267 
Dissipative operator, 175 
localization of the spectrum and estimation of the norm of the resolvent, 176 
Dissipative Volterra operator 
simple, 186 
with one-dimensional imaginary component, 187 
Distance from a continuous operator to the ideal of completely continuous operators, 62 
Distance from an operator A 
in On to ei), 141 
in @, ton, 147 
in Gs tok, and K, 87 
Dolph, C. L., xi 
Domain D(A), 1 
Duffin, R., 301 
Dunford, N., ix, 95, 244 


Eigenspace, 5 
Eigenvalue, 5 
Eigenvector, 5 
of an operator bundle, 265 
of finite rank, 266 
J-orthonormal system, 264 
Equivalence of two s.n. functions, 76 
Example by Babenko, 319 
Example by Carleman, 118 
Example by Levin-Macaev, 250 
Expansion of the determinant D,:;,4(A) into an infinite product 
in the case of a dissipative operator A with nuclear imaginary component, 182 
in the case of a nondissipative operator A with nuclear imaginary component, 189 


SUBJECT INDEX 367 


F-perturbation determinant, 174 

F-regular point of the operator A, 158 

Fage, M. K., 334 

Fan, Ky, x, 29, 46, 49, 72, 93 

Finite-dimensional operator, 7 

Foiag, C., 231, 234, 235 

Formula for calculating the trace of a nuclear integral operator 
with a continuous Hermitian nonnegative kernel, 114 
with a Hermitian nonnegative continuous matrix kernel, 124 
with a Hermitian nonnegative Hilbert-Schmidt kernel, 115 
with a Hermitian nonnegative Hilbert-Schmidt matrix kernel, 124 
with a Hilbert-Schmidt kernel, 117 

Formula for the differentiation of the trace of a complicated function of an operator- 

function, 164 

Formula for the logarithmic derivative 
of the perturbation determinant Dg,,(u), 174 
of the determinant det(/ — A (x)), 163 

Fredholm, 1., vii, 118-119 

Function adjoint to a symmetric norming function, 125 

Function M a(r) = max|,| <r| (I — nA)" |, 243 

Function N(r; A) for a completely continuous operator A, 200 


Gantmaher, F. R., 46, 321 
Gaposkin, V. F., 319 
Gelfand, I. M., 95, 313, 314, 316, 335 
Gel’ fond, A. O., 122 
General form of a continuous linear functional 
on a separable space Sv, 130 
on the space © , 129 
on the space Gp, 132 
on the space ©, 134 
Geometric interpretation of s-numbers, 30-31 
Georgiu, S. A., 94 
Ginzburg, Ju. P., 237 
Glazman, I. M., xi, 328 
Gohberg, I. C., vii, ix, 21, 95, 149, 155, 187, 193, 216, 257, 318 
Gram matrix, 311 


Hadamard, J., 171, 321 
Hadamard’s inequality, 171, 321 
Hamburger, H., 259 
Hayman, W. K., 199 
Hermitian nonnegative kernel 
continuous, 112 
Hilbert-Schmidt, 115 
matrix, 123-124 
Hilbert, D., vii 
Hilbert identity, 4 
Hilbert-Schmidt matrix, 324 
Hilbert-Schmidt operator, test for, 107 
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Hille, Kinar, ix, 94, 125, 156, 171 
Holomorphness of an operator-function 
strong, 3-4 
weak, 137 
Horn, Alfred, x, 37, 46, 48, 49 


Ideal R of finite-dimensional operators in the ring R, 66 
Ideal ©. of completely continuous operators, 15, 66 
Ideals in the ring R, 15 
closed, 15 
selfadjoint (symmetric), 15 
two-sided, 15, 66 
Ideal, symmetrically-normed, see Symmetrically-normed ideal 
Identity of the Fredholm determinant D(A) of a continuous kernel & with the charac- 
teristic determinant of the operator K determined by the kernel _%, 158 
Indefinite scalar product, 263-264 
Inequalities 
of Horn for sums of values of a function (which becomes convex following an ex- 
ponential change of variable) at the s-numbers of a product of completely continuous 
operators, 49 
of Horn-Fan for the s-numbers of products and sums 
of completely continuous operators, 48 
of continuous operators, 63 
of Ky Fan 
for s-numbers, 29-30 
for sums of values of a nondecreasing convex function of the s-numbers of sums 
of operators, 49 
for the s-numbers under a perturbation of a finite-dimensional operator, 29 
for the sums of the s-numbers of a diagonal-cell operator, 52 
for sums of values of a convex function, 37 
Ostrowski’s generalization of, 43 
for sums of values of a nondecreasing convex function 
at the arguments ¢; = | (Aq,, ¢,) |, 50 
generalization of, 51ff 
at the s-numbers of a diagonal-cell operator, 55 
Inequality | A; --- An|p S |Ailp,-+*lAnlp,, 92-93 
Inessential extension of an operator, 193 
Infinite von Koch determinant, 170 
Integral of F. Riesz, 5 
Integral operator J, 187 
Interpolation theorems for wandering operator-functions, 137, 150 
Invariant norm, 68 
Invariant subspace, 1 
Iohvidov, I. S., 264, 265 


J-orthonormal system of eigenvectors, 264 
Jensen's Theorem, 184 


Kac, I. S., 123 
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Kolmogorov, A. N., 31 

Korenbljum, B. I., 281, 282 

Krasnosel’skii, M. A., 339 

Krein, M. G., viii, ix, xi, 46, 113, 121, 149, 152, 155, 156, 174, 175, 182, 187, 189, 193, 203, 
216, 221, 237-242, 257, 264, 265, 285, 289, 291, 296, 319, 339 

Krein, S. G., 139, 303, 304 

kth associated operator, 46 

Kuroda, S. T., 77, 156, 175 


Lalesco, T., 93 
Langer, H. K., xi, 224, 231, 235, 291, 296 
Laptev, G. I., 304, 305 
Laptev’s transformation, 305 
Lemma 
on Q4 AQ, being a Volterra operator on © ï, 17 
stronger result for dissipative operators, 224 
on the completeness of the systems of root vectors of dissipative operators having a 
group of properties which are invariant with respect to orthogonal projection, 225 
on computing the determinant det(PA*AP-+ Q), where P is the ortho-projector 
onto Č 4, 232 
of Gel’fand, 313 
of Gohberg-Krein on the order of a Volterra operator, 257 
on the independence upon the choice of basis of the matrix trace of a nonnegative 
operator, 96 
of Ky Fan on the calculation of the maximum of the modulus of the sum 
Di ja1 (UA Gj, 6), 47 
generalization, 63 
of Ky Fan on the monotonicity of a symmetric normalizing function, 72 
of Mackey, 334 
of Markus, 72-73 
on the monotone dependence of the eigenvalues upon a completely continuous 
operator, 26 
of Orlicz, (first), 314, (second), 315 
of Schur on the reduction of the matrix of an operator to triangular form on © 4, 16 
on the splitting up of the determinant det(AA‘*) for an invertible operator A into 
the product of determinants corresponding to invariant subspaces, 233 
of Sz.-Nagy on the equality of the dimension of subspaces, 13 
on “the uniform approach to zero” inside a sector 
of the Fredholm resolvent of a complete normal operator, 252 
of the resolvent of a selfadjoint operator, 254 
of Weyl-Horn on the estimation of a Gramian, 33 
Levin, B. Ja., ix, 182, 189, 203, 250 
Levinson, N., ix, 184, 189, 211 
Levinson-Sjeberg Theorem, ix 
Lindel6f-V aliron Theorem, 210, 216 
Lidskii, V. B., ix, xi, 101, 156, 208, 225, 231, 242, 244, 246, 248, 250, 278 
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¢, 71 
Cu, 80 
Livsic, M. S., viii, 180, 187, 226, 227, 328 
Ljance, V. È., 339 
Ljubic, Ju. 1., ix, 263 
Logarithmic length, 199 
Lorch, E. R., 315 
Lower bound for the sum >) ,-,/¥; — 9; 
orthonormal basis, 326 


lie where {y,} is a Bari basis and {¢;} is an 


Macaev, V. I., viii, ix, 149, 155, 156, 198, 210, 211, 215-217, 219-221, 242, 244, 248-251, 
263, 278 

Mackey, G. W., 334 
Mal’cev, A. I., 265 
Markus, A. S., ix, xi, 72, 73, 95, 248, 259, 263, 267, 306, 318, 337, 341, 349 
Matrix criterion (necessary and sufficient) for the nuclearity of an operator, 97 
Matrix criterion (sufficient) for an operator to belong to an ideal G,, 95 
Matrix trace of an operator, 97 
Matrix of van Koch, 170 
Matrix with absolutely convergent determinant, 169-170 
Maximal dissipative operators (unbounded), 231 
Mazurkiewicz, S., 122 
Mil’man, D. P., 339 
Minimal angle between subspaces, 339 
Minimax properties of the eigenvalues 

of completely continuous operators, 25 

of bounded operators, 59-60 
Mitjagin, B. S., 73, 143 
Mononormalizing s.n. function, 88 
Mukminov, B. R., xi, 227, 328 


n-fold completeness of the system of eigenvectors and associated vectors, 269 
nth width of a set in a linear metric space, 31 
Naimark, M. A., ix, 278 
Necessary and sufficient conditions for the pointwise coincidence 

of ideals Gz, and G4, , 82 

of ideals GS, and G,-, and Gy, and ©, 150 
Necessary and sufficient test for an operator to belong to the Hilbert-Schmidt class, 107 
Necessary and sufficient test for the nonseparability of an ideal Gg, 90 
von Neumann, J., viii, x, 65, 197 
Neutral vector of a bundle, 301 
Nevanlinna, R., 188 
Nonnegative operator, 24-25 
Norm 

| imp 150 [ [sp150 I Lag 153 | Leaps 154 | Lie 188 

| | x; K’ 155 

| |e, 80 

dominance property of, 82 

Norm-ideals, x, 65 
Norm, invariant, 68 


SUBJECT INDICX 371 


Normal eigenvalue, 8 
necessary and suflicient condition, (first) 9, (second) 10 
Normal point, 11 
Norming function, 71 
symmetric, 71 
Nuclear operators, x, 65, 95-96 (def.) 
Nuclearity of an integral operator with a kernel of class Lipa for a > 1/2, 118 
Nuclearity of an integral operator, tests for, 112ff, 124 


w-linear independence of a sequence 
of vectors, 316-317 
of subspaces, 336 
Operator 
contraction, 231 
with finite matrix trace, 96 
of finite order, 256 
Hilbert-Schmidt, x, 65, 106-107 (def.), 109 
smoothing, S, of Steklov and its properties, 114ff 
Operator bundle, 265 
characteristic number of, 265 
eigenvector of, 265 
Order 
p(A) of an operator A, 256 
of an analytic function at a point, 173 
of an eigenvalue, 346 
of a root vector, 345-346 
of a sequence, 256 
Orlicz, W., 314, 315 
Orthogonal direct sum of operators, 228 
Orthoprojector, 2 
Oscillation of a viscous fluid, 303 
Ostrowski, A., 43 


Palant, Ju. A., 43, 248, 272, 274, 299 
Paraska, V. 1., 123 
Partial Schmidt series, 61 
Partially isometric operator, 6 
Perturbation determinant 
Dp a a), 174 
Dp, a(x), 171 
connection with regularized determinants, 172 
order at a point, 173 
Phillips, R. S., 231, 248 
Phragmén-Lindelof Theorem, ix 
Poincaré, H., vii 
Polar representation of a bounded operator, 6-7 
Poljackii, V. T., 237 
Pontrjagin, L. S., 264, 265, 296 
Potapov, V. P., vii, 237 
Power A‘ of a dissipative operator A, 248 
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“Principle value of the trace” of the real component of a Volterra operator with nuclear 
imaginary component, 196 
Problem of small oscillations of a viscous fluid, 303 
Projector, 1 
orthogonal, 2 
Proper multiplicity, 5 
Properties of normal eigenvalues, 10-11 
Properties of the trace, 99ff 
Property invariant with respect to orthogonal projection, 225 


Quadratic bundle, 291 
reduction of the problem of completeness to the problem of completeness for 
operators, 293 
Quadratically close sequences 
of subspaces, 336 
of vectors, 316 


Range (A), 1 
Rate of decrease like a power, of the eigenvalues, when the s-numbers decrease like 
a power, 41 

R-dissipative, 296 
Riesz, F., vii, 5 
Reflexiveness of the space @,, 1 < p < œ, 132 
Regular point, 3 

in the sense of Fredholm, 158 

of a bundle, 293-294 
Relation of the spaces © with ©; and G, with ©, for J jr’ < œ, 150 
Relation of the spaces G,, and Gg with Gp, 149 
Resolvent, 3 

Fredholm A (A), 67 

its belonging, together with the operator A, to a two-sided ideal, 67 

Resolvent set p(A), 3 
Riesz basis, see Basis, Riesz 
Riesz-Herglotz Theorem, 198 
Ring of operators R, 1 
Root lineal, 5 
Root multiplicity, 13 

stability of, 13ff 
Root number, 13 
Root subspace, 5 
Root vector, 5 
Rules for calculating the determinant det(/ — A), 160ff 
Rutman, M. A., 152 


S.n. ideal, see symmetrically-normed ideal 
S-n. function, see symmetric norming function 
s-numbers of a bounded operator, 59ff 
first definition, 59 
second definition, 61 
s-numbers of a completely continuous operator, 24ff 
first definition, 26 
second definition, 29 
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simplest properties, 27 
third definition, 31 
Sahnovic, L. A., viii, ix, 197, 216, 251 
Scalar products, indefinite, 263-264 
topologically equivalent, 310 
Schatten, R., vili, x, 65 
Schmidt, E., 24 
Schmidt expansion 
of a bounded operator, 61 
of acompletely continuous operator, 28 
Schmidt series, 61 
Schur, I., viii, 16, 93, 107, 227 
Schur system, 16, 36, 57, 98, 107 
Schwartz, J. T., 95, 244 
Selfadjointness of every two-sided ideal of the ring R, 67 
Set &,, of operators of dimension < n, 87 
Simple operator (bounded), 223 
Slowly varying function, 42, 144 
properties of, 144 
Small oscillation of a viscous fluid, 303 
Smirnov, V. I., 204 
Smith, K., viii, 197 
Space 
Co, 71; ĉn, 126; l, 128; m, 128; Re, 134; 
Spectrum 
of a bundle, 294 
condensed, of a selfadjoint operator, 59 
of an operator, o (A), 4 
Stability of the root multiplicity, 13ff 
Steklov operator, 114ff 
Stinespring, W. F., 95, 119, 123 
Stone, M., 246 
Strongly damped bundle, 301 
structure of the spectrum of, 302 
Structure of the spectrum of a quadratic bundle, 294 
Subspace of zeros 3 (4A), 6 


Summation by Abels method of an expansion in root vectors, 248 


Symmetric norm, 68 
properties of, 68ff 
in R, 133 
Symmetric norming function, 71 ff 
binormalizing, 88 
continuity of, 76 
first definition, 71 
maximal, 76 
minimal, 76 
mononormalizing, 88 
n + s conditions for equivalence 
to the maximal one (Kuroda’s result), 77 
to the minimal one, 76-77 
natural domain of, 80 
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bijs 139 
properties of, 139 
characteristic property of, 140-141, 179 
P., 145 
properties of, 145-146 
properties of, 71ff 
second definition, 74-75 
upper and lower bounds for, 76 
Symmetrically-normed ideal, x, 24, 65, 70 (def.) 
©, of nuclear operators, 95, 96; © of Hilbert-Schmidt operators, 106-107; 
Sp, 92; Gz, 80; S% 87; ©, (nonseparable), 141; ov (separable), 141; 
©, (intermediate between eV and ©), 143; Sip, 150; S,:p, 150; 
©, (separable), 147; ©., 149; Gy, 149 
description of separable ones, 89 
Symmetry of an arbitrary invariant norm on &, 79 
Sz.-Nagy, B., 13, 224, 231, 235 


Tamarkin, J. D., vii, ix, 94, 123, 156, 171 
‘Tauberian theorem, ix 
of Keldys, 281, 282 
of Korenbljum, 281 
Test for the adjointness of s.n. ideals, 127 
Test for the ideals Š and S.,. to coincide, 85 
Test for the normality of the spectrum in a given region, 11 
Tests for the nuclearity of integral operators, 112ff 
with a Hermitian nonnegative continuous kernel, 114 
with a Hermitian nonnegative Hilbert-Schmidt matrix kernel, 124 
with a Hilbert-Schmidt kernel, 115 
Tests (necessary and sufficient) for a Bari basis, 320-324 
Three lines theorem, 136ff, 150 
Theorem 
of Allahverdiev on an approximation property of s-numbers, 28-29 
on the asymptotic behavior of the number of positive characteristic numbers of the 
real component of a Volterra operator with finite-dimensional imaginary component, 206 
on the asymptotic behavior of the s-numbers of the operator A = H(I + S), 284-285 
of Banach on the sequence biorthogonal to a basis, 307 
of Bari on the characteristics of a Riesz basis, 310-311 
of Bari on the w-linear independence of a sequence which is quadratically close to a 
Riesz basis, 317 
generalization by Markus to the case of subspaces, 337 
of Bendixson, 176 
of Bernstein, 118 
of Binet-Cauchy, 33 
on a bound for the determinant det(AA*) for an invertible contraction A, 236 
on a bound for the perturbation determinant Dy,:,4(A) for a completely continuous 
dissipative operator A, 180 
of Calkin on the smallest and largest two-sided ideals of the ring R, 66 
of Cartwright-Levinson, 189, 203, 211 
on the completeness of the system of root vectors of a dissipative operator A with 
nuclear imaginary component under the condition limy_...ns,(A) = 0, 239 
on the completeness of the system of root vectors of an operator A = L + T, where 
L is a selfadjoint operator with discrete spectrum and p(L ITL ') < œ, 276-277 
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on the completeness of the system of root vectors of a completely continuous operator 
with the set of values of the quadratic form (Af,f) lying in a sector of angular 
measure m/p 
under the condition s,(A) = o(n YP), 246 
under the condition s,(|e""“A|¢ ) = o(n "P), 249 l 
with nonnegative Hermitian components under the condition s,(|e “Aly ) = 
o(1/V/n), 250 
on the connection between bases of subspaces and vector bases, 344, 345 
on the “‘constancy”’ of the number of linearly independent solutions of the equation 
(I — A(A))¢ = 0, 21 
on the continuous dependence of the characteristic determinant D,(\) upon the 
operator A € ©, 159 
on the continuous dependence of the regularized characteristic determinant D(a) 
upon the operator A € Gp, 167 
on the convergence of the sequences {X A}, {AX,} and {X,AX,} in the norm 
of a separable ideal © if | X,} converges strongly, 90 
defining the separable ideal SG), 92 
on forming a Riesz basis and a Bari basis from bases of the eigenspaces of a bounded 
dissipative operator, 329-330 
corollary of, 332 
of Fredholm on the convergence of the series of pth powers of the eigenvalues of an 
integral operator with a Lipschitz kernel, 118-119 
of Gel’fand on a necessary and sufficient condition for a sequence of subspaces to 
be a basis equivalent to an orthogonal one, 335 
of Glazman on a Riesz basis of eigenvectors of a dissipative operator, 328 
of Gohberg on holomorphic operator-functions with completely continuous values, 21 
of Hausdorff on the convexity of the set of values of the quadratic form (Af,f) on 
the unit sphere, 245 
of Hayman, 199 
on the holomorphness of the determinant det(/ ~ A(x)) for a holomorphic operator- 
function, 163 
of Horn on the exactness of Weyl’s inequalities, 37 
on the invariance of the set of normal points under the perturbation by a completely 
continuous operator B 
of a selfadjoint operator H, 23 
generalization of, 275 
of a unitary operator U, 23 
of Iohvidov, 264 
of Jensen, 184 
of Keldys on the asymptotic behavior of the distribution function of the spectrum of 
the operator A = H(I + S), 282 
generalization of, 283 
of Keldys on the completeness of the eigenvectors and associated vectors of a linear 
bundle, 260 
generalization of, 262 
of Keldys on the n-fold completeness of the system of eigenvectors and associated 
vectors of an nth order operator bundle and the conjugate bundle, 269-270, 299 
generalization by Allahverdiev, 275 
generalization by Palant, 274, 275, 299 
of Keldys on the completeness of the system of root vectors of the operator A = 
H(I + S), p(H) < ~, 257 
stronger version, 263 
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of Krein on the asymptotic behavior of the eigenvalues of the operator A H(I } S5), 280 
of Krein on the asymptotic behavior of the s-numbers of the operator A — 
H(1 + S)H, 285 
generalization of, 288-289 
of Krein on a necessary and suflicient condition for the completeness of the system 
of root vectors of a dissipative operator with nuclear imaginary component, 242 
of Krein on the completeness of the system of root vectors of a completely continuous 
dissipative operator with nuclear imaginary component, 238 
analysis of the exactness of the condition, 239ff 
of Langer-Sz.-Nagy-Foias on the orthogonal decomposition of a contraction into a 
unitary operator and a simple contraction, 235 
of Levin, 189 
of Levinson, 189 
generalization of, 203 
of Levinson-Sjeberg, ix 
of Lidskii on the completeness of the system of root vectors 
of a Hilbert-Schmidt operator with nonnegative Hermitian components, 250 
of a nuclear dissipative operator, 231 
of Lidskii on the identity of the matrix trace and spectral trace of a nuclear operator, 101 
of Lindel6éf-V aliron, 210, 216 
of Livsic on the completeness of the system of root vectors of a dissipative operator, 226 
application to integral operators, 227 
generalization of, 228 (cf. 231) 
on the localization of the spectrum of a quadratic bundle in vertical sectors, 297 
of Lorch on the characterization of a Riesz basis by its property of permutability, 315 
of Macaev on the asymptotic behavior of the eigenvalues of the nonnegative term C 
in the decomposition of a Volterra operator A= C+ T, TEG,, p<}, 220 
of Macaev on the completeness of the system of root vectors of a completely con- 
tinuous dissipative operator A for certain asymptotic behavior of the functions 
n, (p; Ag )andn,(p; Az ), 251 
of Macaev on the completeness of the system of root vectors of an operator A = L + T, 
where L is a selfadjoint operator with discrete spectrum and TL "E6,, 278 
of Macaev on entire functions, 210-211 
of Macaev on the estimation of the growth of the resolvent of a Volterra operator 
A with s,(A) = o(n |”), 244 
of Macaev on Volterra operators with components of class Gp, 1 <p < œ, 215-216 
of Macaev on Volterra operators which are the sum of a nonnegative operator and 
an operator 
of class @,,5 <p < 1,217 
with given order of growth of its s-numbers, 219 
of Macaev-Gohberg-Krein on the s-numbers of a Volterra operator, 216 
of Markus on the construction of a basis from the root subspaces (and their bases) 
of a dissipative operator, 349-350 
of Markus on a lower bound for the minimal angle between root subspaces of a 
dissipative operator, 349 
of Markus on a sufficient test for the quadratic closeness of a basis of subspaces to 
an orthogonal one, 341 
on the minimax properties of the eigenvalues of a completely continuous operator, 25 
generalization of, 25 
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of Nevanlinna, 188 
on the one-one correspondence between s.n. functions on & and invariant norms | le 
on§, 78 
on the perturbation determinant of a dissipative operator, 178 
of Phragmén-Lindelof, ix 
of Riesz-Herglotz, 198 
of Sahnovic on the existence of a maximal eigenchain for a completely continuous 
operator, 197 
of Schur on a bound for the sum of the squares of the moduli of the eigenvalues of a 
Hilbert-Schmidt operator, 107 
of three lines, 136-137 
for operator functions which wander 
in the spaces Gp, 136ff 
in the spaces Sn; p, 150 
on the topological equivalence of the norms on s.n. ideals which coincide elementwise, 70 
on the two-fold completeness of the eigenvectors and associated vectors of a quadratic 
bundle, 296 
Theory of Hilbert-Schmidt-Mercer, 113, 124 
Theory of von Neumann-Schatten, x, 65 
Tihomirov, V. M., 31 
Topologically equivalent scalar products, 310 
Trace 
matrix, 97 
finite, 96 
properties of, 99ff 
Trivial subspace 
of a completely continuous dissipative operator, 224 
of a dissipative operator, 224 
grofa nonselfadjoint operator, 223 


Uniform norm | |, 1 
Uniformly positive operator, 302 
Uniqueness of a closed two-sided ideal in the ring R, 67 


Vector 
elgen-, 5 
of the first kind, 301 
neutral, 301 
root, 5 
of the second kind, 301 
Vilenkin, N. Ja., 95 
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